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Angular differential cross-sections for the formation of H, as a result of
electron capture by proton from He+(ls) at the centre-of-mass energies from
4 to 24 keV, are calculated using distorted wave Coulomb-Born approxima-
tion. The total interaction potentials in the prior-interaation channel and in
the post-interaction channel are considered. Coulomb boundary conditions
are taken care of with the proper choice of the perturbation potentials in
both the prior and the post channels. A prior-post discrepancy is noted.
Existing theoretical results are presented along with the present results.

PACS numbers: 34.70.+e, 34.40.4n

1. Introduction

_ Charge transfer in collision between positive ions is of considerable theoret-
ical and experimental interest in connection with their practical applications in
laser physics, in plasma diagnostics, in research in thermonuclear fusion and to
the properties of astrophysical objects.

In this paper we formulate an expression for angular distribution of H formed
due to electron capture in collision between Ht and hydrogen type ions. The result
for '

H* + Het (1s) — H(1s) + He?* (1)
is presented for collision energy lying between 4-24 keV in the centre of mass (CM)

frame. The only other theoretical paper on the above process is by Winter [1]. An
experiment on reaction (1) is in progress by the Giessen group [2] in Germany.

*Corresponding author’s mailing address: 370/1, N.S.C. Bose Réad, Calcutta-700047, India.

(1143)



1144 S. Bhattacharyya et al.

We used Coulomb-Born approximation [3] with the total interaction poten-
tial, i.e. the proton (H1) interacting with both the bound electron and the nucleus
of Helt. Eventually we took the exact form of the interaction potential. The
boundary conditions [4] are taken care of for the post as well as for the prior forms
of the interaction potentials. Momentum dependent phase factors enter into the
interaction potentials in the initial and in the final channels. These phase factors
can be associated with the translational factors arising out of the relative motions
in charge transfer collisions.

‘Winter [1] has calculated the differential cross-section (DCS) for the pro-
cess (1) in Eikonal approximations using both the triple-centre atomic-state basis
and double-centre Sturmian pseudo-state basis. Significant quantitative differences
were found at various energies. In the present case maximum contribution to the
cross-section comes from the very small angular range (0° to 0.1°) in the forward
. direction, but, unlike that by Winter, the present result decreases rapidly with
angle. The present results with the post and the prior interaction potentials are
shown graphically along with the results by Winter for CM-energies 4 keV, 5 keV,
12.5 keV and 14 keV. The present DCS with respect to the solid angle at 10 keV
is found to have similar type of variation with the CM-scattering angle () as that
obtained by the experimental group in Giessen [2] for the reaction

Het + Het — He® + He?t, (2)

which is similar in principle to reaction (1). Differences are noted in DCS with the
prior and the post interaction potentials. However, the discrepancies are very small
for low angle scattering. The boundary conditions necessary for the asymptotic
vanishing of the interaction potential at large distances are achieved in the present
case.

2. Mathematical formulation

The charge transfer reaction under consideration is
AZZ f Bs-DY  AGa-0* | Bz 3)

where the projectile AZX is a bare ion and B(Z2-1)* js the hydrogen type target
ion. The coordinates in the laboratory system are shown in Fig. 1. R,, R; and mo
denote the coordinates of AZX, B(Zs—1* and the electron e respectively. Cs and
Cp are the coordinates of the CM of (A%, e) system and (B(Ze-1)* ¢) system
respectively. '

The total potential energy of the system is

U= VA _ A _ Z ' ( 4)
|Ba— Re| |Ra—mo| |Bp— o
The operator expressions for the kinetic energies of relative motions of the inter-
acting system for the initial and the final channels are respectively

T, 1 2 1 '2 1 2
B A P A ©)
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. . +
Fig. 1. Coordinate system: AZa, B(Zs-D% and e~ denote the bare ion of nuclear charge
Za, hydrogen type ion of nu_cl_lear charge Zp and the electron, respectively. C4 is the
centre of mass of the (e"—AZX ) system and Cp is that of the (e”~B(Z8=1") system.

and

1, 1, 1
Ti= -5V 5 Ve T o

where pq, pp, pi and pp are the reduced masses associated with the relative
coordinates 7, 7, p; and p; respectively. R is the CM of the whole system. '
Mg Rp + memo R= MRp + Mg Rp + mery

=R Y ) i )
P AT T Mg + me Ma + Mp + me

v, (6)

= Rp — 10, M = Mp+ Mg+ me,

Mp

m
i ° =
Mg + me

e

(62)

