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A characteristic feature of strongly correlated electrons is the appear-
ance of low energy scales. They may result in heavy-quasiparticle excitations
at low temperatures. Our understanding of these excitations has been con-
siderably modified over the last few years. While it was originally thought
that the Kondo effect is the sole source of heavy-fermion behavior, two ad-
ditional mechanisms have been identified meanwhile. One is based on the
Zeeman effect and occurs in Nd2_xCexCuO4. The other is operative in the
semimetal Yb4 As3 and is based on nearly half filled one-dimensional Hub-
bard chains. In all three cases the low energy excitations result from spin
degrees of freedom.

PACS numbers: 71.27.+a, 75.20.Hr, 75.30.Mb, 71.10.Fd

1. Introduction

When we speak of metals with strongly correlated electrons we usually think
of systems where the mutual Coulomb repulsions of electrons suppress considerably
charge fluctuations on different atomic sites. The reductions can be so strong that
a system may become insulating, even though from the point of view of band
filling we would expect a metallic behavior. An often cited example is La2CuO4.
With ionic charges Lai+ and O 2— the Cu atoms are in a Cu2 + or 3d9 configuration.
Therefore we deal with a system which has one hole per formula unit and moreover,
given the perovskite structure, per unit cell [1]. Therefore the system would be a
metal were it not for the strong electron correlations which prevent it from being
conducting.

A strong, though incomplete suppression of charge fluctuations has profound
effects on the excitation spectrum of a system. Thereby we must distinguish be-
tween high- and low-energy excitations. High-energy excitations involve predomi-
nantly charge degrees of freedom. Moving an electron from one atom to another
implies charge changes (or charge fluctuations) on the atoms involved. In the pres-
ence of large intraatomic Coulomb repulsions this implies large excitation energies.
In the framework of a simple Hubbard Hamiltonian these transitions take place
between the lower and the upper Hubbard band.

(67)
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Low-energy excitations on the other hand, often involve predominantly spin
degrees of freedom. This is the case, e.g., in the heavy-fermion systems which are
characterized by a very large density of states at small excitation energies [2, 3].
Until recently the opinion was prevailing that all known heavy-fermion systems are
the Kondo lattices. In a Kondo lattice a system of magnetic ions is coupled antifer-
romagnetically to nearly uncorrelated conduction electrons forming local singlets
with them. Singlet—triplet excitations require small energies and provide for the
high density of states in this case. However, in recent years it has turned out that
heavy-fermion behavior can be of quite different origin. At least two other mech-
anisms, both involving spin degrees of freedom have been identified as generators
of heavy quasiparticles. One is operative in Nd 2_xCexCuO4  with x around 0.2 [4]
and is based on the Zeeman effect [5]. In distinction to a Kondo lattice system the
conduction electrons are strongly correlated here, and this changes the underlying
physics. A third mechanism is found in the semimetal Yb4As3 [6-10]. Here one
is dealing with a system of chains with a band filling which is close to one half.
The spin-like excitations of this system behave like neutral heavy fermions. It is
likely that in the future other mechanisms will be identified which also result in
heavy-fermion excitations.

2. Heavy quasiparticle excitations

As pointed out in the introduction there are presently three different mecha-
nisms known, which can lead to heavy quasiparticles. We want to discuss them in
the following. In particular, we want to point out the different physical phenomena
associated with them.

2.1. Kondo route to heavy fermions

When magnetic ions like Ce or Yb are placed as impurities into a metal,
the 4f electrons hybridize weakly with the conduction electrons and form singlets.
The Anderson impurity Hamiltonian

is usually used to describe this situation. The notation is the standard one and
H0 contains all those degrees of freedom of the conduction electrons which do not
couple to the impurity. The orbital index m refers to the lowest j multiplet. A
variational ansatz for the ground state of that Hamiltonian is due to Varma and
Yafet [11]. It is of the form

in close analogy to one suggested by Yoshida [12] when the Kondo- instead of the
Anderson Hamiltonian is considered. Here A and α (k) are variational parameters,
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vf is the orbital degeneracy and |Φ 0) represents the filled Fermi sea of conduc-
tion electrons. The ground state |Ψ

