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Coupled nonlinear integrable systems in (2 + 1) dimension are gen-
erated from a matrix Schrodinger-type inverse problem and solved explic-
itly to demonstrate a new phenomenon of overturning. Both, the two- and
three-dimensional graphical depictions of the solution are presented. Our
analysis is an extension of the uncoupled case reported earlier by Bogo-

" yavlenskii. A unique feature of the solution is the occurrence of arbitrary
functions of (y, t) in its functional form, which significantly changes the be-
haviour of the solution.

PACS numbers: 02.90.+p, 52.35.Nx, 52.35.5b

1. Introduction

Solutions in (2 + 1) dimension were first studied in connection with the
Kodomstev—Petviashville equation. Since then several other equations in (2 + 1)
dimension have been analysed in relation to the theory of inverse scattering in mul-
tidimension [1]. Many new properties can be seen to be exhibited by such solitons
which are not displayed by their counter part in (1 + 1)-dimensional systems. One
among such intriguing phenomena is that of overturning which was first discussed
by Bogoyavlenskii [2] in the case of an equation in (2+ 1) dimension which reduces
to the Kortewege—de Vries (KdV) equation if we set # = y. Here in this paper we
have studied a nonlinear coupled system in (2 + 1) dimension, with the help of
a matrix Schrédinger-like linear problem [3]. It is interesting to observe that due
to the multidimensional character some arbitrariness remains inherent regarding
the dependence of the soliton on the variables (y, t) which, if chosen properly, can
lead to a certain interesting phenomenon regarding the structure of the soliton.
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2. Formulation

A matrix nonlinear system in (2 + 1) dimension is written as

Uz = 2(U3)y = UyUsz + UszUy — Uzgzy — 2[Us, W], 1)
where W, = [U,,U,] and [,] a commutator. U, denotes U (z,y,t)/dz. U being
a general 2 x 2 matrix potential. The Lax pair associated with Eq. (1) can be
written as

L¢ = ’\1/)) L:= —312; + Uz'(wa Y, t)) "pi = Al/)a (2)
where ‘

1 ; 1

_EA = (ayL+L0y)+V6w+§vz+W (3)
with V = U, and W as defined above. So the kind of the Lax operators we are

considering, belongs to the class discussed by Zakharov [4], where the time part
had the general form

A:EF;(L)% + A, | (4)

where L is the space part of the Lax pair containing derivatives with respect to z.
It may be noted that the compatibility of Egs. (2) and (3) leads at once to Eq. (1).
Let v¥(k,t, z,y) be the 2 x 2 matrix of the Jost function satisfying

Lp(k,t, z,y) = 29k, t,z,y). (5)
In a matrix form we can rewrite L as
92
L= —"a—ljf&ij + [Uij(t, 2, Y)] o, ' (6)

where U is assumed ‘to have the following asymptotics:

U(t,z,y) — g(t,y), when z— —oo,

V(t,z,y) — h(t,y), when z — +oco (M)
and for the time being g, h are arbitrary 2 x 2 matrix functions. We observe that in
such case Uy — 0 as |z| — oo and Uy (¢, 2z, y) — gy, hy for 2 — Foo. Furthermore,
we assume that U is a continuous and decreasing function of z. In the following
we summarise some already known features of the inverse scattering procedure for
the matrix Schrodinger equation. For real k, Jost functions F, G are defined by
the asymptotic relations

Lim F(k,t,z,y) = Iexp(ikz),

&— 400

Jim G(k,t,z,y) = Iexp(-ikz) (7a)

(where I denotes the identity matrix) with the usual analyticity arguments re-
maining valid. Here it is to be remembered that k = k(y,t). Furthermore, the
pairs {F(k,t,,y), F(~k,t,z,y)} and {G(k,t,z,y), G(~k,t,z,y)} are the funda-
mental systems of solutions whence the linear dependence of the Jost functions
can be expressed as

G(k,t», z,y) = F(=k,t,z,y)Alk,t,y) + F(k,t,z,y)B(k,t,y),
F(k,t,z,y) = G(—k,t,2,y)C(k,t,y) + G(k,t,z,y)D(k,1,y). (8)
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The compatibility of Eq. (8) requires
B(k,t,y)D(k,t,y) + A(=k,t,y)C(k,1,y)