In the relative and the centre-of-mass coordinates of the initial system, the
potential energy U in (4) becomes

ZaZB Za ZB ’
lpi = Cire|  |py— Aams|  |ms

Similarly, the expression for U in the final channel is

U =

ZaZB Za ZB v

Up= ZAZB LA 4B 8

= (= Comil  Tral " Tpt Burl ®

where '
MARA + merg
- — ———— . = R j—
pr = Rp Matme Ta A — To,
M .

o Te A | (3a)

= 0, B = e——

Ma+me’ ' Ma+me
The total Hamiltonian of the system, corresponding to the above two expressions,
can be written as follows:
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H=T+Ui=Hy+V,

1 7 1 Za(Zs - 1) I oo
(i) e 272 e
{( 2 ™ ml) T T3 loil 2M " R

1 1 1 1 '
+ 1< Za(Zg —~ 1 <————)+Z ( - )} 9
{A(B io=cml " al) Y22 \e=einl ~ Tt Aol ©)
Or

H=Ti+Ur=Hi+V

1 ZA) [ 1, | Za(Za~— 1)] 1, }
={(-tva ~Aa) vy BBEAT D) ¢
{( 244 Te |7'al 2pe Px lpf' 2M R

1 1 1 1
TIa(Za —1 — e —— Z - - (10
{50 (5= )+ (o~ rEe) b @

Assuming the projectile as proton, Za = 1, and writing the interaction po-
tentials V in the prior and in the post form as V; and V; respectively, we obtain
from (9) and (10)

1 1 1 1
vezm-n(—L __ 1 +( _ ) 11
t= (s )Qm—1m||m) p—Ciml i dam)) Y

Vf=ZB< L1 ) (12)

lpg = Ciral  |pg + Biral
Vi and V; vanish in the asymptotic limit and eventually satisfy the Coulomb bound-
- ary condition [4] necessary for charge transfer collisions.
Using Eqgs. (6a) and (8a) we write p; and 74 in terms of p; and 7; and obtain

and

pe = Airy — Bip;, T4 = p;+ Aamy, - (13)
where ‘
. . Ay = me(MA+MB +'me)
1 = .
(M4 + me)(Mp + me)

Hence, from Eq. (12)

' 1 1

i=2am (IPi = Cim| |7'bl> ' _ -
Eigenfunctions of the channel Hamiltonian H} and Hf as given by Fujiwara [5],
are respectively :

¥i = di(rs)xi(ki, 1), (15)

Yr = ¢e(ra)xe(ke, pr), (16)
where xj, the eigenfunction for relative motion of the colliding system in the initial
‘channel, is expressed by Coulomb wave F.(k;, p;), while, in the final channel, xz is
a plane wave. Here, k; and k; are respectively the relative momenta in the initial
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and final channels. The transition matrix element VP"°"(P%*%) of the prior (post)
interaction V| (V¢) between the initial state v; and the final state ¢ is obtained
in the Coulomb-Born approximation as follows. With the help of Egs. (13), (15)
and (16)

Vgrior(POSt) o / '¢f‘/i,f¢i dspi d3 Tb

- / 61 (ra)xi ke, po)Vi i (ro) Fo(ks, ) i, (17)

Using Taylor’s expansion and writing p; in terms of the momentum operator —ip,
we get for V| and V; (Eqgs. (11) and (14)) the following expressions:

ZB—=1( _:op. Za [ it .. : '

V= e lcl"'bp_l 4+ 22 (e lcl'l'bp_e—lAz'f'b'p , 18

' o] ( ) loil ( ) 19
e—icfl"'b'p 1

Vi=Zp | oo — — . v 19

( leil |7°b|>' 4

We compute the DCS for charge transfer between proton and Het(1s) ion to
produce hydrogen atom in the ground state. Taking Zp = 2 the transition matrix
element (Eq. (16)) with prior and post interaction potentials become, respectively

VPEOr = 9Va(1) — Va(2) — Va(3), (20)

VPOt = 2V4(1) — 2Va(4), (21)
where S

*‘ * e_isrb.p 3 3

Va(n) = /¢f(7"a)Xt(l‘f:Pf)-W¢i(’"b)Fc(ki,Pi)d pid°ry (22)
such that, for '

n=1s=c¢j;n=2 s=0; andn=3, s=—A4, (23)'
and ' :

: 1
Va(8) = [ di(radxi (b, o) s () el )i (24)