0

) is a singlet and the energy gain due to the
singlet formation is given by kBTK, where TK is the Kondo temperature. The
singlet—triplet excitation energy is often of the order of a few meV only. When a
lattice of Ce or Yb ions is considered, like in CeAl 3, CeCu2Si 2 , YbCu2Si2 or YbAl3 ,
Hamiltonian (1) is replaced by the Anderson-lattice Hamiltonian. At low enough
temperatures, i.e., T < Tcoh the different singlet—triplet excitations lock together
and form coherent quasiparticle states. The surprising experimental observation is
that there exists a nearly one to one correspondence between these excitations and
those of a system of nearly free electrons with strongly renormalized mass. The
implication is that we can treat the system like a Fermi liquid as described by Lan-
dau [13]. As a consequence we can calculate the Fermi surface of a heavy-fermion
system like CeRu 2Si 2 or CeCu2Si2 by applying the renormalized band theory [14].
Thereby the effective potential acting on a quasiparticle is described in terms of
energy dependent phase shifts ηlA(ε). Here A denotes the different atoms A in the
unit cell and 1 is the angular momentum quantum number. The main idea is to use
for these phase shifts the ones computed with a local density approximation (LDA)
to density function theory except for the 1 = 3 phase shifts of the rare earth (or
actinide) ions. The latter are assumed to contain the strong electron correlations
of the 4f (5f) electrons which the LDA is unable to describe. Within the spirit
of Landau—Fermi liquid theory we expand therefore the phase shift 7 

Ce(Yb) of
the Ce or Yb ion around the Fermi energy er (more precisely, the phase shift
corresponding to the crystal-field ground state r of the lowest j multiplet of the
partially filled 4f shell is expanded). We write, e.g.,

and fix ητCe(εF) by requiring a given number n f of 4f electrons. Note that n f = 1
implies ?/(F) = π/2. The only parameter entering the theory is T*, which can
be adjusted to the experimental specific heat coefficient y. The temperature T*
is here the analog of the single-ion Kondo temperature. Calculations of this form
have predicted surprisingly well the large effective mass anisotropies in CeRu2Si2.
For more details we refer to excellent reviews of Zwicknagl [15] and Norman and
Koelling [16].

When the temperature increases, i.e., T > Tcoh the excitations lose their
coherent properties and the problem reduces to that of independent impurities. For
Tcoh < T < T* the specific heat contains large contributions from the incoherent
part of the f electron excitations. In that regime the noncrossing approximation
(NCA) may be used to describe the strongly correlated f electrons and to explain
a number of experiments [17].

Finally, when T > T* the Ce or Yb ions can be considered having a local
moment which weakly couples to the conduction electron spins. Lowest-order per-
turbation theory suffices to describe that interaction. The range of application of
the different theories is summarized in Fig. 1. A beautiful manifestation of this sce-
nario is the experimentally observed difference in the Fermi surfaces of CeRu2Si2
and CeRu2Ge2. The main effect of replacing Si by Ge is an increase in the distance
between Ce and its nearest neighbors. This is accompanied by a decrease in the
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Fig. 1. Range of application of different methods for treating Rondo lattices.

hybridization of the 4f electrons with the orbitals of the neighboring ions. While
in CeRu2Si2 the characteristic temperature T* = 15 K, it is practically zero in
CeRu2Ge2. When de Haas—van Alphen experiments are performed at a temper-
ature T = 1 K this implies T « T* in CeRu2Si2 while for CeRu2Ge2 we have
T T* . Therefore, in the former case the 4f electron of Ce contributes to the
volume enclosed by the Fermi surface, but not in the latter case. Indeed, measure-
ments show that the two Fermi surfaces show a number of similar features but
differ in volume by one electron.

