Vol. 90 (1996) ACTA PHYSICA POLONICA A No. 3

MULTICOMPONENT NUMBER SYSTEMS

V. MAJERNIK

Department of Theoretical Physics, Palacky University
Svobody 26, 77146 Olomouc, Czech Republic

(Received February 13, 1996; revised version May 7, 1996)

We introduce three types of tlie four-component number systems which
arc constructed by joining the comjpicx, binary and dual two-component
numbers. We study their algebraic properties and rewrite the Euler and
Moivre formulas for them. The most general multicomponent number system
joining the complex, binary dual numbers is the eight-component number
system, for which we determine the algebraic properties and the general-
ized Euler and Moivre formulas. Some applications of the multicomponent
number systems in differential and integral calculus, which are of physical
relevance, are also presented.

PACS numbers: 02.10.Lh

1. Introduction

In the previous paper [1] we have presented the relations between the differ-
ent two-component number systems and the corresponding space-time symmetry
group. A two-component number Z can be written in the form

Z = a+cb,
where ¢ is an “imaginary unit” [1]. There are different types of two-component

number systems which form an algebraic ring. The algebraic structure of a ring
demands that the product Z3 of any two numbers, Z;, Z,, from the ring

Z1Zy = (a+eb)(c+ed) = Z3
- belonged to this ring as well. Therefore, €2 = 8 + ¢y;8,7 € R. An important
mathematical theorem states that any possible two-component number can be
reduced to one of the following three types [3]. The “imaginary” unit will be
denoted by i, A and p, respectively, each of the specific cases listed below:

- (i) the complex numbers Z = a + €b, where €2 =i = —1,

(ii) the binary numbers Z, = a + €b, where €2 = A = 1 and

(iii) the dual numbers Zg = a + €b, where €2 = p? = 0.

The criterion for the membership to one of these two-component systems is
given by the sign of the expression @ = (8 +v%/4). If Q is negative, positive or
zero, then we get the complex, binary or dual numbers, respectively.

(491) .
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The usual operations done for the complex numbers, such as absolute value,
goniometric form and Euler formula, have corresponding operations in other
two-component number systems. For a number, Z = a+¢b, from any of these three
number systems its conjugate is given as Z = a—eb and its absolute value is defined
as |Z| = VZZ. All Z can be expressed in the goniometric form Z = |Z|exp(eg),
where ¢ = F(a/b), § = arctan(a/b) for the complex, ¢ = arctan(a/b) for the
binary and ¢ = (a/b) for the dual numbers, respectively.

Geometrically, the complex numbers are related to rotations and dilatations
in the plane, whereas the binary numbers are related to the rotations and dilata-
tions of Minkowski space-time [4]. Euler and Moivre formulas for the complex,
binary and dual numbers are

exp(ig) = cos¢ +ising, exp(nig) = (cos¢ +ising)”, (1a)
exp(A¢) = cosh ¢ + Asinh ¢, exp(nA¢) = (cosh ¢ + Acosh ¢)?, (1b)
exp(ud) = L+ pé, exp(npg) =1+ nug, (1c)

respectively. By means of Eqs. (1a), (1b) and (lc) we get the identities
sinz = [exp(ia) — exp(—iz)]/2i, cosz = [exp(iz) + exp(—iz)]/2, (2a)

sinhz = [exp(Az) — exp(—=Az)]/2A, coshz = [exp(Az) + exp(—Az)]/2, (2b)

¢ = [exp(pz) — exp(—pz))/2p, 1= [exp(puz) + exp(—pz)]/2. (2¢)
Equation (2c¢) expresses also the variable 2 and real number 1 in the form containing
only the combinations of exponential function. Therefore, a special function of the
type F(z) = Pi(z)Pa(exp(z)), where P; and P, stand for the polynomials, can be
expressed as sum of exponential functions

F(z) = BE1(2) + Ea(z) + ...+ Eq(2), (3)
the general form of which is
E; = [exp(a + bu)}/(c + pd), i=1,23,... a,b,c,d€eR.

The decomposition (3) makes it possible to perform the integration of the functions
F(z) simply as a sum of exponential functions. We have presented an elementary
example of this procedure in [2]. When we want to apply the considered procedure
for a larger class of functions of the type

F(z) = Py(z)Pa(sin , cos ) P3(sinh 2, cosh z) Py(exp(z)),

where Py, P2, P3 and P4 stand for the polynomials, we need an extended multi-
component system, whose introduction and analysis we shall next deal.

