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The motion of domain walls in thin garnet films was investigated numerically using Slonczewski's equations of wall motion for the case of periodic
drive field. The like of the wall motion was analyzed by observation of phase
trajectories and spatio-temporal diagrams. It was found that depending on
the period and amplitude of the drive field the motion of the walI is periodic
or chaotic, reflecting the character of the dynamical processes connected with
horizontal Bloch lines in the wall.
PACS numbers: 05.45.+-b, 75.10.Hk, 75.60.Ch
1.

Introduction

Studies of chaotic dynamics in magnetic systems are concerned mainly on investigation of the non-linear ferromagnetic resonance in yttrium iron garnet (YIG)
films (see e.g. Ref. [1]). Only a limited number of papers deals with the deterministic chaos in nonlinear dynamics of domain walls (see e.g. [2, 3]). Some years ago it
was shown theoretically that for drive fields larger than the critical field in infinite
material a structural transition occurs in the wall and a chaotic attractor appears
in a properly chosen phase space [4]. On the other hand, recently, it has been found
theoretically that the chaotic stucture can appear in domain walls of magnetic
bubble garnet films [5]. The socalled diffuse domain walls observed experimentally in such materials by Vural and Humphrey [6] and analyzed numerically by
Kosiński [7] can be regarded as a proof of the existence of chaotic stucture of
domain walls. Moreover, the saturation velocity of domain walls in bubble domain
films can also be treated in terms of chaotic motion [8]. In view of the fact that
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the chaotic motion of magnetic domain walls is a very inconvenient feature in various technological applications, it is clear that a better understanding of chaotic
wall dynamics is highly required. In most of applications ac drive fields have been
applied, while in the papers [4, 5] the drive fields constant in time have been used.
Therefore, in this paper the periodically driven domain walls are investigated.

2. Equations of motion
The dynamics of a domain wall in the uniaxial magnetic bubble garnet film
is described by a pair of nonlinear partial differential equations, which have been
derived by Malozemoff and Slonczewski [9] from the Landau-Lifshitz equation
with Gilbert's damping term included

where the stray fields Ηsy from the surfaces of the film can be taken in the form
proposed by Hubert [10]

In Eqs. (1)-(3) all symbols have the same meaning as in Ref. [5], with the exception
of the drive field, which was constant in [2], but here is assumed in the form
dependent periodically on time
Here, Α is the exchange constant, γ is the gyromagnetic ratio, Μ is the saturation
magnetization, α is the Gilbert damping constant, Δ = (A/K) 1 / 2 is the wall
thickness parameter (K is the perpendicular anisotropy constant) and h is the
film thickness. The variable q(z, t) describes the local position of the Bloch surface
of the wall and the variable ψ(z, t) is the azimuthal angle of the local magnetic
moment of the wall with respect to +0x axis. The coordinate z is perpendicular
to the film and parallel to the easy axis of the uniaxial anisotropy of the film.
Α dot over a symbol denotes the time derivative, the subscript zz — the second
derivative with respect to the z coordinate.

3. Method of analysis
Equations of motion (1) and (2) were solved numerically by means of a
full implicit scheme (described in Ref. [11]) for N = 51 numerical points located
uniformly along the film thickness. Force-free boundary conditions were applied
[9]. The initial conditions were q(z, 0) = 0, ψ(z, 0) = ψs(z ), where ψs (z) is the
static distribution resulting from the solution of Eqs. (1) and (2) with the time
derivatives equal to zero.
The material parameters were taken the same as in Ref. [5]. Namely, Α =
0.81 x 10 -7 erg/cm, 4πΜ = 140 G, γ = 1.75 x 107 s-1 0e -1 , Δ = 2.9 x 10 -6 cm,
α = 0.156 and h = 1.4 χ Ο cm.
To analyze the type of wall motion, the trajectory q( ψ ) of the mid-point of
the wall was calculated at ea& step of the integration procedure. The tilde denotes
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that the averaged (over the thickness of the film) values q and were subtracted
from the instantaneous values of q and ψ, respectively, because in this paper we are
interested in the wall structure during the motion but not in the overall oscillating
motion of the wall.
In many cases the trajectory of the mid-point of the wall is so complicated
that it s difficult to decide whether a consideted motion is periodic or chaotic. To
solve this problem, the socalled spatio-temporal diagrams are constructed. This
technique was proposed earlier for the analysis of a spatially extended dynamical
systems [12, 13]. For this purpose each numerical point is, for the time ΔΤ, represented by a cell with the sizes (Δz, ΔΤ), where Δz = h/N and ΔΤ was chosen
depending on Τ = 2π/ω. The colour of each cell is black or white depending on
the value of ψi (nΔT) where n = 1,2,3,4... and 1 < i < N. For ψ > the cell is
black, otherwise it is white. Thus, the stripe of black/white cells for all numerical
points codes wall dynamics in the time t = nΔT. Whole spatio-temporal diagram
is constucted as the sequence of such stripes for a chosen time window t w = kΔΤ.
Here k was chosen depending on Τ = 2π/ω.
Only asymptotical trajectories are analyzed, i.e. such for which all transients
are ceased.
Our discussion will concern only this range of drive fields in which a transition
to chaos occurs (for smaller drives the wall motion is regular and will not be
discussed here).

