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Angular differential cross-sections for the formation of H, as a result of
electron capture by proton from He+(s) at the centre-of-mass energies from
4 to 24 keV, are calculated using distorted wave Coulomb-Born approxima-

tion. The total interaction potentials in the prior-iiiteraqtion channel and in
the post-interaction channel are considered. Coulomb boundary conditions
are taken care of with the proper choice of the perturbation potentials in
both the prior and the post channels. A prior—post discrepancy is noted.
Existing theoretical results are presented along with the present results.

PACS numbers: 34.70.+e, 34.40.+n

1. Introduction

Charge transfer in collision between positive ions is of considerable theoret-
ical and experimental interest in connection with their'practical applications in
laser physics, in plasma diagnostics, in research in thermonuclear fusion and to
the properties of astrophysical objects.

In this paper we formulate an expression for angular distribution of H formed
due to electron capture in collision between H± and hydrogen type ions. The result
for

is presented for collision energy lying between 4-24 keV in the centre of mass (CM)
frame. The only other theoretical paper on the above process is by Winter [1]. An
experiment on reaction (1) is in progress by the Giessen group [2] in Germany.

*Corresponding author,s mailing address: 370/1, N.S.C. Bose Road, Calcutta-700047, India.

(1143)



1144 S. Bhattacharyya et al.

We used Coulomb-Born approximation [3] with the total interaction poten-
tial, i.e. the proton (H+) interacting with both the bound electron and the nucleus
of Hel+. Eventually we took the exact form of the interaction potential. The
boundary conditions [4] are taken care of for the post as well as for the prior forms
of the interaction potentials. Momentum dependent phase faction enter into the
interaction potentials in the initial and in the final channels. These phase factors
can be associated with the translational factors arising out of the relative motions
in charge transfer collisions.

Winter [1] has calculated the differential cross-section (DCS) for the pro-
cess (1) in Eikonal approximations using both the triple-centre atomic-state basis
and double-centre Sturmian pseudostate basis. Significant quantitative differences
were found at various energies. In the present case maximum contribution to the
cross-section comes from the very small angular range (0° to 0.1°) in the forward
direction, but, unlike that by Winter, the present result decreases rapidly with
angle. The present results with the post and the prior interaction potentials are
shown graphically along with the results by Winter for CM-energies 4 keV, 5 keV,
12.5 keV and 14 keV. The present DCS with respect to the solid angle at 10 keV
is found to have similar type of variation with the CM-scattering angle (θ) as that
obtained by the experimental group in Giessen [2] for the reaction

which is similar in principle to reaction (1). Differences are noted in DCS with the
prior and the post interaction potentials. However, the discrepancies are very small
for low angle scattering. The boundary conditions necessary for the asymptotic
vanishing of the interaction potential at large distances are achieved in the present
case.

2. Mathematical formulation

The charge transfer reaction under consideration is

where the projectile ΑZ+Aís a bare ion and B(ZB-1)+is the hydrogen type target
ion. The coordinates in the laboratory system are shown in Fig. 1. Rα , Jib and r0
denote the coordinates of AZt, B(ZB -1 )+ and the electron e respectively. CA and
GB are the coordinates of the CM of (ΑZ+A , e) system and (B(ZB -1 ) + , e) system
respectively.

The total potential energy of the system is

The operator expressions for the kinetic energies of relative motions of the inter-
acting system for the initial and the final channels are respectively
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where μ α , μb, μi and μf are the reduced masses associated with the relative
coordinates rα , rb , pi and ρf respectively. 11 is the CM of the whole system.

In the relative and the centre-of-mass coordinates of the initial system, the
potential energy U in (4) becomes

Similarly, the expression for U in the final channel is

where

The total Hamiltonian of the system, corresponding to the above two expressions,
can be written as follows:
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Assuming the projectile as proton,  ZA = 1, and writing the interaction po-
tentials V in the prior and in the post form as V and Vf respectively, we obtain
from (9) and (10)

and

1; and V vanish in the asymptotic limit and eventually satisfy the Coulomb bound-
ary condition [4] necessary for charge transfer collisions.

Using Eqs. (6a) and (8a) we write ρ and ra in terms of ρi and rb and obtain

Hence, from Eq. (12)

Eigenfunctions of the channel Hamiltonian Η and Η as given by Fujiwara [5],
are respectively

where Xi, the eigenfunction for relative motion of the colliding system in the initial
channel, is expressed by Coulomb wave F(k, ρi ), while, in the final channel, X is
a plane wave. Here, ki and kf are respectively the relative momenta in the initial
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and final channels. The transition matrix element Vfip rior(post) of the prior (post)
interaction V (Vf) between the initial state ψ and the final state ψf is obtained
in the Coulomb-Born approximation as follows. With the help of Eqs. (13), (15)
and (16)