2.2. Zeeman route to heavy fermions

The electron doped system Nd2_xCeCuO4 shows heavy-fermion behavior
for concentrations in the range 0.1 < x < 0.2 (see Fig. 2). For x = 0.2 a linear
specific heat coefficient -y = 4 J mo1-1K-2  is observed below 1 K [4]. The magnetic
susceptibility x s is approximately temperature independent in that regime and a
Wilson ratio R = π2k2Bxs/(3μ2effγ) of order R 1.8 is found. In distinction to the
Kondo-lattice system CeCu2Si2 the linear specific heat at low temperatures in a
x = 0.15 sample remains virtually unchanged by the presence of superconductivity.
Evidently, the heavy quasiparticles remain unaffected by the formation of Cooper
pairs. There is strong experimental evidence that the low-energy excitations come
from the magnetic degrees of freedom of the Nd ions. The Nd—Cu exchange type
interaction H = αΣi, δ siSi+δ exceeds the one between the Nd ions and leads to
the observed Schottky peak at T 2 K for the undoped Nd2CuO4 sample. Here
si is the spin of a Cue+ ion at site i and Si+& with 6 = 1, 2 denotes the spins of
the two next-nearest Nd sites (the interactions between nearest Cu and Nd sites
cancel each other due to the antiferromagnetic order of the Cu spins). From the
position of the Schottky peak we can determine a and when we compute the Kondo
temperature from it, we find that it is practically zero. In Fig. 2a one notices that
a Schottky like peak remains, even when the system shows no long-range order,
i.e., for x > 0.1. Apparently the Cu spins fluctuate sufficiently slowly in that case,
so that the Nd spins can follow adiabatically that motion. Therefore they feel a
molecular field acting on them and a spin flip costs Zeeman energy.

Electron doping changes some of the Cue+ into Cu1+ ions which have a
complete 3d shell. The latter do not interact with the Nd spins. The 3d 1° con-
figurations move in the Cu—O planes and therefore the molecular field a Nd spin
experiences is repeatedly turned on and off. This causes the large number of exci-
tations on the low-energy side of the Schottky peak which give rise to the observed
linear specific heat [5]. As is noticed from Fig. 2, a Schottky type peak is also found
when the long-range order in the Cu—O planes is destroyed by doping. This implies
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Fig. 2. (a) Specific heat Cp (T) measurements for Nd2_x Cex CuO4 for different
electron-doping concentrations x. The solid line corresponds to a Schottky anomaly.
(b) Cp (T) as function of T. (c) Spin susceptibility x (T) for x = 0.2, i.e., in the over-
doped regime (from [4], with authors' permission).

that appreciable short-range antiferromagnetic (AF) order is still present so that
the Nd spins can follow (almost) adiabatically changes in the short-range order.
This interpretation has been substantiated by inelastic neutron-scattering experi-
ments [18] and by µSR experiments [19]. In the former case, low-energy excitations
corresponding to spin flips of the Nd ions are found also in Nd1.8Ce0.2CuO4, im-
plying a molecular field seen by the Nd ions. In the µSR experiments a saturation
of the relaxation time of the spin fluctuations is observed below 0.5 K. It is of
order 10 -9 s, even at 70 mK and serves as direct proof that the Nd system is not
a spin glass at those temperatures.

Two different model descriptions have been advanced to describe the ob-
served heavy fermion behavior. One is using a spin-symmetry breaking, staggered
field acting on the Nd spins in order to simulate the strong correlations of the con-
duction electrons and the resulting exchange field [5]. The corresponding Hamil-
tnnian is

Here a10 , f ó denote creation operators for conduction electrons and 4f elec-
trons, respectively. Furthermore, Q = (π,π) is a reciprocal lattice vector and Ri
denotes the positions of the Cu ions. The Nd—Cu is described by a hybridization
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term since it is easier to extract heavy quasiparticles from a Anderson-type than
from a Kondo-type Hamiltonian. Iamiltonian (4) is easily diagonalized and yields
two d-like (Cu) and two f-like (Nd) bands of excitations. Heavy quasiparticle
excitations result here from a partially filled, narrow f band. By adding an at-
tractive interaction of the conduction electrons to the Hamiltonian we can show
that the low-energy excitations and hence the linear specific heat are unaffected
by superconductivity.

