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A new transfer matrix approach has been worked out to test the predic-
tions of the molecular-field renormalization group for square Ising clusters
with a linear size up to L < 11. The convergence of the finite-size critical cou-
plings towards the exact value for the molecular-field renormalization group
is shown and the limit of the ratio yh/yt consistent with the corresponding
universal value is revealed.
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The molecular fleld approximation has become a valuable tool for a qualita-
tive understanding of phase diagrams of three-dimensional systems and for obtain-
ing quantitative estimates of nonsingular thermodynamic properties. Its most seri-
ous drawback is the prediction of classical critical exponents. A successful attempt
to improve this deficiency [1-3] is the idea of the molecular-field renormalization
group (MFRG) which can be illustrated for the nearest-neighbour Ising model on
the square lattice.

Consider two square clusters consisting of N = L 2 and N' = L'2 sites,
where L and L' denote the linear size of a given cluster, with L > L'. In the
spirit of the mean-fleld theory, the border spins of the clusters are subject to the
symmetry-breaking field b and b', respectively. For the cluster of the size L, the

Hamiltonian in the presence of a magnetic field can be written as

where K stands for the coupling βJ and the parameters h and b denote the external
and the effective field, respectively. The first sum runs over the nearest-neighbour
pairs, the second over all the sites and the third over the edge spins only, so that
the factor n j counts the number of effective fields (nj = 1 except for the corner
spins where n j = 2).

In MFRG, the scaling behaviour of the cluster magnetizations m and m'
under rescaling 1 = (N/N')1/d is imposed [1]
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together with the ansatz b' = ld- yhb.
A mapping (K, h, b) —* (K' , h' , b') can be found from (1), setting h = h' = 0

and expanding both sites to the leading order in b and b'. Then the flxed point
equation of the form

follows, where

denotes a twopoint correlation function in the limit h = b = 0. Office the fixed
point K* is calculated, the thermal and the magnetic exponents y and yh can be
determined from the corresponding scaling fields.

This method of computation of non-classical critical properties of lattice
models is attractive due to its efficiency and simplicity and can be easily ap-
plied [4, 5] to bulk critical phenomena as well as to surface, random and dynamic
effects. Initially [1] the estimates of the  non-classical critical exponents appeared
to be inferior to the estimates of critical couplings. In a number of publications
some attempts to improve this shortcoming have been undertaken by a redefini-
tion of the rescahng factor [4], a twostep renormalization approach based on three
clusters [2] or an idea of effective flelds with correlations [6]. however, the valid-
ity of the basic assumption (1) has not been conflrmed so far as the convergence
of the MFRG results has not been systematically checked by using sequences of
large cluster sizes. The main difficulty arises from summation over all the 2LΧL
using configurations in (3), blowing up quickly with increasing L. With some com-
putational effort the renormalization-group calculations have been performed up
to L = 6 [4]. Considering the wide range of the MFRG applications, the test of
convergence in the finite-size  scaling region 1/L « 1 seems rather important.

In this paper we report a new transfer matrix approach which enables both
the numerically exact solutions of Eq. (2) up to L = 11 and the asymptotic analysis
of the corresponding finite-size data.

The idea is as follows. Our system consists of a square cluster of size L and
contains L x L spins S = ±I. The spins on the external edges are subject to an
effective field b. For the L x L cluster and small h and b, the partition function ZL
can be expanded in a power series. The thermal expectation values 8(K) present
in Eq. (2) can be then evaluated from the ratios of the corresponding coefficients
in the expansion of ZL. It appears that

where

The computations of the partition function SL and its expansion are carried
out by the powerful transfer matrix technique. If the spins belonging to the j-th
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column of the cluster are denoted as Sj = (Sj1, S2 , ... , SjL), the partition function
is given by

where the global transfer matrix TL is defmed in the 2L-dimensional manifold of all
the configurations of L spins Sjk(k = 1, ... , L). The matrix TL can be factorized
into the product

where Τo is the diagonal matrix defined by

and Τ is a non-diagonal matrix which can be split into the product

with the diagonal matrix w expressed by

The corresponding matrix Th is non-diagonal



426 	 G. Kamieniarz

but can be expressed as a product of sparse matrices convenient for numerical
computations.

Using our approach, we have solved the fixed point Eq. (2) for K* with the
accuracy up to 7 decimal places for 2 < L < 11 and L' = L - 1. The final results
for K* as well as for the critical exponents yt and yh are given in the corresponding
columns of Table. The values for L < 6 coincide with those previously published
to all the decimal placed quoted. .

The series given in Table have been analyzed by a number of extrapolation
techniques to calculate the limit for L —> oo. The best convergence has been found
for the alternating ε-algorithm and these estimates are given as the extrapolated
values in the last row of Table. The uncertainties on the last decimal places are
written in parentheses.

Accordmg to the data in Table, the limit Kc of the series for the critical
couplings K*LL ' coincides with the exact Ising value 0.4406868 within the quoted
error bar. The corresponding series for yt and yh do not seem to converge towards
the exact values. Within MFRG the ratio yh /yt deserves special attention. This
quantity is independent of the definition of the rescaling factor [4] and is expected
to show the best convergence for L —> oo. We confIrm this behaviour, although
the limit deviates slightly from 1.875.
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