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The localised version of the density functional based norm-conserving
pseudopotential has already been applied to various metallic solids and ag-
gregate state properties with some success. Applications to the study of
liquid phonons and to the surface dynamics are specially discussed in the
present paper. An analytic fit to the pseudopotential is obtained and further
application to molecular dynamics is indicated.
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1. Introduction

Over the past decade, density functional based first principle calculations
of both molecular dynamics [1, 2] of clusters and extended systems and lattice
mechanical properties of crystalline solids [3-6] on the basis of norm-conserving
ab initio pseudopotentials (AP) [7] have claimed remarkable success. For the lattice
mechanical properties the usual method employs a nonperturbative approach in
the framework of local density functional technique. A self-consistent band struc-
ture calculation is performed with the pseudopotential derived following Hamann
et al. scheme [7]. A more recent first principle calculational scheme using a general-
ized orthonormality condition for the generation of "ultrasoft" pseudopotential [8]
has been successfully applied to molecular dynamics simulation [2]. Both these
schemes give nonlocal pseudopotentials and require very accurate and time con-
suming numerical computations.

The nonlocality of the pseudopotential appears with the passage from the
true ion—electron potential in a solid to the weak effective potential for the valence
electrons. Actually, nonlocality is present due to the exchange of the conduction-
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and inner electrons even in the self-consistent "all electron" crystal potential.
However, this potential is always conveniently approximated as local. In model
(pseudo-) potential calculations of metallic properties both local and nonlocal ver-
sions are freely used. A close scrutiny of the results of various calculations shows
that nothing specific is lost by the non-inclusion of explicit nonlocality [9, 10-15].
Following Heine and Weaire we note that nonlocality may be important for physical
effects which depend on the oscillating part of the energy-wave number character-
istic function (e.w.f.) F(q) near 2kF, "though relatively little is known yet about
how important. It is paradoxical, and not yet understood, that nonlocality reduces
the magnitude of the up-and-down variation of e.w.f. (or the related Cochran func-
tion) by such large a factor, and yet quite sensible results have been obtained for
phonon dispersion of Al using the on-Fermi sphere approximation" [16]. In other
words, there exists no universal signature of nonlocality in specific solid state prop-
erties of metals like those of many body interactions, for example, evident in the
violation of Cauchy relation or from the appearance of some special features in
phonon dispersion [11, 15]. On the other hand, there are indications [16] that the
magnitude of nonlocal contributions might be exaggerated in some model potential
calculations.

In the case of first principle pseudopotentials, however, the nonlocality as-
sumes microscopic theoretical origin. But even then, it is not at all clear how
important this nonlocality is in the calculation of the specific solid state prop-
erties. Firstly, the pseudopotential is nonunique, and secondly, the separation of
local and nonlocal contributions is rather arbitrary. For example, in the case of
AP the arbitrariness in the nonlocal contributions stems from different r c values
used for pseudo (atomic) wave functions of different /-values.

On the other hand, Starkloff and Joannopoulos [13] have shown that a local
first principle pseudopotential may be generated even for d-band metals if we "in-
clude outermost s and p core electrons in addition to the customary d and s valence
electrons" to provide a description of the complete outer (valence) shells. Later
on, Manninen et al. [10] have also obtained a local first principle pseudopotential
to calculate several properties of aluminium and subsequently used to construct
the interionic potential and electron—phonon interaction.