The second model description starts from a Hamiltonian

where s is the spin of a Cu site and S1 is the spin of an adjacent Nd ion [20]. Both
spins are of magnitude S. The unit vector Ω = s/S is treated as a classical variable
modulated by a stochastic interaction with the environment. It is (Ω(t)) = O due
to the absence of long-range order, while the correlation function is of the form

Estimates of D,. can be obtained from the nonlinear σ- model [21].
The stochastic motion of the spin S1 obeys the equation

can be determined under the assumption that the stochastic process is a Gaussian-
-Markofiian one, implying that the distribution function obeys a Fokker—Planck
equation. As a result I(ω) is of the form

For undoped Nd2CuO4 the rate Dr vanishes at low temperatures T because
of Néel order. When the system is doped, we expect that Dr remains finite when
T-> 0. A finite value of I(ω) around w = O gives rise to a contribution of the spin
Si to the specific heat of the form C = „T. This follows from

The side peaks in Eq. (9) give rise to a Schottky peak in C(T). When the
f spin susceptibility is calculated, it is found that x(T) ln(Dr /T) at low T.
This shortcoming is most likely due to the neglect of quantum fluctuations which
reduce x(T) at low T. But it is interesting to note that for Nd1,8Ce0,2CuO4
and T = 0.4 K the present approach leads to a Sommerfeld—Wilson ratio R =
π2x/(3g2μB2γ) 1.4. Here g2 = 1.27 is the squared average of the Nd Landé

factor. The net result is therefore that a stochastic, classical approach describes
the specific heat data of Nd1.8Ce0.2CuO 4 very well but not the spin susceptibility,
which requires the inclusion of quantum fluctuations.
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2.3. Yb4As3 — an unusual semimetal

The intermetallic compound Yb 4As3 crystallizes in the anti-Th3P4 structure.
In that structure the Yb ions occupy four sets of parallel chains which point along
the diagonals of a cube. The structure should be compared with the one of A 15
compounds for which V3Si is an example. Here the V ions occupy three sets of
parallel chains which point along the main axes of a cube.

With a valency of 3— the three As ions attract 9 electrons and therefore the
four Yb ions must have valencies 3 x Yb 2+ +1 x Yb3+. The ion Yb 2+ has a filled 4f
shell while that of Yb3+ has one hole. As this hole is shared between four Yb ions,
the system is metallic at high temperatures. However, at TS =300 K it undergoes a
trigonal distortion in a weak first-order structural phase transition. The resistivity
changes discontinuously at that temperature and increases with decreasing T until
it reaches a maximum of approximately 10 mΩ cm at T 130 K. At very low
temperatures it obeys a law p(T) = p0 + AT2 , indicating Fermi liquid behavior.
Measurements of the Hall constant reveal a dramatic increase below Ts, indicating
that the system becomes a semimetal at low temperatures. In fact, at low T there
remains only one charge carrier per 103 Yb ions. Despite the low number of carri-
ers, the low temperature specific heat has a linear specific heat coefficient of order
γ= 200 mJ/(mole K2 ). The spin susceptibility Xs is Pauli like and large with

a Sommerfeld—Wilson ratio of order unity. This clearly indicates heavy-fermion
behavior. This is further substantiated by the observation that the ratio A/γν

(v= 2) is similar to that of other heavy-fermion systems [6, 22]. Due to the low
carrier concentration the heavy quasiparticles must certainly result from spin de-
grees of freedom. The Kondo effect can be excluded as origin of the observed
heavy-fermion behavior. The low energy scale corresponding to the observed γ
value is of order T 40 K. Inelastic neutron scattering shows clearly a crystal
field level of Yb 3+ at an excitation energy of approximately 40 K which would not
be the case if Kondo singlets were formed. The neutron results are in agreement
with Möβbauer data on 170Yb which give evidence that below 50 K perfect charge
ordering takes place.

In order to explain the above experimental findings the following theory has
been advanced [9]. At TS a collective band Jahn—Teller (CBJT) phase transition
takes place. It corresponds to a volume conserving distortion by which one family
of chains (e.g., in (111) direction) is shrinking, while the other three families of
chains are elongating. The transition is triggered by a strong deformation-potential
coupling, which is commonly found in mixed valence systems. It splits the fourfold
degenerate quasi-1D density of states into a nondegenerate and a triply degenerate
one. The nondegenerate density of states corresponds to the family of shortened
chains. Because of their smaller ionic radius the Yb 3+ collect in the short chains
while the Yb 2+ go into the long chains. Thus charge ordering takes place with
decreasing temperatures. At T = O we expect almost perfect charge ordering in
which case the system would be a one-dimensional Mott—Hubbard insulator. The
fact that it is a semimetal and not an insulator is likely to be related to the
nonvanishing hopping matrix elements between 4f orbitals in the short and long
chains. This may result in weak self-doping, since some of the holes in 4f shells
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move from the short into the long chains. The CBJT can be described by an
effective Hamiltonian of the form

