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The impact parameter dependent energy transfer and random stopping
power for ions carrying electrons were determined within the first-order Born
approximation. The ion and atom were described by many-electron ground
states. The excitations and ionizations of both collision partners were taken
into account, but exchange of electrons was neglected. With the Bethe sum
rule and closure relation, the random stopping was shown to have the Bethe
form. For the Moliere form factors the analytical results were obtained. The
effective charge was discussed in the random and channelling conditions.
Comparison with some previous calculations was carried out.

PACS numbers: 34.50.Bw, 61.80.Mk

1. Introduction

The basic processes responsible for the slowing down of fast heavy ions in
matter are qualitatively understood [1-6], but the interest in this problem remains
alive for at least two reasons. Ions with velocity v proceed in the solid having, at
least temporarily, bound electrons [7-11}, even if v > Z:t/:m, and the distribution
of charge is not completely predicted. Also, the contribution of higher order terms
in the Born series [12, 13] creates a problem of completeness and validity of the
starting point for simplified calculations. Experimental difficulties are caused by
overlapping of the above and also other phenomena.

The problem of the random stopping power S, for partially stripped ions
has been formulated and solved within the first Born approximation [7-9]. Re-
sults of this calculation have shown rather good agreement with experiment [9],
even without taking into account any excitation of the projectile. Calculations of
the position-dependent stopping power for light ions specularly reflected from the
surface [9] also have shown good agreement with experiment without projectile
excitation.

In this paper we concentrate on presenting formulae for the impact parameter
b dependent average energy A E(b) transferred in a collision of an ion with an atom.
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The ion has been assumed to be relaxed to the ground state after each collision
and can become, in a course of successive collisions with atoms, excited or ionised.
In this meaning the loss of electrons has been included in the calculation, but
the exchange has been neglected. The analytical results for AE(bd) and S, have
been derived for the Moliere approximation to the Hartree-Fock form factor. A
comparison of stopping and effective charge with the model neglecting excitation
of the projectile was carried out.
Atomic units are used throughout this paper.

2. Calculation procedure

The time dependent Schrédinger eqﬁation written for the system of two col-
liding particles composed of nuclei and electrons is based on the following Hamil-
tonian:

H=IIO+HI=Ha+Hi+HIa

N N:: 1'

= 1 Zy 1~ 1
Hy = —zAj— =+ = — |,
’ ; 277 |RY| 22 |rj — 7

N, N. Ni
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Hy(b) = 222 + _
)= Tg] Zm—u Em—m ggmm—nl
Ho [mn) = wpmp [mn), R} = s, R; =R+ 7. (1)

In the above subscript  stands for atom (a) or ion (i) indices, and prime ’
excludes ¢ = j from the summation. R is the separation of nuclei. Z; and N, are
the atomic number and the number of electrons, respectively.

We assume the model in which the ion (Z;, Ni, n) follows the straight line
trajectory R = b+ vt with the velocity » and impact parameter b in respect of
the atom (Z,, N,, m) located in the origin.

The Schrédinger equation can be written, in the standard manner, as the
following set of differential equations:

Can(t) = =1 ) ewmniit (mn|Hi|kl) cu(t), (2)
kl .

where the summation (kl) is taken over complete eigenstates of the unperturbed
Hamiltonian Hy belonging to the atom and the ion respectively, the prime’ denotes
time derivative, and wmn00 = Wma —woo. The transition amplitude, finn = cmn(00)
in the first-order perturbation treatment (coo(t) = 1, crft) € 1) is

Frnnao(8) = —i <mn 00> . 3)

After substitution of Hy from Eq. (1) to Eq. (3) and use of the Fourier transform
we get

L .
/ dt elwm"ootHI(b)
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Under the model assumption that the eigenstates of the unperturbed Hamil-
tonian Hy can be approximated by a product of the eigenstates of the components
(rarilmn) = (ra|m) (ri|n), and consequently wmnoo = Wmo + Wno, We can write
f(b) in the form

4 . _ =
Fon(B) = / g3 ibi2nt (wmnan - 9 FE()FE(-0), 5)
N, )
Fr(g) = <Ix Zy — Ze'qrj Ow> = Zzb10 — F{(q),
j=1

Nz
Fi(a) = <Ix > dar; ox>, F*(q) = FF (9), (©

and z stands for atom (a) or ion (i).