In what follows we present some elementary algebraic properties as well as
the generalized Euler and Moivre formulas for each of these systems and show its
possible use in the differential and integral calculus (DIC). It is obvious that in this
short article one can only sketch the theory and application of the multicomponent
numbers.
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2. Four-component number systems

There are three four-component number systems which can be constructed .

by joining the complex, binary and dual two-component numbers:

(i) The four-component number system joining the complex and binary
two-component numbers. The set of tliese numbers we will call as the complex—
binary system Scp. An element of S, can be written in the form

Z = e1a+ eab + eac + eqd.

The basis elements of S¢p, are: 1 = 1, e2 =1, e3 = A and e4 = p = i), If we demand
that the multiplication of the basis units e;, e, e3 and e4 should be commutative
and associative, i.e. e;e; = eje; and (ejej)er = ei(ejer), 1,7,k = 1,2,3,4, then the
multiplication scheme for the basis elements of Scp,

1 i A p

11 i A p

ili =1 p =A

AMA p 1 i

plp =2 1 -1

The sum and difference of two numbers of S¢p, Z and Z’, is
Z2+72 =(axd)+idb£V)+Mcxd)+p(dxd),
respectively. Their product is again a complex-binary number Z":
7" =77 = (a+ib+ Ae + pd)(a’ +1b' + X' + pd’)
= aa’ — bb' + cc' — dd’ +i(ab’ + ba' + ed’ — dc’)

+A(ac’ + ca’ —bd' — db') + p(ad' + da’ + b’ + bc').
The quotient R of two numbers, Z; and Zs, R = Z1/Za, can be rewritten in the
form, in which the divisor of R is a real number

R =(2122)Z3/(Z224) 73,
where Z3 = as — ibs — Aca + pda and Zs = az — 1ba — Acg — pda.

The generalized Moivre formula for the complex—binary numbers turns out
to be

exp(ni + mM)z = exp(niz) exp(mmAz) = (cos nz + isinnz)
x (cosh ma + Asinhma) = (cos z + isinz)"(cosh z + Asinhz)™. (4)
Equation (4) yields a series of interesting identities for the trigonometric and
hyperbolic functions of multiple angles.

As an example for the use of the complex-binary numbers in DIC let us
consider the derivative of the function

F(2) = exp(i+ A)a = cosz coshz + isinz cosz + Acoszsinhz
4psinzsinhz = Fy +iFs + AF3.+4 pFy. (4a)
We get this derivative in a simple form ’

dF/dz = (i+ A)exp(i+ A)z = (—sinz cosh z + cos z cosh z) +i(cos z cosh z

-
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+sin 2 sinh ) + A(cos 2 cosh z — sin z cosh z) + p(cos z sinh z + sin z cosh z)

= dFl/dZ'-f-lsz/d(L'+/\dF3/d1'+1)dF4/d2 (5)

Comparing each part on both sides of Egs. (4a) and (5), we see that the derivatives
of the component functions Fi, Fy, F3 and F, represent the component functions
of dF/dz. It can be easily verified that it holds

/F(a:)da: = +i)"1F(z) = / Fidz + i/ng:c + /\/ngz +p/F4d:t:.
We see that the derivatives and integrals of the component functions can be ob-
tained by simple multiplication of F((z) by factor (i+A) or (i+ A)~1, respectively.
(ii) The complex-dual number system Scq joining the complex and dual
numbers. An element of complex—dual numbers has the form
Zeqg = a+ib+ pe+ qd.
The basis elements of system Sps obey the multiplication scheme
1 i p q
111 1 pu q

ifli -1 ¢ —pu
pilp ¢ 0 0
gfq w» 0 0
The product of two numbers Z and Z' is
ZZ' = (a+ib+ pc+ qd)(a' + 10 + pc’ + qd’)
c=aa’ = b +i(ad’ + ') + plac’ + d'c - bV'd - bd') + q(ad’ + ¢'b + b’ + d'd).
The quotient Z3 of Z; and Za, Zs = Z1/Zs, can be written in the form with real
divisor
Z3 = (Z1Z2)Z4/(Z2Z ) 24,

where Zy = A — ¢B and A = a3 + b3, B = 2¢qbs.
The generalized Moivre formula for the complex—dual numbers is

exp(npz + miz) = (1 + pz)*(cosz + isinz)™

= (1 4+ nuz)(cos me + isinmz).