Using Taylor's expansion and writing j, in terms of the momentum operator -ip,
we get for V and 14 (Eqs. (11) and (14)) the following expressions:

We compute the DCS for charge transfer between proton and He+(1s) ion to
produce hydrogen atom in the ground state. Taking ZB = 2 the transition matrix
element (Eq. (16)) with prior and post interaction potentials become, respectively

where

such that, for

and

We use the transformations (13) for rα and ρf in computing V. From space
translation we obtain for the momentum operator p in (18) and (19) the following
equation (Xf being the plane wave solution)

where

After some lengthy calculations we obtain for Vfi(n) and Ufi(4) as shown in
Appendix (Eqs. (9A), (1A)). 	.
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3. Results and discussion

The charge transfer cross-section in the centre of mass coordinate becomes

We compute the differential cross-section with respect to the CM scattering angle
θ and obtain

In the charge transfer reaction (1), the energy and momentum transfers are very
small. Eventually, the maximum contribution to the reaction comes from the small
range of angles in the forward direction. We computed with both the post and the
prior form of the interaction potentials. In the prior channel the interacting systems
are charged, while in the post channel one of the interacting systems is neutral
(H(1s)) while the other one is the fully stripped charged nucleus. With no target
recoil in the projectile energy range under consideration, we find from (10A.)

and approximate φ(λ) = 4π/δ1.
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There is discrepancy, however small, between the post and the prior form
of the cross-section. This addresses to the question of non-orthogonality when
the initial and the final wave functions (Eqs. (15), (16)) as given in Refs. [3]
and [5], are used for the present problem. However, the discrepancies being small,
the use of the mentioned wave functions in the present calculations is justified.
The range of the angles giving maximum contribution is from 0° to 0.1° in both
the prior and the post interaction potentials. As the angle increases to 0.5°, the
DCS value falls by a factor of 10 -5 from the value at 0.1°. At 4 keV and 5 keV
CM-energies, Winter's results are comparable with those of the present results in
the range 0° to 0.1°. Beyond those angles, the present values for the DCS decrease
exponentially, while results given by Winter maintain almost steady value with
very little variation (Figs. 2-6). With the increase in the collision energies the
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positions of the peaks shift towards the forward direction from 0.05° at 4 keV to
0.026° at 24 keV, irrespective of the post and the prior interaction forms. Decrease
in the peak values of the dσ/dθ are also noted with the increase in the CM-energy.
To see the variation of the cross-sections with solid angle we computed the result
at 10 keV (Fig. 7). It is surprising to note that the behaviour like rapid drop of the
cross-sections with solid angle, corroborates with the experimental results given
by Giessen group (inset in Fig. 7), for a similar type of charge capture reaction [2]

He+ + He+ —> He+ + He2+.

4. Conclusion

In this paper we have used distorted wave Coulomb-Born approximation
with total interaction potential in the prior and post channels. The DCS has max-
ima close to the forward direction and decreases exponentially with angle. The
small discrepancy in the DCS for the post and the prior interaction forms indi-
cates the amount of non-orthogonality present in the wave functions as given in
Refs. [3] and [5]. Eventually, to eliminate post-prior discrepancy, the exact solution
of Schrödinger equation with the unperturbed Hamiltonians Η and Η (Eqs. (9),
(10)) is required. However, the discrepancy at small-angle scattering being small,
one may use the wave functions by Fujiwara, without much loss of generality, for
calculating the charge transfer reactions. The necessary boundary conditions, for
asymptotic vanishing of the long range interaction potentials, are achieved. The
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differential cross-section dσ/dΩ plotted as a function of the CM-scattering angle
at 10 keV CM-energy, shows similar characteristic variation as obtained in the ex-
periment [2] for He+ capturing electron from He+. This depicts the validity of our
theoretical approach in computing angular differential cross-section for electron
capture in ion-ion collision. However, experimental results on the present prob-
lem are necessary before coming to a final conclusion regarding our theoretical
approach.

5. Appendix
The detailed calculations for V(n) and Vfi(4) are given below. The wave

functions for He+(1s) ion in the initial channel and that of Η(1s) atom in the final
channel are respectively

N1 and N2 are the normalising faction for the wave functions of H(1s) and He+(1s),
respectively. The Coulomb wave function in the attractive field of the bound elec-
tron is

The wave function for relative motion in the final channel

where f exp(ik • ρ i )(d3 k)/{(α 21 + k 2 ) 2 [α 22 + (A2 k + (A1 — s)kf) 2 ] 2 } = Ιn(ρi ) . Inte-
gration over k in I(ρ i ) of (5A) is done using Feynman identity



Using Nordseik integral [6] we get

1152 	 S. Bhattacharyya et al.

where

Using the above integrals we obtain

where

The integration over X in (8A) and (1A) is carried out using a simple trapezoidal
ule with a sufficiently small mesh Δx.
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