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Using the most rigorous approach of direct diagonalization of the Hamil-
tonian matrix constructed in the complete basis states (364 in number) of
the Er3+ ion the observed magnetic susceptibility and anisotropy data of
erbium sulphate octahydrate were simulated and the set of crystal field pa-
rameters was evaluated. This procedure automatically includes the effect
of intermediate coupling and the J-mixing under the crystal field. It was
also demonstrated that such rigorous calculation using complete basis states
is necessary in order to evaluate the correct set of parameters which may
wideJy differ from the values obtained from approximate calculations previ-
ousły performed using partial number of basis states of the ion concerned.

PACS numbers: 71.70.Ch, 75.10.Dg

1. Introduction
The present paper reports the results of simulation of experimental mag-

netic susceptibility and anisotropy data of Er-sulphate octahydrate by using wave
functions which were computed from crystal field theory in the most rigorous way.
The crystal fleld (CF) parameters obtained during the process are considered to
be accurate ones. For accurate evaluation of any parameter, flrstly it is necessary
to evaluate it in a way consistent with all the physical quantities which involve it.
Secondly, the most rigorous procedure of calculation of those physical quantities
should be followed. Various physical quantities of a rare earth (RE) ion like optical
energy levels, EPR g-values, magnetic susceptibility and anisotropy values involve
the crystal field. The most rigorous procedure of calculating these quantities is the
direct diagonalization of the complete Hamiltonian matrix constucted in a basis of
states belonging to all the atomic terms of the rare earth ion concerned. This pro-
cedure automatically includes intermediate coupling and different J-mixing under
the crystal fleld. Although this rigorous approach has been adopted for interpreting
optical absorption data of rare earth ions by a number of workers [1-7] the mag-
netic data of ions are usually interpreted in terms of a simpler theory, not rigorous
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from the above point of view. In a recent communication [8] we demonstrated in
the case of magnetic susceptibility of Pr 2 (SO4 )3 • 8H2O that there is wide differ-
ence between the crystal field parameters obtained by a simpler method and that
obtained by rigorous calculation and we have concluded that this rigorous proce-
dure is necessary for the analysis of magnetic data. Unfortunately, for Er-sulphate
octahydrate optical data and magnetic resonance data are lacking. In the absence
of these data we followed the rigorous procedure and evaluated the correct crystal
field parameters from the analysis of magnetic susceptibility and anisotropy data
alone. It is to be noted that for Er3+ ion the total matrix spans 364-dimensional
space. Previous workers [9, 10] confined their calculation within 52-dimensional
space resulting from the states of multiplets 4Ι15/2 , 4/13/2, 4I11/ 2 and 4Ι9 / 2 of the
ground term 4l of Er3+ ion. But one has to work in 364-dimensional space for
correct evaluation of crystal field parameters and indeed this has been done in the
present paper.

2. Theoretical consideration

2.1. Crystal field energy levels

The model Hamiltonian of Er3+ ion in the crystal in the absence of external
field is written as

where Ηrij is the electrostatic energy, H is the spin-orbit interaction energy and
Η f represents the crystal field interaction. There are other interactions which
we do not consider. They are two-body configuration, three-body configuration,
spin-other-orbit and electrostatically correlated  spin-orbit interaction etc. For de-
tailed calculation of energy levels these interactions may become necessary. Since
optical data are lacking in this case, and only the low lying group of Stark levels
contribute to the magnetic susceptibility we did not consider these interactions.
One of our objectives is to demonstrate low the results differ when one works
with 364-dimensional space rather than 52-dimensional one. Since previous work-
ers considered the interactions given by Hamiltonian in Eq. (1) we also consider
the same for the sake of comparison.

The rare earth sulphate single crystal form an isomorphous series [11]. Fol-
lowing the work of Sherry [12] the RE 3+ ion in the octahydrated sulphates is
coordinated by eight oxygen atoms of which four come from the SO24 - and four
from H2O arranged in the form of a distorted Archimedes antiprism. Therefore
the site symmetry of the RE 3+ ion in these crystals may be taken as tetragonal to
a first approximation. Then Hcf is of the form

where k = 2, 4, 6, q ( | q| < k) = 0,f4, αk q is the coefficient associated with the
spherical harmonics Υkq when the crystal field potential V is expanded in terms of
them and αk q = αk- q for the site symmetry of the ion in our case. In (2) Uq(k) =

rkΥqkis an irreducible tensor operator and the summation overiextends over
the 4f electrons. Quantities like -|e|αkq 4f(r k )4 f will occur in the various matrix
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elements of the CF interaction and they are treated as crystal field parameters
denoted by Bk q .

The matrix of the Hamiltonian Η is constructed in a basis of states repre-
sented by |SLJMJ ) considering all the terms of Er3+ ion and it comes out to be
a 364 x 364 matrix. Upon diagonalization a low-lying group consisting of eight
Kramers doublets (i.e. sixteen states in all) with a spread of 218 cm — is ob-
tained. The next higher group of levels is about 6000 cm -1 above the ground
group of Stark levels. These low-lying eight Kramers doublets are responsible for
the significant contribution to the susceptibility, the higher levels give negligible
contribution.

2.2. Calculation of the paramagnetic susceptibility

As mentioned earlier, the low-lying eight Kramers doublets resulting from
the diagonalizationn of the energy matrix are to be considered for the calculation
of magnetic susceptibility. Therefore we now apply Zeeman perturbation on eight
Kramers doublets only. The ionic paramagnetic susceptibility along and perpen-
dicular to the symmetry axis at different temperatures was worked out using Van
Vleck's formula [13]

where the summation extends over all the lowest sixteen states comprising the eight
Kramers doublets. w( 0) is the unperturbed energy of the state in the zero magnetic
field (i.e. crystal fleld energy), W^1) Η and W'. ' Η 2 are the first- and second-order
energy correction of the state due to Zeeman perturbation βΗ(Lα + 2Sα ) when
the magnetic field Η is applied along the direction ii.