As an elementary example for the application of the complex~dual numbers in DIC
we consider the derivative of the function

F(2) = exp(uz)exp(iz) = Fy + iFs 4+ puFs + ¢ Iy, (6)
where F} = cosz, Fs =sinz, I3 = 2 cosz and Fy = zsinz. Its derivative is
dF/de = (pu +i)F(2) = pcosz + gsinz +icosz —sinz + gz cos 2 — pzsinz

—sinz +icosz + p(cosz — zsinz) + ¢(sinz + z cosz)

=dR/de +idFy/dz + pdFs/dz + qdFy/dz.
We get the higher derivatives of the functions Fy, Fy, F3 and Fy in a similar fashion
dF"/dz" = (p +1)"F(z).
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Accordingly, we have for the integration

/F(a:)da: = (p+i)"1F(z).

(iii) The four-component number system Spq joining the binary and dual
numbers. Its basis elements are (1, A, y, u) with the multiplication scheme

L

A pu
1{1 X p
AfA 1 u op
plp u 00
ulu 4 0 0

The product of two binary—dual numbers, Z, Z’ is

Zv=27"=(a+ A+ pec+ud)(a' + AV + pc’ +ud') = aa’ + b’

+A(al! + ba’) + u(ad' + cb + d'd + bc') + p(ac’ + bd' + a’c + V' d).
The quotient Z4 of Z; and Z, with the real divisor is
Z4 =(21Z2)23/(%222) 73,

where Z2 = as — b — pic — ud and Z3 = (a® — %) + p(2bd) + (2¢b)u.
The generalized Moivre formula for the binary—dual number has the form

exp(ndz + mpuz) = (1 + pz)™(coshz + A cosh )"

= (1 + mpaz)(cosh nz + Asinhna).

As an elementary example of the application of the binary—dual numbers in DIC
we consider the derivative of the function

F(z) = exp(p + Nz = (1 + pz)(cosh z + Asinhz) = Fy + AFa + pF3 + uFy,

where the component functions are F) = coshz, F» = sinhz, F3 = zcoshz and
Fy = zsinh 2. It is easily to verify that

dF/dz = dFy/dz + AdFa/dz + pdFs/dz + udFa/dz.
In a similar procedure we find that

d"F/da"™ = (u + A)""F(2).

- 3. Eight-component number system

In this section we will deal with the most general eight-component number
system joining the complex, binary and dual numbers Sepg. Its element can be
written in the form

Z=a+ib+ e+ pd+ep+ fq+ gu+ ho.

The complex—binary, complex—dual and binary-dual numbers represent the special
cases of this number system. The basis units of an eight-component number are:
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1,1, A, it p, ¢, 4, and v, and their multiplication scheme is

1 i A p P q u v
1 1 1 A p P q u v
il i -1 p ¢ =X —-p v —u
AlOA p 1 u i T q
i g u 0 v 0 0 0
pl p =A i v =1 —u 0 O
qg|l—-q¢ - v 0 -—u 0 0 0
u| u v 50 0 q 0 0 0
v v —u ¢ 0 —p 0 O 0
The product of two numbers from Scpq, Z and 2, is
27" =

(a +1b+ A+ pd + pe + gu + hv)(a'+ b+ A+ pd' + pe’ + qf + ug’+ vh')
= aa’— bb'+ cc' — ee’+ i(ab’+ ba'+ ce'+ ec’) + Aac' — be'+ ca’ — eb')
+pad = bf" + cg'+ da’ — fV'+ gc') + p(ae’+ be + cb + ea’)

+q(af 4+ bd'+ ch'+ dV' + fa'+ he') + u(ag’ — I/ + ed'+ dc’ + ga’ — hb')

+v(al'+ by + cf + de'+ ed'+ fd'+ gV + ha').

For the quotient Z3 of two numbers Z; and Z», with real divisor, we find

Z3 = (2:123)73* |(A® + E?)
with Z3 = as—ibo—Aca—pudatpea+qfatugatvhs and Z3* = A—pE—qF —uG—vH,
where 4 = a+03—c3+e3, E = 2eaa2—2baco, F = 2asfo—2bad2, G = 2a292—2¢2d>
and H = 2ashs.

The generalized Moivre formula for the eight-component number system has
the form

exp(niz + mAz + luz) = (cos z +isinz)"(cosh 2 + Asinh z)™(1 + pz)

= (cos nz + isinna)(cosh mz + Asinhma)(1 + luz).