With the use of the transition amplitude f(b), Eq. (5), we can calculate
the transition probability P(b), the stopping power S, and the impact parameter
dependent energy loss AE(b), provided summation over appropriate final states
can be performed, after integration over the Fourier space. For calculating P(b) =
f+(b)f(b) we can use the Fourier representations for each f(b). After change of
variables from (q;, ¢,) to (k, ¢), where q; — ¢, = k, q; + g2 = 24, and after some
algebra we can make use of Eq. (5) to write (Q@mn = Wmnoo/v):

2 43¢8(g; — wmnoo/v)
Prnoo(b) = ‘2/d2k -'bk/ e —
mnoo(b) = (wv) et Qmn |9+ k/2[%[q — k/2

x| 22 (k, q)1*1ZL (%, 9)I?, (7)

AE(b) = ZwmnOOPmnOO(b)a (8)

= [abAE®) =5" 441 0a 0 21ZE (0, ) 9

Se= | FVABW) = 5D umn | GIZLOOMZOOP @)
where the functions

|2 (k, q)I2 = FF (q+ k/2)FF (0 - k/2) (10)

can be interpreted as the I-component of the ion (z = i) or atom (z = a) form
factor.
These functions fulfil the following sum rules [9, 14-16] (see also Appendix A),

z T(1 2 _ 1 2 1,2 z A ‘ a
S bl 0l = 5 (- 3#7) P, (112)
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+ <03 Zzei(q —k/2)r, —i(g+ k/2)7, 03> + Z2 4 F*(k), (11b)

sy y=1

Z3,(0,9) = 31270, 9) = Z2 + Ny — 22.F*(q)
l

0x> . (11c)

We can interpret Z7,(k, g) as the total effective charge of the ion (z = i), or the
atom (z = a) represented in the Fourier space. The summation over [ is taken
over all the eigenstates (excited and ionised) of the ion or the atom separately.
These sum rules can be treated as a generalization of the Thomas-Reiche~Kuhn
sum rules. This can be seen, if we set k = 0 in Eq. (11a) to obtain

N,
: LA 1
E Wiy <Ox E e"igr; Ix> <lx 0,,> = quN,.
1 j=1 ;

Ny N .
+<OJ: ZEG'Q(Tz —ry)

2y y=1

N
i=1

Following Bethe [1, 9, 14, 16], we use S; of Eq. (9) to define a parameter w
such that the momentum w/v separates the integration over ¢ in Eq. (9) into two
regions, the dipole region, where the dipole expansion can be applied,

87 Iv4q .
P = Yoo [ L1230,01 1200 (122)
mn n

w
Qm

and the sum rule region, where the sum rules of Eq. (11) can be used, after exchange
of integration over momentum space ¢ and summation over final states (mn),
v

8 2
S? = ;;Ewmnoo/w/

For the definition of w we set SP(w) = 0, and then in consequence we obtain
S = S5 for the total random stopping power. A similar treatment has been applied
previously [14, 16]. In the Bethe theory treating S; for point charge projectiles
[1-4, 16] and for the approach to S, for nucleus-electrons composite staying in
the ground state [7, 8], the momentum w/v is cancelled out after adding the
sum rule and the dipole contributions. The physical meaning of the parameter w
(originally Ref. [1] called it the mean excitation energy and denoted by I) is related
to the logarithmic average of excitation energies of the excited system. Explicitly
Eq. (12a) for w takes the form

Inw [(Za — Na)2Ni + (Zi — N;)?N,]

dq ; 2
) 1270, 9)1* | Z0.(0,9)]" - (12b)

v

=(Za - Na)zNi Inw; + (Zi - Ni)2Na Inw, + R/2v2, (13)

~ 1
R = Ni(6a + 0a) + No(6i + 01) = w?NiNa, gNelnws = > wrordy Inwr,
k



Effective Ion Charge : . b8

Z Tho = Nz‘) zwnorno = %Nm anorno = 6::»

2
anor 0= 0z, ,,o—< Z:e'rJ >

In the derivation of Eq. (13) we have used the sum rules obtained from Egs. (24)—(27)
of Ref. [15] after k= O transition. The rules also were analysed in Ref. [16]. The
parameter w, stands for Bethe’s mean excitation energy I, for ion (z = i) and
atom (z = a), respectively.