We use the transformations (13) for rq and p; in computing Vs. From space
translation we obtain for the momentum operator p in (18) and (19) the following
equation (xr being the plane wave solution)

e APl (ke o)) = &AM e (e, ), )
where 7
) A= 8T, | (26) |

~ After some lengthy calculations we obtain for V5(n) and V5(4) as shown in
Appendix (Egs. (9A), (11A4)).
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3. Results and discussion

The charge transfer cross-section in the centre of mass coordinate becomes

kr

o(E)= [ & ”dk‘27rIVf1|26(E Ep)= | Bihe £\ 47| Val? sin 040.(27)

[ki] 273 @) |k
We compute the differential cross-section with respect to the CM scattenng angle
6 and obtain

do(9) _ Hoba ,

9 ~ (2= )3

In the charge transfer reaction (1), the energy and momentum transfers are very

small. Eventually, the maximum contribution to the reaction comes from the small

. range of angles in the forward direction. We computed with both the post and the

prior form of the interaction potentials. In the prior channel the interacting systems

are charged, while in the post channel one of the interacting systems is neutral

(H(1s)) while the other one is the fully stripped charged nucleus. With no target
recoil in the projectile energy range under consideration, we find from (10A)

[61/62] < 1
and approximate ¢(A) = 4w/6;.

| Val|?sin 0. (28)

Diff. cross secn.(do/d®) in cm?/rod.
Dift. cross secn.(du/d?) In cmi/rad.

000 040 030 030 645 050 083 030 0dg
Fig. 2 Angle in Degrees (CM) Fig.3 Angle in Degreu (CMm)

Fig. 2. Angular differential cross-section for charge transfer at 4 keV CM-energy for
the reaction: H* + He*(1s) — H(1s) + He?*. Present paper in: (i) prior interaction
potential , (i) post interaction potential - - - - - . Theoretical results by Winter [1]
in Eikonal approximations using triple-centre, atomic-state approach —x—x—.

Fig. 3 Angular differential cross-section for charge transfer at 5 keV CM-energy.
Present paper: the same as in Fig. 2. Theoretical results by Winter [1] in Eikonal ap-
proximation using: (i) triple-centre, atomic-state approach —*—%-, (ii) double-centre,
Sturmian-pseudostate approach - -A- -A- -,
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Diff. cross sacn.(da/dd) in cm?/rad.
Diff. cross secn.(dg/d8) i cm®/rad.
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Fig. 4. The same as in Fig. 3 for CM collision energy 12.5 keV.
Fig. 5 The same as in Fig. 2 for CM-energy 14 keV.
Fig. 6 The same as in Fig. 2 for results at CM-energy 24 keV.

There is discrepancy, however small, between the post and the prior form
of the cross-sections. This addresses to the question of non-orthogonality when
the initial and the final wave functions (Egs. (15), (16)) as given in Refs. [3]
and [5], are used for the present problem. However, the discrepancies being small,
the use of the mentioned wave functions in the present calculations is justified.
The range of the angles giving maximum contribution is from 0° to 0.1° in both
the prior and the post interaction potentials. As the angle increases to 0.5°, the
DCS value falls by a factor of 10~5 from the value at 0.1°. At 4 keV and 5 keV
CM-energies, Winter’s results are comparable with those of the present results in
the range 0° to 0.1°. Beyond those angles, the present values for the DCS decrease
exponentially, while results given by Winter maintain almost steady value with
© very little variation (Figs. 2-6). With the increase in the collision cnergies the
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Fig. 7. The present results for do/df2 as a function of CM-scattering angle at
CM-energy 10 keV. Inset in the figure shows the experimental result of Ref. [2] for
_ the reaction: Het + Het — He?* + He® at 10 keV CM-energy.

positions of the peaks shift towards the forward direction from 0.05° at 4 keV to
0.026° at 24 keV, irrespective of the post and the prior interaction forms. Decrease
in the peak values of the do/d# are also noted with the increase in the CM-energy.
To see the variation of the cross-sections with solid angle we computed the result
at 10 keV (Fig. 7). It is surprising to note that the behaviour like rapid drop of the
cross-sections with solid angle, corroborates with the experimental results given
by Giessen group (inset in Fig. 7), for a similar type of charge capture reaction [2]