As an elementary example for the use of eight-component system in DIC let us
consider the derivative of the function

F(z)=exp(i+ A+ p)e=F +iFs + AFs + pFy + pFs + qF6 + uF; + vFy,
where Fy = coszcoshz, Fo = sinzcosha, Fo = coszsinhz, Fy = sinzsinhz,

Fs =z coszcoshz, Fs = zsinz coshz, ;7 = 2z coszsinhz and Fg = zsin z sinh z.
This derivative has the form

dF/de = (i4+ A+ p)exp(i+ A + p)a = [—sinz cosh z + cos z sinh z]
+i(cos  cosh z + sin z sinh ) + A[— sin z sinh  + cos z cosh z]

+t[cos 2 sinh z + sin 2 sinh z] + p[z cosz sinh z + cos z cosh z — z cos z cosh z]
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+q[sin 2 cosh 2 + z cos z cosh z + z sin z sinh 2]
+u[cos z cosh & — zsinz sinh z +  cos « cosh z]

+v[sin zsinh 2 + & cos  sinh z + z sin z cosh z].
We see that

dF/dz = dFy/de +idFy/dz + AdF3/d2 + pdFy/da + pd Fs/dz
+qdFs/d2 + udF7/dz + vd Fs /d=.

In a similar fashion we obtain
/F(r)d:c =(i+A+p)" F(2).

4. Some applications of multicomponent
number system in physics

From what has been said so far it follows that the developed formalism
of multicomponent number systems can be used in mathematical physics in the
following areas:

(i) In trigonometry, where the Euler and Moivre formulas can be also ex-
tended to multicomponent numbers. The most important case is the extension of
these formulas to the complex-binary number system which leads to many inter-
esting identities between the sines, cosines, hyperbolic sines and hyperbolic cosines
of multiple angles.

(ii) In DIC, where generally the function of type

F(z) = Pyi(z)Pa(sin z, cos z) Ps(sinh &, cosh ) P4 (exp(2)),

where Py, P», Ps and P4 are polynomials, can be, using Euler formula, expressed
as a sum of the exponential functions

F(2) = E1(z) + Ea(2) + ...+ En(x),
the general form of which is
E; = [exp(a + bi+ e +dp)}/(a' + Vi A+ d'p), i=1,2,...,n.

The derivatives and integrals of these exponential functions are simple and can be
written in the form

dE;(2)/dz = Z1Ei(z),
where Z = a + ib + Ae + ud and ¢ = n for n-th derivative and ¢ = —n for n-th
integral of E;. By means of the algebraic rules developed above we can write again
the results of the derivation and integration in the form of a sum of exponential
functions.

(iii) In the theory of differential equations, especially those of higher orders. A
class of linear differential equations with constant coefficients has its solution in the
ring of four-component numbers. As an example we take the differential equation
occurring in the theory of coupled dual fields characterized by the potentials ¥
and 1. The field equation for these potentials are [5,6]:

P/ + Y =0, 42 fdr? — K3 = 0. (™)
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Eliminating 9 from Eq. (7) we get the dilferential equat‘ion
d'/drt 4 ki = 0,
the solution of this equation is
¥ = exp(ko/V2)(i+ Nr = Fy +iFs + AFs + pFy,
where Fy, F», F3 and Fy are the component functions from Eq. (4a) with the

argument (ko/ \/5)1 It is easily to verify that each of the functions Iy, Fy, F3 and
Fy represents a particular solution of Eqs. (7). Its general solution is

Y =c1Fy+ coFa+ e3lFs+ cqFy,
where ¢y, ¢2,c3 and ¢4 are the integration constants. There is a lot of other dif-
ferential equations of the physical relevance, the solutions of which represent the
function of four- or eight-component numbers. Their detailed description would,
however, exceed the scope of this article.

Finally, let us mention the question how unique are the examples of Secs. 2
and 3. To answer this question we suppose that the relations (1a), (1b) and (1c) are
unique and that the usual operations of DIC can be applied also for the functions
of multicomponent numbers. The products of the basic elements of the multicom-
ponent number systems are commutative and associative (see the above multipli-
cation schemes) so that the products of functions (1) do not depend on their order.
Due to this fact we can calculate the derivatives and integrals of these product
functions by the different ways. If we get equal results by these ways we may as-
sume that these operations are unique. Consider as an example the derivative of
the function F'(z) = exp(i + A)z. We can derive F(z) in a direct way

dF(z)/dz = (14 A)exp(i+ Az
or as a product of two functions F1(z) = exp(iz) and Fa(z) = exp(Az)

dF(z)/dz = [dF1(z)/de] Fa(z) + Fi(z)[dFa(z)/da] = (i + A) exp(iz + N)z.
In both ways we obtain the same result. We can proceed in similar fashion with
other examples getting always the equal results. Although it is not a rigorous proof
of the uniqueness of the examples presented it represents a strong hint that they
are unique.
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