In the case of a neutral atom (Na = Z,) and for high velocity bare ion v 3> 1
and N; = 0, w = w,. If a neutral ion (V; = Z;) collides with an atom (N, = Z,),
then according to Eq. (13), w is determined by the equation R = 0.

From the definition for the random stopping power S; = [d?bAE(b) we
assume that the parameter w of Eq. (13) replaces the {wmnoo} set in the §-function
of Eq. (7) for the impact parameter dependent electronic energy transfer AE(b).
This step enables an exchange of the summation over final states (m,n) of the
Hamiltonian Ho and the integration over momenta &, ¢ in Eq. (8). With the use
of the sum rules, Egs. (11), the summation over (m,n) can be performed first
to yield the AE(d) in a form consistent with integrated stopping power S, of
Egs. (9, 12b). The retained sum-rule contribution obtained after application of
Egs. (11a—c) in Egs. (8), (9) can be written as

4 2v d
2| R NZ2,0,9) + MiZ2,(0, 9], (14)

Sr = —2
V2 Jwfv 4
— 1k2)5(g, —
AE(b) = o / d2ke~ikb / ale” ~ 3£3(e: —w/v)
(27”7) wfv<|q|<2v |q+ %kl lq - %kl
x [Fo(R)ZF(k, @) + F'(k) Zfa(k, 9)] - (15)

If the ion is left in its ground state after the collision, then n = 0 in
Egs. (7)—(9), and w = w, follows from Eq. (13); Eqs. (14), (15) can thus be reduced
to the form [8, 9], which retains only the screening effect

4 vd :
=2 Enz-Fl, (16)

v? wlv 4
. . d3 2 _ lkz 5 J-
AE(b) = —-Q—Z/dzke‘ikb/ il 2) (¢ t:/v)
(211'1.’) wlv<|ql<2v |q+ %LI lq_ %kl

< (k) [zi- (q—i— L)][ ~F (;,-%k)]. (17)

According to Egs. (14), (15) the stopping is a sum of two components which
are due to atom and projectile excitation and ionization, contrary to Egs. (16), (17)
where an ion-elastic collision with a frozen charge distribution on the projectile
is assumed. This sum is a direct consequence of the model assumption that the
eigenstate of the system is a product of component eigenstates, and the eigenenergy
of the system is a sum of component eigenenergies.

Se =
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3. Results and discussion

The results based on Egs. (16), (17) were discussed in Ref. [9] for the
hydrogen-like one-electron ion form factor, Fi(g) = N;f(g), where F(q) =
(1 +4%/¢3)72, q0 = 2/Z;, Ni = 1. It was shown that the ion-elastic contribution
was nearly sufficient for an appropriate description of stopping in the simplest case
of one-electron helium and hydrogen ions scattered from a surface [9].

Apart from the contribution coming from ion (i) excitation and ionization
the squares of the effective charge Z7,(k, ¢) in Egs. (14), (15) have a slightly
different behaviour. This can be seen when we replace in Eq. (11) the many-body
form factors F*(q) by an incoherent sum of one-electron form factors f*(gq) in the
following manner:

Nz
F?(q) < N, f(q), <ox > ei(q— k/2)r —i(g+ k/2)r; o,>
i#j

& NN, - 1)f? (q+ %L) Iz (q— %k) . (13)

The square of the effective charge, Z}z(k, g) of Eq. (11), is then given by
Z7.(k,q) = ZZ + Nof*(k) — Z: Nz [£*(q ~ k/2) + f*(q + %/2)]

+N(Nz = 1) [f*(q = k/2)F(a+ k/2)], (19)

732(0,0) = {Zs + Nof*(9)Y + Na {1 = [F*()}

where f7(q) is the one-electron form factor of the ion (z = i) or atom (z = a).

