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A chain of N, one-dimensional, impact pendulums is investigated us-
ing numerical solutions of equations of motion. Ranges of periodic, mixed
and chaotic motion are found using spatio-temporal diagrams. A correla-
tion function and power spectrum density functions are calculated for these
digitized diagrams. Influence of the coupling strength k and the number of
pendulums N on the dynamics of the system is discussed.

PACS numbers: 05.45.+b

1. Introduction
Simple models of a spatially extended system consisting of a set of coupled

oscillators or pendulums allow us to investigate many phenomena, starting from
solid state physics up to population biology [1-4], occurring in the real physical
systems. In particular, in the set of the coupled limit cycle oscillators with differ-
ent natural frequencies distributed across the system [5], it is possible to observe
a nonlinear time evolution, in which the collective synchronization appears [1, 2].
Another application of the set of coupled limit cycle oscillators is connected with
an investigation of chemical oscillating reactions [3, 6, 7]. A system of chaotic os-
cillators was used in Ref. [8] for the observation of localised structures like solitons
and domain walls, which may create far off equilibrium in a nonlinear medium.
Abraham [9] analysed the dynamics of a linear chain of damped-driven chaotic
pendulums, in which very rich and complex dynamics of the system, both in space
and time, was found.

In the present paper the dynamics of a chain of coupled, 1D pendulums with
the limited range of its motion caused by the hard walls located between each two
pendulums, is investigated. Such a type of pendulum is called an impact oscillator
and was analysed earlier by Isömaki and von Böhm [10, 11]. It was found that
the dynamics of a single impact oscillator has a rather complex character [10-12],
thus the dynamics of a spatially extended system consisting of N linear coupled
impact pendulums seems to be an interesting problem and will be analysed in the
present work.
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2. Model
The chain of one-dimensional, coupled impact pendulums was considered

(see Fig. 1). The equations of motion for such a system are as follows:

with the conditions for the impacts of pendulums with two hard walls, located
between each two pendulums in e = 0 and e = /r, which cause the change of a
sign of pendulum's velocity

Here, j = 1, ... , N, is a number of a pendulum, Θf — the angular displace-
ment of j-th pendulum, A — the amplitude of the external oscillatory force, Ω —
the frequency of the external force, α — the damping parameter, ω — the natural
frequency of a single pendulum, k — the coupling strength between two nearest
neighbours of the j-th pendulum. A dot over a symbol denotes the time deriva-
tive. The values of the parameters of pendulums, chosen for our computations
were: A = 7.7, Ω = π,  α= 0.25, ω= 4.21. The periodic boundary conditions and
random initial condition for e; (restricted to 0 <  < π) and Θj were assumed.

The system of equations (1, 2) was solved numerically using a predictor-cor-
rector as algorithm [13]. The time points of impacts were found from the boundary
conditions (2), using cubic spline interpolations with a high accuracy [14]. The com-
putations were rather time consuming and were performed with a CRAY CS 6400
superserver.

For the presentation of dynamics of the considered system, spatio-temporal
diagrams were constructed [15, 16]. The time evolution of each e3 (1), j = 1, ... , N,
obtained from the numerical solutions of equations of motion (1, 2), was digi-
tized using the following rule. In each n-th time step of the integration procedure
the values (-1) and (+1) were assigned to the i-th grid point, if lej ' <'Ól or

> 1Ó1, respectively. Here e denotes the spatial average of e over all pendu-
lums in the chain. Thus, the information contained in the solutions of Eqs. (1, 2)
was reduced, however, a type of the motion of the pendulums was maintained
in the time series of (-1) and (+1) of each pendulum which appeared instead of
the sequence of solutions E (At = nΔT). The spatio-temporal diagrams for the
motion of the chain of pendulums were constructed as a sequence of white (for —1)
and black (for +1) cells (see Fig. 2) [17].

For the investigation of the dynamical properties of the system a harmonic
analysis of time evolution of a spatial average Θ(t) was used. It was based on the
calculation of power spectrum density (PSD) estimated by the periodogram [18, 17].
Additionally, for the detail information about the dynamics of the system the cor-
relation function between two chosen (l-th and m-th) pendulums in the chain was
calculated
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Fig. 1. Model of a chain of N impact pendulums; e, is the angular displacement of
j-th pendulum.
Fig. 2. Construction of spatio-temporal diagram. The dimensions of one numerical cell
are (ax, A1); black and white cell are denoted as +1 and —1, respectively.

where ak is the sequence of "-1" and "-F1" corning from the part of the spatio-tem-
poral diagram referring to the pendulum j = 1, bk is the sequence of "-1" and „±1"
connected with the pendulum j = m, the amount of samples is denoted L and r
is the time shift. The correlation between time series coming from two pendulums
chosen in the chain, enable us to find information about synchronization in the
system.

3. Results and discussion

The equations of motion (1, 2) were solved numerically for different values
of control parameters: the coupling strength k and the number of pendulums in
the chain N. Three types of motion were found: periodic, mixed and chaotic.