2.3. Calculation of p-values

For the calculation of the principal g-values one is interested only in the
lowest doublet (φ ι, φ) (say) in the crystal field level pattern. The expressions for
the g-values are

3. Results and discussion

The 364 x 364 matrix formed from the states |SLJMJ) of all the atomic
terms of Er3+ ion is diagonalized. It breaks up into four matrices of order 91 each
under a crystal field of Doh symmetry. Er3+ being an odd electron ion, the ground
state is a Kramers doublet. As stated earlier, a low-lying group of sixteen states
comprising eight Kramers doublets occurs with an overall energy separation of

218 cm-1. The energy values of these states along with their crystal quantum
number h are given in Table.
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With these sixteen crystal field states we calculate the mean magnetic sus-
ceptibility K and the principal magnetic susceptibilities Κ and K1 of the Er3+
ion in Er-sulphate octahydrate at different temperatures from 300 K to 80 K and
try to fit the calculated result with the experimental values [9, 14]. To start with
we used the parameters given by previous workers [10] in our rigorous procedure
and obtained the mean susceptibility K and the principal ionic susceptibilities K||
and Κ1. It is observed that with the parameters quoted by previous workers the
difference between the theoretical and experimental values throughout the tem-
perature range from room to liquid nitrogen varies from 11.25-13.7%, 26.7-39%
and 0.14-5.2% for !f, K || and K ┴respectively. For Κ the agreement is not so
good, for Κ|| the agreement is very poor, for K ┴the agreement is good, no doubt.
But there is serious disagreement between observed and calculated values of mag-
netic anisotropy. From observed magnetic anisotropy values Κ|| > K±. But here
calculated K ┴becomes larger than K||. Therefore we conclude that with these pa-
rameters overall agreement is not satisfactory. Next we systematically varied the
parameters and best possible flt is obtained with the following set of parameters:

where Ε1 , Ε2 , Ε3 are electrostatic energy parameters which are linear combina-
tions of Slater Fk integrals introduced by Racah [15], ς is the spin-orbit coupling
coefficient, Βkq's are crystal field parameters. The ranges of deviation of calcu-
lated values from experiment for K, K|| and K ┴are 6.9-8.5%,5-9%and 5-10%
respectively and also K|| > K┴ throughout the range of temperature studied in
agreement with experimental observation. The observed thermal variation of  K,
K|| and K ┴are shown in Figs. 1, 2 and 3 along with our theoretically computed
curves. Each figure also includes the curve computed by using the parameters of
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previous workers for comparison. Using the wave functions of the lowest Kramers
doublet in Eq. (4) we also calculated the EPR g-values which come out to be
g|| = 8 . 24, g┴ = 0.42 against 12.36 and 1.0 respectively as calculated by previous
workers [10]. However, in absence of the experimental data the calculated g-values
could not be compared with the experiment.

It may appear that with our set of parameters the limit of agreement (a
maximum deviation of 10% between the experimental and calculated magnetic
susceptibilities) is still not very satisfactory though the agreement is considered
to be much improved than that of the previous workers. But it could be seen
that if experimental values at one temperature are fitted well, the values at other
temperatures diverge to a great extent. Results have been fitted in such a way
that for all the three quantities K, K|| and Κι. the deviation between theoretical
and experimental values is small and somewhat similar. The disagreement that
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still persists between theoretical and experimental values may be due to the fact
that actual symmetry may be slightly different from Doh.

It appears to us that the quality of flt obtained is quite indicative of the cor-
rectness of the parameter values. In all we have nine parameters (three related to
electrostatic interaction, one to spin-orbit interaction and five to crystal field). It is
found that in the case of rare earth ions electrostatic parameters and the spin-orbit
parameter in different crystals differ very little from their corresponding free ion
values. The present set of values of these parameters for Er 2 (SO4 )3 .8H 2 O compares
quite satisfactorily with the free ion values. Therefore, we are finally left with five
free parameters which are adjusted to reproduce twenty four data points, twelve
for each of the magnetic susceptibility and the magnetic anisotropy experiments.
However, each of it would have been better if we could fit spectral data, EPR
g-values and magnetic data simultaneously. But in the absence of spectral and
EPR data we have predicted the g-values and one can easily evaluate the spectral
data by using the parameter values which may be compared with the experimental
data when available.

Finally we stress that the major emphasis of the present investigation is to
demonstrate that one has to use the complete basis in contrast to the partial
basis as is customary with magnetic workers [16-21] and diagonalize the energy
matrix incorporating all the interactions simultaneously. This is necessary to get
the correct set of parameters as has already been shown by us for other system [8].
It has been clearly demonstrated by our calculations shown in Figs. 1-3 that the
present method (with complete basis set) gives distinct improvement in agreement
with experiment using the same number of parameters that has been used earlier.
Such an improved agreement is not possible to achieve with a tuncated basis set.
The tuncated basis set calculation even predicts the wrong sign of the anisotropy
of susceptibility.. It is to be noted that the values of parameters evaluated by us
differ much from those of previous workers. Our set of parameters is considered to
be correct one. In conclusion we emphasize that for the analysis of magnetic data
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the full matrix, rather than the partial matrix constucted from states belonging
to the ground term only, should be considered.
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