On analysing Z}(0,q) for the ion we can distinguish the screening
[Zi — Nifi(q)]? and the anti-screening N; {1 — [f!(q)]?} contributions [5, 17]. The
screening of the ion is observed at large impact parameter b (corresponding to
small momentum transfer g) as Z%(0,0) = {Z; — Ni} in accordance with the
frozen-charge state model of Eq. (16) The anti-screening is caused by ionic elec-
trons at small b (large ¢) and results in Z3(0, 00) = Z2 + N; in disagreement with
Z2 of Eq. (16) and the point charge model. Then both mechanisms strengthen
close collisions over distant collisions. Apart from this contribution coming from
excitation and ionization of an atom by an ion, there is also a second one compo-
nent in Egs. (14), (15) coming from excitation of the ion (represented by N; and
Fi(k)) by the atomic charge Z fa(k g). This component must be also analysed in
terms of screening and anti-screening phenomena.

_ In order to obtain analytical results for AE(b) and S; of Egs. (14), (15), we
simplify conditions as much as possible. We make an advantage of Eq. (19) with
the Moliere approximation [8] to the Hartree-Fock form factor describing both ion
and atom '

3
f7(a) =D i1+ ¢*/7}), i = Bi/arr,

ji=1
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aj =(0.1,0.55,0.35), B; =(6.0,1.2,0.3), arr = 0.88532;1/3. (20)
This approximation assumes a statistical description of the many-electron system
corresponding to a screening parameter ap.

St of Eq. (14) and AE(b) of Eq. (15) can be rewritten, respectively, as

4
S = =7 [Na5:(0) + NiSia(0)], , 1)
AB) = 55 [ @1 NP (9S00 + NP (Sa], (22)
1 d*g(g® — 1+*)8(¢: — w/v)
Syz(k) = — 4 2 (k. q).
Y (k) 27 /w/u<|ql<2u |q+ %k|2 |q— ;jk|2 wa(l”’ 9) (23)

In Sy;(k) the dependence on y is incorporated in w of Eq. (13). In Egs. (21),
(22) the ion stopping is clearly separated into two components. In the first one
the ion, represented by the function Sy;(k) of ion effective charge Z3;(k, q), excites
the atom, represented by atomic form factor N,f2(k). In the second component
the situation is opposite, ionic electrons are excited by the effective charge of the
atom. This splitting is a direct consequence of the assumption that the ground
state of the ion—atom composite is a product of the component eigenstates and
the eigenenergy is a sum of corresponding eigenenergies.

For Z3},(k, q) given by Eq. (19) and f(q) by Eq. (20), i.e. by the Moliere
approximation to the Hartree-Fock form factor, the integral for Sy (k) of Eq. (23)
can be calculated analytically with the result given in Appendix B, Egs. (B1), (B2).
This analytical form of Sy (k) is the basic result of this work.

We can make the following simplifications which may provide some instruc-
tive conclusions. Let us assume that the ion of atomic number Z; carrying Nj;
electrons is retained in its ground state (n = 0) after collision with a neutral atom.
We use Syz(k) of Eq. (23), in the small k approximation (Sy;(0) of Eq. (B2)). The
physical meaning of this approximation is related to the fact that in the calculation
of the random stopping S, = [ d2bAE(b), in consequence of the §(k)-function, the
whole contribution comes from the k = 0 region. Then in calculating AE(b) we
assume that only this region contributes significantly to Sy (k). It should be noted
that the condition k = 0 is nof directly related to the dipole approximation and
large impact parameter collisions (see discussion in Ref. [3]). After the integration
over the whole momentum k space the analytical result for the stopping power S,
given by Eq. (21) and for the energy transfer AE(b) given by Eq. (22) is