This explicit nonlocal character of the pseudopotential is not essential, for
a host of simple metallic properties, appears amply evident in a relatively recent
formulation by Sen [9]. The author presented a scheme for determining the pseu-
dopotential form factors using a local (beyond on Fermi sphere) approximation
from the nonlocal AP of Bachlet et al. [7] and finally made a perturbative study
for some simple metals using linear dielectric screening. The calculation saves a lot
of computation compared to the nonperturbative nonlocal calculation and yet pro-
duces reasonable agreement with experimental values which suggests fair degree of
reliability of the localised form factors. The approach, therefore, provides enough
simplicity and widens the scope of applicability of the pseudopotential methods on
one hand and justifies the use of effective local (pseudo-) potential for a number
of metallic systems on the other. As for example, electronic transport properties
calculated on the basis of this scheme provide a good account of the experimental
data.
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In the present work we further test the reliability of this simplified scheme
and compare the resulting pseudopotential with the ab initio and well tested model
potentials in some specific problems. In the next section we discuss the calcula-
tional results of some properties which depend mainly on the pseudopotential form
factor. Calculations are performed for: (i) band gaps, (ii) resistivity of vacancy and
(iii) the Madelung constant for isotropic systems (liquid metals). Sarkar et al. [17]
have subsequently constructed a real space local pseudopotential (numerical) from
the Fourier transform of the numerical form factor [9]. The results of application of
this potential in deriving effective ion—ion interaction and in the calculation of the
frequency of collective excitation in liquid Rb are discussed. Finally, what we call a
rationalized pseudopotential is obtained by fitting the numerical pseudopotential
to an analytical form. The analytic form and its application in surface dynamics
of metals is presented. The usefulness of the analytic form in molecular dynamics
calculations is also indicated.

2. Pseudopotential calculations of properties of metals

The local approximation [9] makes an angular average of the nonlocal ab initio
pseudopotential [7] form factors considering scattering in all possible directions (on
and off Fermi sphere). The average form factor Vg so obtained appears to retain
the essential nonlocal effect in reducing the up-and-down variation near 2kF of
the function F(q) (Fig. 1) as observed by Heine and . Weaire [16]. We also note
that the first-order perturbation energy which is simply the valence (Z) times
the non-Coulomb part of the form factor at q = 0, agrees within 3% with the
value of the exact nonlocal calculation. For example, the calculated value in the

Fig. 1. F(q) vs. q for Al. The solid line represents the result with localised pseudopo-
tential and the dashed curve represents the same with on-Fermi sphere approximation
(OFSA) version.
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local approximation for Al is 1.42 Ry compared to 1.47 Ry of the exact nonlocal
calculation [6].

Most of electronic properties are determined by the amplitude for the scat-
tering of an electron by a single ion, i.e., the pseudopotential form factors. These
include shape of the Fermi surface, band gaps, optical properties and transport
properties of disordered materials such as liquid or amorphous metals and alloys.

TABLE I
The bare-ion pseudopotential form factors are compared
with the V(q)'s obtained directly from different experi-
mental data.

In Table I a direct comparison of localised pseudopotential form factor Vg

with the empirical values [18] determined from various electronic properties is
made for some simple metals. Calculation of electrical resistivity of liquid simple
metals has already been shown [9, 19] to produce reasonably good agreement with
the experiment. Here we present (Table II) the results of resistivity due to singly
isolated vacancies in some simple metals for which the pseudopotential theory is
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TABLE II
Monovacancy resistivity of some simple metals.

quite straightforward [20]. As no experimental data are yet available the calculated
results are compared with some recent calculations.

Following Ashcroft [21] the Madelung energy of metallic system may be
written as

with p = (ZN/Ω), Sk is the static structure factor and Vk's are the corresponding
Fourier transforms of the Coulomb and the pseudopotential where

For the sake of simplicity we carried out the calculation for liquid Na for
which the Madelung constant should agree with the standard value for any isotropic
system. The results of our calculations are shown in Table III. For the localised
pseudopotential the result is far better than the usual model potentials. For Ashcroft
potential the result is very poor even with a large potential parameter R c =
2.29 a.u., as a (= UMr s /e 2) turns out to be 0.6, whereas the experimental trans-
port properties indicate [22] that maximum permissible Rc value is 1.67 a.u. for Na.

There are two other types of physical properties which can be calculated by
the pseudopotential method — the so-called atomic properties. The first type de-
mands the value of total crystal energy or some of its components. Apart from the
usual crystal-structure energy calculations and the related crystal lattice stability
studies this includes the static imperfections in crystals.
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The second type involves the properties associated with the way a solid
responds to external influences. These properties are, therefore, determined by
coordinate derivatives of the total energy rather than by magnitude. The phonon
spectra, elastic constants and their pressure derivatives, Grüneisen's constants,
equation of state, etc. are examples of this type. These properties are rather well
studied with the localised ab initio pseudopotentials.