TABLE
Ranges of the types of motion of the

Let us consider the influence of the coupling strength k on the dynamics
of the system. For N = 64 the ranges of these three types of motion are shown
in Table. As we see the periodic motion is observed for the smallest values of
the coupling k. A spatio-temporal diagram for this range is shown in Fig. 3. All
pendulums oscillate with the same frequency, but they have different phases, which
results from the random initial conditions. The periodic character of the motion
is easily seen as a regular pattern on the diagram. Confirmation of the periodic
character of the motion gives the calculation of the correlation function C, shown
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Fig. 3. Spatio-temporal diagram for the periodic type of motion of the system with
N = 64 and k = 0.
Fig. 4. The correlation function C as a function of a time shift r between pendulums
1=l and m = 32 for N= 64 and k= O.
Fig. 5. Logarithm of the relative power spectrum density function (PSD) as a function
of relative frequencyω//Ω for the system in the periodic motion, with N = 64 and
k = O (.f2 is the external force frequency).
Fig. 6. Spatio-temporal diagram for the mixed type of motion for the system with
N = 64 and k = 0.05.

in Fig. 4. The maxima of C are observed for every 5 periods of external force Ω/2π.
Additionally, the results of calculation of PSD for the locations of all pendulums
averaged over N, are shown in Fig. 5. On the horizontal axis is the reduced
frequency ((2 is the frequency of the external force) and on the vertical axis is
the logarithm of PSD. The highest peak refers to the frequency of the external
force .f2, the first peak corresponds to the frequency (2/5, while the other peaks
correspond to the harmonics of this frequency. Such a location of peaks is a result
of a specific distance between hard walls, defined in Eq. (2).

The mixed type of motion is observed for k > 0.031 (see Table). In this type
of motion a part of pendulums oscillates with the frequency other than that in the



Spalio-Temporal Dynamics of Chain ... 1057

periodic motion, this is seen on a spatio-temporal diagram shown in Fig. 6. The
diagram has also a rather regular character, however some pendulums have the
period other than Ω/2π. At the correlation function for this type of motion (see
Fig. 7) additional peaks, in comparison to the correlation function for the periodic
motion (cf. Fig. 4), appear. They are due to the additional frequency of the part
of oscillators. Also a number of rather small peaks connected with these additional
frequencies occurs at PSD (see Fig. 8). It is interesting that the route to chaos
for the present system occurs via the mixed type of motion, which differs from
the routes to chaos known in the literature (via the period doubling, quasiperiodic
motion or intermittence) [19]. A similar route to chaotic motion was found earlier
by Abraham [9] for the system of chain of coupled dumped chaotic pendula.

Fig. 7. The correlation function C as a function of a time shift r between pendulums
1 = 1, m = 31 for the system in the mixed type of motion, with N = 64 and k = 0.05.
Fig. 8. Logarithm of the relative power spectrum density function (PSD) as a function
of relative frequency ω/Ω for the system in the mixed type of motion with N = 64 and
k = 0.05.

The chaotic motion of the system appears for k > 0.051. In this range irreg-
ular oscillations of all pendulums are observed, which is seen on a spatio-temporal
diagram (Fig. 9). One can find, however, time windows in which some pendulums
oscillate regularly. The correlation function and PSD for this range of motion are
shown in Fig. 10 and 11, respectively, and they have a character confirming the
chaotic motion of the system. The high peaks connected with the external force
frequency and its harmonics are still visible.

Calculations of the dynamics of the system were also performed for a sig-
nificantly shorter chain of pendulums with N = 4. Also in this case three types
of motion were found. It is interesting, however, that the limits of the periodic,
mixed and chaotic motion are approximately the same as for the case of the long
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Fig. 9. Spatio-temporal diagram for the chaotic type of motion for the system with
N = 64 and k =0.1.

Fig. 10. The correlation function C as a function of a time shift r between pendulums
1 = 1 and m = 32 for the system in the chaotic motion, with N = 64 and k = 0.1.
Fig. 11. Logarithm of the relative power spectrum density function (PSD) as a function
of relative frequency w/.(2 for the system with N = 64 and k = 0.1.

chain with N = 64 pendulums. The differences of the critical values of k between
the case with N = 4 and the case with N = 64 are smaller than 0.001.

It was found that a chain of coupled impact pendulums have interesting
dynamic properties. Pendulums may oscillate regularly, or, if the coupling between
them is large enough, the motion of the system is chaotic. In this system the route
from a periodic to a chaotic motion is realised via a mixed type of motion, in which
some pendulums oscillate with new frequencies, other than the frequency of the
majority of pendulums. When the value of the coupling k increases the number of
pendulums with such frequencies increases also, which finally results in a chaotic
motion of the system.

A small influence of the size N of the chain on its dynamics suggests that the
influence of the impacts of pendulums with the hard walls is significantly larger
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than the influence of the coupling between the pendulums. It is interesting in our
system that even in the case of rather high values of the coupling between the
pendulums the synchronization of their motion does not occur.

The hard walls in our model have a constant localization (in Θ  = 0 and
Θ=π), which determines the motion of each pendulum very significantly. An-

other localization of hard walls (e.g. Θ= π/2 and Θ= 3π/2) would have a
smaller influence on the motion of pendulums, especially for a small amplitude
of an external force A. In such a case, the influence of the coupling between the
pendulums on its dynamics would be more important than in the present case.
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