4. Results and discussion
First of all, it is reasonable to remind the main result obtained for the drive
field constant in time [5]: chaos appears in the stucture of the wall via intermittency in the narrow range of the drive field about 26.6 Oe.
If the wall is driven periodically, the results are much more complicated.
There are two control parameters: the amplitude and the period of oscillation of
the drive field.
For large values of the oscillation period Τ = 2π/ω and the amplitudes H of
the drive field below a certain critical value the trajectory (ψ) is periodic, although
more complicated than in the case of constant drive fields. Figure 1 depicts the
results for Τ = 150 ns and H = 51 Oe. Part (a) shows the trajectory and part
(b) — the spatio-temporal diagram. The picture of the trajectory reflects the fact
that during one part of the oscillation period the drive field is positive and during
another part negative. Therefore certain traces of symmetry are observed. The
fact that the drive field amplitude changes continuously causes that the trajectory
is very complicated. However, an important feature of this trajectory is that it
represents the closed and periodic curve (!). It can be easily seen at part (b) of
Fig. 1, where the period observed in the picture corresponds to the period of the
drive field, exactly Τ = 150 ns = 6ΔΤ. This result shows that for such a drive
amplitude the changes of the field are slow enough that the structure of the wall
is able to change periodically with the same period: the horizontal Bloch lines are
created in a twisted stucture of the wall near surfaces of the film, they move to
opposite surfaces, they are annihilated by punching through to that surfaces, next
other Bloch lines are created, and so on. All these phenomena appear in a way
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known very well from papers published many years ago (see e.g. Ref. [9]). What
is important, however, for our present investigation is the fact that in the case
considered it happens periodically.
Such a periodic motion is no longer possible if the drive field amplitude
is higher than a certain critical value. It can be seen from Fig. 2 that for the
same value of the period, T = 150 ns, but slightly higher value of the amplitude,
H = 52 Oe, the trajectory q (ψ) is chaotic (part (a)). The spatio-temporal diagram
(part (b)) depicts in this case a behaviour which is not periodic even after time
much longer than all transients observed in periodic cases. This result reflects the
fact that the behaviour of the Bloch lines in the wall is not periodic in this case.
All phenomena appear in a similar way as previously with exception that now the
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evolution of the structure of the wall is no longer able to follow the changes of the
drive field.
If the period of the drive field is changed, the critical drive field amplitude
for a transition from the periodic to the chaotic behaviour changes also, however
a dependence is not monotonic, e.g. for T = 130 ns, Hcrit = 55 Oe, but for
T = 100 ns, = 39 Oe.

Now, we present the results obtained in the range of small values of T. Figure 3a and 3b depicts the trajectory and the spatio-temporal diagram, respectiVely,
obtained for T = 20 ns and Η = 53 Oe. Both pictures show clearly that the behaviour is periodic. The behaviour of the Bloch line in the wall is also periodic.
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For the same value of the period, T = 20 ns, but slightly higher value of the drive
field amplitude, H = 54 Oe, the chaotic behaviour is found (Fig. 4a and 4b). It
is interesting that the behaviour of Bloch lines in the wall in both these cases is
to some extent similar as for the case of long periods. The difference is only in
the fact that now the Bloch lines are created at only one surface of the film, they
move to the opposite surface, they are annihilated without punching through to
the surface, other Bloch lines are created at the same surface as before, and so
on. Again, all these phenomena are periodic if the drive field amplitude is smaller
than a certain critical value but they are chaotic for amplitudes above this value.
For low values of the period T of the drive field, the dependence of the
critical value of the field on T is very irregular: some resonance peaks appear.
Such peaks occur e.g. at T = 15 ns for which the periodic attractor is obtained
even at H = 193 Oe (while at T = 10 ns the chaotic attractor appears already for
Η = 134 Oe) and at T = 35 ns — for which the periodic attractor is observed also
even for H = 193 Oe. The existence of these peaks shows that for the corresponding
value of the drive field period there is a resonance of the drive field with some
changes in the stucture of the wall, which causes that the critical value for the
appearance of the chaotic motion is so high.
5. Conclusions

It is found that the motion of domain wall in a periodic drive field can
be periodic or chaotic. The main cause which defines the type of wall motion
for a specified value of the amplitude of the drive field is the relation between
characteristic times for the wall (time of generation and annihilation of horizontal
Bloch line and time of shifting a single line from one to the opposite film surface)
and the drive field period. The exact relation is very complex, however it can be
stated that if these values are, in a certain sense, in a resonance — then even for
high values of the drive field amplitude — the wall motion can be periodic.
It is interesting that the periodic motion of the wall can be observed even
in the cases for which the domain wall contains Bloch lines. In the earlier papers
describing the dynamics of domain walls for the case in which the vertical Bloch
lines can be generated it was observed that the motion of domain walls may be
periodic only if the Bloch lines are absent in the wall. When the vertical Bloch
lines appear in the wall its motion is always chaotic [14]. For the wall in which
the horizontal Bloch lines can be generated — which is the case investigated in
the present paper — the periodic wall motion can be still observed even when the
Bloch lines are generated.
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