= D(k’tay)B(k’tay) + C(_katsy)A(k:ta y)=1,
A(k,t,y)D(k,t,y) + B(=k,t,y)C(k,t,y)

= C(k,t,y)B(k,t,y) + D(=k,t,y)A(k,t,y) = 0. | (9)

It is well known that the coefficients A, B, C, D can be obtained via the Wronskian
of ', F*,.G, G* from which we observe

A(ka t: y) = C*(_k’ t’ y);

B(k,t,y) = —D*(k,t,y). (10)

The bound states of the spectrum which actually correspond to the soliton solution
are determined from the condition,

det{A(k)} = 0. (11)
In the case of a given value k; there will exist a vector a such that
A(k;)a =0, (12)

whence a solution of (2) can be represented as
¥(z,k;) = G(z, k;)a = F(=,k;)B(k;)a. (13)
The asymptotic conditions (7a) indicate that

exp(—ik;z)a, T — —00,

¥(z, k) — { (14)

exp(ik;z)a, z — 4o0.
On the other hand the Hermitian nature of the potential implies that k; = ip;,
,Where p; is a real positive numbers. So we can infer that the bound states corre-
spond exactly to the points Im{k} > 0, Re {k} = 0, where det {A(k)} = 0. So
that A~!(k) has a pole. From a study of the asymptotic behaviour of the Jost
functions in the complex k-plane it is not difficult to show that

A(k) ~ I+0(1/k),  B(k) ~ O(1/k),

C(k)~I+0(1/k),  D(k) ~ O(1/k), (15)
so that the singularities of the matrix A~1(k) in the upper half plane are simple
_poles and form a finite set. Therefore we have

N;
=% +...,

A (k) ~ N; #0. | (16)



462 C. Ghosh, A.R. Chowdhury

3. Time evolution

Since a consistency of Egs. (2) and (3) expressed as

L, = [L,M] (17)
leads to Eq. (1), we can deduce at once that
(L — k) (9 + M) =0, (18)

where k is the wave vector. Using the fact that the eigenfunctions Y(k,t,z,y)
depend on two spatial dimensions ¢ and y and the asymptotics

G(z, k,t,y) = I exp(ikz), when z — —00,

G(z, k,t,y) = A(k.t,y)e*® + B(k,t,y)e'*®, when z— 400, (18a)
where I denotes the identity matrix.

We obtain

e+ M = %ikgy ¥, » (19)

which at once leads to
Ay — 4k? Ay = 2ik(gy — hy)A, ‘ .
B; — 4k*B, = 2ik(g, + hy)B, L (20)

so that the eigenvalue f = k2 = —p? satisfies the equation
of of
— —4f==0.
ot fay 0

The inverse problem for the matrix Schrodinger problem can now be set up by
assuming the Jost function. F(z,k,t,y), as

[o ]
F(z,k,t,y)= ei’”I+/ K(z,t,y,2)e**dz, (21)
x .
then
d 1 '
d_a:K(x’t’ Y, z) = —iUz(a:,t,y) (22)
with the condition that K satisfies
62 62
[_5&:—2 + 522 + Uz (2,1, y)] K(z,t,y)=0. (23)

Operating with A~ from the right on Eq. (8), we get
G(z, k,t,y)A~ (k, t,y) = F(z, —k,t,y) + F(z, k, 1, y) R(k, 1, 9),

where :
R(k,t,y) = B(k,t,y) A" (k,t,y). (23a)
Taking the Fourier transform of Eq. (23a) and using Eqgs. (21) we get
00 ,
K(z,t,y,2)+ H(t,y,x + z) + / dsK(z,s)H(z+s) =0; (24)
x
where
' 1 (% ik - ik
— ike _: ik
H(t,,2) = o= /_m dkR(k, ¢, y)e* — 1; Rjeltsn, (25)

This way Egs. (24) and (25) form the basic equations of the inverse problem for
the matrix Schrédinger equation. .
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4. Construction of one soliton solution

Keeping only the discrete part in Eq. (25) correspohding to the single pole
in R we can at once solve Eq (24) and obtain the following integral equations in
the component form ,