3. Some further applications
The localised pseudopotential is also applied to investigate the temperature

dependence of the dynamical structure, in particular the dispersion relation of the
collective excitation (phonon-like) in the expanded liquid rubidium [23]. The ef-
fective ionic pair potential is derived by the second-order pseudopotential theory
at different temperatures. Both static and dynamic structure factors are obtained
from the effective pair potential and the dispersion relations of the collective exci-
tation are in fair agreement with experiment for 350 K and 900 K. At still higher
temperatures the agreement is less encouraging but calculations including contri-
bution from third order to the pair potential and with better dielectric screening
show improvement and the work is in progress. In Fig. 2 the calculated results for
static structure factor is compared with the results of modified hypernetted-chain
(MHNC) approximation calculation [24].

The computed effective pair potentials show marked improvement over model
pseudopotential calculations. The potential is relatively soft-core and both the po-
sition and the value of the potential minimum are closer to the empirical values
[25] than existing model calculations. The minimum is roughly twice the value of
the existing model calculations. A detailed study on effective two-body interaction
with the localised ab initio pseudopotential will be discussed elsewhere.

Fig. 2. Static structure factor Sq of Rb. The solid line represents T = 350 K, dashed
curve T = 900 K and the dotted curve T = 1700 K. The results of MHNC calculation
are indicated by discrete points.
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The computational scheme may further be simplified with an analytic fit to
the numerical real space pseudopotential [26] (Fig. 3) obtained from the numerical
form factors [9]. The core charge distribution according to various calculations is
found to be of Gaussian type. In the limit r-> O the effective electron-ion potential
is finite and as r -> oo it is pure Coulomb. Therefore the pseudopotential may be
written as a direct Coulomb one and a part which is essentially a Gaussian function
modulated by a polynomial in r

V(r) = -Ze 2 1[1-  exp(-αr2 )]/r + (A -1- Br -1- Cr2 ) exp(-ar2) } ... 	 (3)

The four parameters a, A, B and C are conveniently determined (shown in Ta-
ble IV) from the numerical potential with following inputs:

(i) the value of the potential at r = 0,
(ii) the first zero of the potential,
(iii) minimum of the potential,
(iv) position of the potential minimum.
The real space pseudopotential function can be easily employed in Kohn-

Sham equation to study the surface phonons. In the local density approximation
the non-diagonal elements of the dynamical matrix Dαβ(lk, l'k') can be written in
terms of the response function N(r, r') as [27]:

Fig. 3. Real space localised pseudopotential (solid curve) compared with the nonlocal
ab initio pseudopotential (dashed curve) of Ref. [2] for Al.

TABLE IV
Parameters (in a.u.) for the analytic lo-
calised pseudopotential (Eq. (4)).
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where V(r) is the pseudopotential and Dαβ (Ik, l'k') represents the direct ion—ion
contribution.

The phonon dispersion curves at the (100) surface of metallic sodium were
calculated. The calculation is carried out for 13 layer slabs of Na bounded by (100)
planes. The results obtained (Fig. 4) are compared with available calculation [27].

Fig. 4. Phonon dispersion curve for 100 surface of Na compared with some available
calculated results represented by dots.

Density functional based molecular dynamics (DFMD) technique employ-
ing ab initio nonlocal pseudopotentials also emerged as a powerful method to
investigate structural, electronic and thermodynamic properties of inhomogeneous
electron systems like molecules, clusters, liquids etc. The technique, however, re-
quires a variety of optimization algorithms and "strategies" for orthogonalization
and the calculation of nonlocal energy and forces and treatment of more than few
tens of atoms turns out to be extremely expensive in terms of CPU time. There
also exists an alternative simpler formulation known as orbital free method as has
been used by Pearson et al. [28]. The orbital free molecular dynamics so far used
local potentials only. In view of the encouraging results of the present localised
scheme we believe that it might offer a reliable MD calculation. Moreover, before
concluding we note that a realistic ionic pair potential derived from the localised
pseudopotential as discussed earlier may be used in place of the semiempirical pair
potentials [29] usually employed in Monte Carlo molecular dynamics calculations.
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