4
Sr = ‘J;Nasai(o), (24)

1,..<
AE(b) = o5 Y amvZE Ko(mb), _ (25)
m=1

where Ko(z) is the Bessel function of the second kind and o, and ¥y, are the
atomic parameters of Eq. (20) and

Sai(0) = (Zi — N,)2 In

2v2
w
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3 3
F2ZiN; Y amei(7h) — Ni(Ni = 1) 4 D~ of [6i(0]) — %7}, 7])]

m=1 j=1

“Zz%"k('f:—ﬁ)’[ﬂ*n i —ei(v¥ni] ¢,

i#k k=1

where the functions ¢;(z) and 1/4(2:) determined by the ionic parameters o and ¥
of Eq. (20) are given in Appendix B. The effective charge ZZ%;(b), defined as the
energy lost by an ion carrying electrons (and converted into the excitation and
ionization of the atom), related to the energy lost by the proton is

Zéa(b) = AEion(b)/ AEproton(b)- (26)
For an elastic collision of an Ni-electron ion with an atom Z2;(b) is
Z&(b) = Zx = S"(0)/SE°"(0), (27)

where, from Appendix B, SE°*"(0) = ¢;(0) = In[2v?/ws| for the proton. It is
clearly seen that Z%;(b) of Eq. (27) is independent of b. This is a direct consequence
of the accepted approximation (i.e. £ = 0) and of the assumption that the ion is not
excited in the collision. In this case the ion acts on the atom (exciting and ionising
it) only as a certain stable distribution of charge and therefore proportional to the
action exerted on the atom by proton at the same impact parameter.

Generally, if we do not use simplifying approximations, even in the simplest,
spherically symmetric ground state of the atom, the one-dimensional integration
in Eq. (22) has to be performed numerically.

The function of Z? 2 ] Zi 2 for ions of atomic number Z,, carrying N electrons
in an ion-elastic c0111s1on w1th Al atoms (Z, = 13, wa = 6) was determined. The
results of Eq. (26) for the Moliere form factor and for ion velocities v ranging from
2 to 10 were drawn in Fig. 1. We choose the Moliere approximation because of its
‘simplicity which enables analytical calculations and due to the fact that it gives
roughly the correct behaviour for the form factor of heavier atoms. However, the
validity of this approximation is restricted due to the screening parameter, atr,
of Eq. (20) which reflects the statistical approach to the description of the atom.

The increase of Z32 o, /Z? with Z; means, for efficiency of excitations of atomic
electrons, that the screening of the ionic nucleus by the electron plays a major role
at low Z; and a minor one at higher values. This is quite opposite to the sharp
decrease in experimental Z2%;/Z? values with Z; summarized in semi-empirical
formula [19]. In this meaning, the one-electron model for a high Z; ion beam
is here of restricted applicability, since statistically in a beam the high Z; ion
tends to bind more than one electron, causing a rapid decrease in the excitation
efficiency. For comparison the results for hydrogen-like one-electron form factors
[9] are drawn in Fig. 1 separately, showing the same overall dependence upon Z;
but a lower absolute value. The dependence of Z2;/Z? upon the parameter w, of
Eq. (18), is shown in Fig. 2 for an ion of atormc number Z; = 10 moving w1th
velocities ranging from v = 2 to v = 10. The function changes rapidly with w for
low v and w, while for higher v and w the dependence is weaker. The crossing point
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Tig. 1. The effective charge squared ZZ%/Z¢ of Eq. (26), for ions of atomic number Z;
carrying one electron (MN; = 1) in an ion-elastic collision with an Al atom (Z, = 13,
wa = 6). The upper two curves are for the Moliere form factor, Eq. (20), and the two
lower are calculated for the hydrogen-like form factor within the shellwise approach of
Ref. [9]).