~

Ky +Hu+ / ds(K11Hi1 + K12Hoy) = 0,

- Kip+ Hiz + / ds(K11Hiz2 + K12Ha2) = 0,
T

| (26)
I<21 + H21 + / dS(I{21H11 + I{22H21) = 0
&
oo .
- K3z + Haa + / ds(Ko1 Hi2 + Ko2H2) =0
x
which yield
—oeikiT (agi-kz'g) 3ik;z
Lu(z) = (27)

1= __-f-_eZIkJ.’D + (M) e4ik_,'a:
k3

with similar expressions for Ly, Lz; and Lsp. The parameters (o, 3,7, 6) are

expressed by A;;, Bi; in the following way:

__Bi143 — BiaAn _ Bi2A11 — Bridie
T Andas — A1pAa’ A11das — A12As’

_ By Asy — Bai1Ag P By3A11 — Bo1 A1z
T ApAg — ApAn’ A1 Ass — A1aAn

Now, if we refer back to Eq. (20) we observe that the time evolution of A;; and
B;; can be obtained as

o eel- [ c/*(g1y — hay)dy + xij(co))  wheni=1,j=1,2,
v - fc(l)/z(gzy — hgy)dy + xi;(co) wheni=2,j=1,2,

(28)

exp
(29)
B exp (— [ ctl)/z(gly + hiy)dy + 7ij(co)) wheni=1,j=1,2,
T exp \— fcélz(.‘hy + hay)dy + 7(co)) wheni=2,j=1,2,
Xi;;, Ci; are arbitrary functions and Co = (¢ 4 1)/(y + 1) with the conditions

g1y = G+ )Y, hyy = H{y)(t + 1)

Equations (26), (27), (28) and (30) determine the form of the soliton in (2+1)
space-time.
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5. Form of the soliton and overturning

To understand the behaviour of this soliton solution we analyse its behaviour
graphically. In Fig. 1 we have depicted a two-dimensional section of the solution
given by Eq. (27) for the choice of the functions and the parameters as specified. It
is easy to observe that the soliton suddenly turns around and becomes peaked in
the reverse direction. In Figs. 2a and b we show a corresponding three-dimensional
plot at ¢ = 0, which also exhibits the same phenomenon. To study the propagation
of such a wave-form we next consider its form at ¢ = 0.75 and display its subsequent
form in Figs. 3a and b. The corresponding forms for the negative values, at ¢t =
—0.75 are shown in Figs. 4a and b. Note that for these diagrams we have chosen
g1y = —hay = y(t+1)~1/2. On the other hand a different choice of these functions
is also possible and we have considered the case g1, = —h1y = [(y+1)/(t +1)]*/2,
whence one observes that the distinct overturning behaviour disappears and the
two- and three-dimensional forms are depicted in Figs. 5a and b. This shows that
the functional behaviour of the soliton depends on y and t can be adjusted to
change its characteristics.

3+

SoF

25 = s

Fig.1

Fig. 1. Plot-of U as a function of z at t = 0 and y = 0, when g1, = —h1y = y(t+1)"1/2
Fig. 2. Plot of U as a function of z and y at =0, for z = —1 to —3 and y = 0 to 3
(a) and from the left hand corner for z = —1 to —3 and y = 0 to 3 (b). ‘
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-3
Fig.5

Fig. 3. Plot of U as a function of z and y at t = 0.75, for £ = —1.to ~3 and y = 0
to 3, when g1y = —h1y = y(t + 1)~*/2 (a) and from directly in front for z = —1 to —3
and y =0 to 3 (b).
Fig. 4 Plot of U as a function of z and y at ¢ = —0.75; for z = —1 to —3 and y =0 to
3, when g1y = —h1y = y(t + 1)~*/2 (a) and from the left hand corner for z = —1to =3 -
] a.ndy=0to3(‘b). -
Fig. 5 Plot of U as a function of z at ¢ = 0, y = 0, when g1y = hay = [(y+1)/(t+ 1))/
(a) and as a function of z and y at t =0 for z = —1 to-—3 and y =0 to 3 (b).
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6. Discussions

In our analysis above we have shown a new type of behaviour for the case
of a solitary wave in (2-+1) space-time. It is also interesting to'note that such
behaviour can be changed by changing the arbitrariness of the dependence on
(y,1) coordinates.

One of the authors (C.G.) is grateful to C.S.I.R. for a fellowship.
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