Here f iμσ creates an f hole with spin v at site ż in chain µ. The notation
(ij) refers to nearest neighbors within a chain of NL sites and interchain hopping
is neglected here. The trigonal-strain order parameter is denoted by Er, with a
corresponding bulk elastic constant 4c0. The deformation potential 41 is

Note that Eq. (11) does not yet contain the strong on-site repulsions of
4f electron, which are responsible for Mott-Hubbard insulators. Close to Ts those
interactions are not important though. With 4t = 0.2 eV (from LDA calculations),
c0 = 10 11 Ω erg/cm3 , where (1 is the volume of a unit cell, and ZA = 5 eV, one
obtains Ts 250 K.

At low T, where the f electron correlations are important, a t-J Hamilto-
nian is used. By applying a slave-boson mean field approximation one can formally
derive quasiparticle excitations with the observed heavy masses. However, a cal-
culation of this kind does not bring out clearly the physical origin of the heavy
quasiparticles. Because of the low carrier concentration they must come from the
spin excitations in the short chains. Although no long-range magnetic order has
been detected down to 1 K [7], the short range antiferromagnetic correlations lead
to spin-wave like excitations which we can describe by linear spin-wave theory.
This picture has been experimentally confirmed by Kohgi et al. who measured
spin-wave spectra by inelastic neutron scattering and found that they are equal
to those of a 1D spin chain [23]. It is well known that in one dimension, spin-wave
excitations lead to a linear specific heat. There exists a one to one correspon-
dence between them and excitations of a weakly interacting electron system with

a strongly renormalized mass. Therefore we may speak of heavy fermions, but since
the system is almost insulating it is more appropriate to speak of a heavy neutral
Fermi liquid. This physical interpretation allows for an explanation of another ex-
perimental observation. In an external magnetic field of 4 T the y coefficient in
the specific heat changes considerably below 2 K [24]. This is unexpected, since
we would expect the changes to be of order (μBH/kBT*)2  where T* 40 K is
the characteristic low energy scale. These findings can be explained by taking into
account a weak coupling between the short chains [10]. Within spin-wave theory
ratio of 10 -4 between interchain and intrachain coupling explains the experiments
due to the opening of an anisotropy gap.

3. Conclusions

During the last few years new experimental findings have shown that heavy
quasiparticles can be of different physical origin. Three physical effects have been
identified until now leading to heavy-fermion behavior. The classical one is based
on the formation of Kondo singlets and applies to systems like CeAl3, CeCu2Si2 or
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CeRu2Si2. A second mechanism is operative in Nd2_xCexCuO4 (0.1 < x < 0.2)
and is based on the Zeeman effect. A characteristic feature of the system are the
strong correlations of the conduction electrons in the Cu-O planes. Finally, in the
semimetal Yb4As3 we are dealing with Hubbard chains close to half filling. Despite
the low carrier concentration of typically one carrier per 10 3 Yb ions the linear
specific heat coefficient y is several hundred times as large as, e.g., in Na metal. In
all three cases the low-energy excitations giving rise to the large 7 values involve
predominantly spin degrees of freedom. For Kondo lattices they are singlet—triplet
excitations, in Nd2_xCexCuO4 they involve spin flips of the Nd ions whilein
Yb4As3 they consist of spin flips in the short chains consisting of Yb 3+ ions. The
question is legitimate whether or not the correspondence to excitations of almost
free electrons is exact or approximate only in the three cases. While no clear cut
answer can be given, the experimental evidence is in favor of a reasonable close
mutual correspondence. There is no reason that the mechanisms described here are
the only ones leading to heavy quasiparticles. We speculate that in U compounds
showing heavy-fermion behavior there are still other physical effects at work.
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