Fig. 2 The 2% /Z? of Eq. (26), for ions of atomic number Z; = 10 carrying one electron
(N: = 1) in an ion-elastic collision with an Al atom (Z, = 13, w. = 6) in dependence
upon the parameter w. The form factors of Eq. (20) were used.

is close to w = 6, the mean excitation energy for an Al atom. For the parameter
w = w, the dependence of Z2;/Z? on the number of electrons N; bound to the ion
is shown in Fig. 3, again for Z; = 10. The minimum of the stopping was found for
N; = 34, in the velocity range v = 3-10. This effect can be related to the similar
minimum of the random stopping power S, as shown by Kim and Cheng [7].

According to Eq. (26), derived for the Moliere atomic and ionic form factors
and with the use of the small k form for Sy, (k), the function of the Z%;/Z? is
independent of the impact parameter b. Also, as shown in Fig. 4, the effective
charge only weakly depends on the ion velocity v when w = w,, rises sharply for
w > w, and decreases otherwise. This may be related to the results of the shellwise
treatment presented in Ref. [9], which was based on the hydrogen-like form factors.
Also from experiment [19], a sharp increase in ZZ%;/Z? with v can be obtained,
suggesting that for the system composed of an Al atom and a projectile of Z; = 10
with one electron N; = 1 the parameter w of Eq. (13) should be rather greater
than w,.

Theoretically the dependence on b and v is caused mainly by differences in the
efficiency of excitation and exchange of electrons from inner and outer shells [18].
The experimental result is influenced by processes of dynamic electron exchange
in the ion beam, by surface effects and many others which cause that results of
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Fig. 3. The dependence of Z%;/Z?, Eq. (26), upon the number of carried electrons N;
for ions of atomic number Z; = 10 in an ion-elastic collision with Al atom (Z, = 13,
w, = 6) for ion velocities v = 3 and v = 10.

Fig. 4 The velocity v dependence of Z%;/Z2, Eq. (26), for ions of atomic number
Zi = 10 carrying electron in an ion-elastic collision with Al atom (Z, = 13, w, = 6).

calculations based on such a simplified model of one-electron ion are not directly
comparable with experiment.

In conclusion, the definition of the mean excitation energy w, Sy(w) = 0 for
a bare ion in the random case, seems to be a useful tool for a unified treatment of
the random and impact parameter problems, and also for ions carrying electrons.
The validity of this extension, which has to be discussed separately, is confined by
the request that the relation S; = [ d2bAE(b) must be fulfilled.

Within this approach, the analytical result for Sy;(k) can be obtained pro-
vided ‘we replace, as in Eq. (18), the many-body form factors describing both
ion and atom by the incoherent sum of one-electron form factors. The Moliere
approximation to the Hartree—Fock form factor was used here. An analytical re-
sult, although much more complicated, can be also obtained for hydrogen-like
one-electron form factor, the result applicable for ions with a small number of
electrons. If Sy,(k) and form factors are spherically symmetric, then the final
one-dimensional intcgral over k in Eq. (22) has to be performed numerically.

Appendix A
In order to show the validity of Eq. (11a), i.e.

1 1 .
Suslap (o = 5 (¢ - 1) Fo(-B),
i :

we follow the derivation by Esbensen and Golovchenko [3] given for a system of
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N electrons which is described by the Hamiltonian

H; = Z =4; + V(rla er)a H, Ila:) = wlx Il-‘b‘l’ Z II-‘&‘) (I@‘I =1L
i=1

Let us substitute the expression for Z7,(k, g) of Eq. (10) with the definition of
F7(q) from Eq. (5) to get

1 1
21=q—§k, zz=q+§k,

__+ —
o= Zwﬁ) |28 (k, q® = Zwﬁ)Fz’ (22)FF (1)

el
zx> <,,,

Ze izom; [H,,Ze zlrjj|

i=1

E e izgr;|

i=1

E e :Bl'l‘J

)

=:<°x

0.)
-(o.p
- <of > (A1)

If we assume additionally that the ground state function is chosen real, i.e.
(7‘1, "'N,|Oz) = ¢0(7‘1, 'r'N,) we can write

= /d3er,- [el (2175 — zoms)iz13( 1, 7N, )]

j=1

::N.r

ZZe 7y — izori(2? — 2izy - V)| 0

i=1j=1

Ne
[H,,,Eeizlrj:l

= /darjei(zl rj — @ary)iwy - Vidg(r1, vN.)