Het + Het — Het + He?t,

4. Conclusion

In this paper we have used distorted wave Coulomb-Born approximation
with total interaction potential in the prior and post channels. The DCS has max-
ima close to the forward direction and decreases exponentially with angle. The
small discrepancy in the DCS for the post and the prior interaction forms indi-
cates the amount of non-orthogonality present in the wave functions as given in
Refs. [3] and [5]. Eventually, to eliminate post—prior discrepancy, the exact solution
of Schrédinger equation with the unperturbed Hamiltonians Hj and Hf (Egs. (9),
(10)) is required. However, the discrepancy at small-angle scattering being small,
one may use the wave functlons by Fujiwara, without much loss of generality, for
calculating the charge transfer reactions. The necessary boundary conditions, for
asymptotic vanishing of the long range interaction potentials, are achieved. The
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differential cross-section do/df2 plotted as a function of the CM-scattering angle
at 10 keV CM-energy, shows similar characteristic variation as obtained in the ex-
-periment [2] for Het capturing electron from Het. This depicts the validity of our
theoretical approach in computing angular differential cross-section for electron
capture in ion-ion collision. However, experimental results on the present prob-
lem are necessary before coming to a final conclusion regarding our theoretical
approach.

5. Appendix

The detailed calculations for Vs(n) and V4(4) are given below. The wave
functions for He* (1s) ion in the initial channel and that of H(1s) atom in the final
channel are respectively

¢i(7'b) — Nze—azi‘b, ¢f(7'a) = Nle—allpr*'Az"'bl‘ (1A)

N; and N are the normalising factors for the wave functions of I(1s) and He¥t(1s), -
respectively. The Coulomb wave function in the attractive field of the bound elec-
tron is '

Fo=e™/20(1 +i77)e_ki'p‘1F1 [—in, 1,i(kipi — ki - py)], (24)
where
_ _MaMp/(Ma + Ms)
- | ki '
The wave function for relative motion in the final channel »
xe(ke, pr) = (2m)~%/2emikepy, (34)
where .

Pe = Al’l'b i Blpi-
The integral Va(n), for n =1 to 3, on using (25), (1A) and (3A), becomes
1
Vﬁ(n) = /N1N2|7 exp ['——azrb - a1|pi + A2"'b|
+ike - (A1m — Bip;) — ismBiki] Fe(ki, ;) pid3ms. (4A)

The integration over r, in (4A) is

I(n) = /exp [—agrb - 011|A2’I'(, + pil + i(Al - Bls)rb . kf] ds’l'b

o Smasazy o, (54)

oz
where [exp(ik- p;)(d3k)/{(oF + k2)%[ad + (A2k + (A1 — 8)ke)?]?} = L(p;). Inte-
gration over k in I(p,) of (5A) is done using Feynman identity
1 1 zdz
a?b 2 o [az+b(1—2))3
and one obtains
2zdz exp(ik- p;)d3k

- =_i_(-i-— 1 i , 6A
In(e) 2azdaz./v/0 [(k+i1)2+)\2] [g;_|.A§(1—:c)]3 o
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where
4 = (Al - Bls)Azkf(l - .’B)
! Ai(1-z)
B & [0 — 03 — (A1 — B15)?k] + o3 + (A1 — B1s)2k}
1T z+ A3(1—1z) - '
A2 = —t% + hy. (7A)

Using the integral formula
lt r33¢ 2 d fem
/(n"’+t2)3 E@( n-)’
1 d v zdge—it/ 72 d [e~2n
J=—— S g f FOZe 7 | T 4 (&), A
he)=-3- 32 ), :c+A(1—x)]3[ 4AdA< ) )] (84)

Using the above integrals we obtain

)= (12V1)JZ72 "5 (camm) [0 g EraF (i)

exp(—Ap; 1 . .
x(2m)3/2 — o [p_(/\__ﬂ_.)_] T;)—i-exp(—nl - pi — 1By kg - py) Fe(ki, p;)

o (i) |t (R & (8D, o
where

NoN8ragay _,pyo: .
G:2%e 7’/211(1_}.17]),

o) = [ an ,' “AABRO Pk, By (—in, 1, ik - py + ip).
l

Using Nordseik lntegral (6] we get ‘
. in
s =2 (1+2), (10A)
61 61
where '
61 =/\2+L2, 69 :2[(t1+Blkf)-ki—ki2—i/\ki]

and
L =1 + Brks —
Similarly
o zdz 7\ d[1d
Va(4) =G / [z + A2(1 - 2)]° ( ﬁ) dx [,\ AR (114)

G = QM -mi2r(1+ in).

The 1ntegrat10n over X in (8A) and (11A) is carried out using a simple trapezoidal
rule with a sufficiently small mesh Az.
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