+/d3rjei(m1rj — o7y )iz (iz1 — i226i5) 63 (r1, TN, ) - (A2)

Substituting the component with gradient (A2) into (A1) we find
1 .
Z = -Q-Z/darl/d:’mvxe'(zlrj - 9321‘,')
1 m :

x [i2? + i@y (i) —i22655)] 65(r1, 7N.)
= %zlmzz/d%/dsmv,ei(zl — z3)rid5(r1, 7N,)

1 |
-l < > (43)

- 1’2)"':
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And finally we obtain

> = E“Io 12 (k, )” = 5 (q - —k ) <Ox

1

=3 (q2 - —k'-’) Fe(~k)

in accordance with Eq. (11a).
A derivation for Z7,(k, q) = ;|27 (k, q)| of Eq. (llb) can be obtained by a

straightforward substitution of |27 (k, ¢)|*> = Fl (g+ k/2)FF(q— k/2) of Eq. (10)
and by using the closure relation to yield

=t 1 \== 1
Z?a:(ka q)=ZFf .(q+ -é-k) Fl"’ (q-—ik)
1

Z e"ikr; (0

N Nz
= E<01‘ Z '((1+ I")rl ><l:c Z:L‘ Z l(q_ —k)’l‘_, >

Nz N, . 1
<Ox [Z Ze i(qg+ L)r,} l:Z,,—-Ze‘(q—Ek)rj:l
- i=1 j=1

)
= Z;+ F(k) - [F”’r <q+ %L) +F* (q— %L)]
>3 emi(a+ gRymel(a — B0

+ < > (A4)
J#ii=1
Appendix B

in accordance with Eq. (11b).
For Z7,(k, q) given by Eq. (19) and f(k) by Eq. (20), the integral S, (k)
prescribed by Eq. (23) can be calculated analytically with the result

S (k) = (224 Nof? ()] 6:(0) - 420,01 - 222, { 6.0
3
1 7? 2 Vi 2 }
_'1/)1' 0,0) + o Qi ¢1: 0, — +¢:b‘ i ¢:v i
00+ 350 [4r (0.5) 9. (o1, ) - 60
3 3
+Nx(Na: - 1) {—1/)48(0:0) + ZZ ‘;‘aiaj
X |:¢x (7;2;721>+'¢'a: (732;75) +'¢':c( ,’g)‘*'l/)x( ;7_22‘)
2 .2 2 4 .2
*%(7?,7, ;7;) " (7 ’7?;71)}} (B1)

N; N,
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and for Syz(k), k= 0 case, the result is

. 3
Syw(o) = (Z,Z + Nx)QS:(O) —27Z:N, |:¢w(0) - Z ai¢x(7i2)]

i=1

+Nz(N:c - 1) {¢x(0) - Za?[qsa:(%z) - ¢$(712:732)]

i=1 ‘
3 3
oo
-2 7 ’_ffg [¢2(v3)7} — 6=(vF)7F] } , (B2)
izgjj=1 i Tl :
where the auxiliary functions ¢(z) and ¥(z) are defined as
1 » z
$:(7}) = 5In |2\/k2(k2/4 +wrfv2 4 ?) — Kzt 22+ 20— k2
22

Yo (v, 73) = (K*/44 77 /2)c™ %% In 12\/0(1 +bz7 4 cz=2) +2c27 1 + b

21
)
22

2= 202+ /44y, zn=?/P+E/444],

c =k (k2 /4+ /vt + 4D + (v —D)%  b=—k—20v} —1P),
and for k= 0 the following relations are valid: '

1| (20)° +1F

¢1‘(7‘72) = -2-In m ’ ¢’-‘(0’7J2) = ¢""(O) - ¢x(7.12)1

z=2v

BB =0, vaad) = [0+ D))

The Bethe high-velocity form for a random stopping power which is propor-
tional to the ion (z = i) or the atom (z = a) net charge can be recognized in
Eq. (B2).

z=wfv
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