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In calculations involving triangular quantum wells the Fang-Howard
variational wave function is widely used because of its simplicity, although
it can lead to substantial errors. This can also occur in transport calculations,
where the scattering rate, being proportional to the integral of the fourth
power of the wave function, depends strongly on the shape of the wave
function. A new set of one-parameter wave functions is introduced and the
relaxation time is evaluated for short range scatterers. The improved wave
function leads up to about 22 per cent increase in the scattering rate, and
to a comparable decrease in the relaxatioii time.

PACS numbers: 72.20.Dp, 73.20.Dx

1. Introduction

The triangular potential approximation is widely used to describe energy
bands in inversion layers and at single heterojunctions. While it allows the exact
analytical solution of the Schrödinger equation in terms of Airy functions [1], in
practical calculations, e.g. in those involving transport effects, simple approximate
analytical wave functions are much more preferred and widespread. The simplest of
these, originally proposed by Fang and Howard [2] for inversion layer calculations
(for the relevant algebra cf. [3-6]),

contains only one variational parameter, b, which is determined by minimizing the
total energy. Because of the simplicity of the wave function, it is easy to obtain
the expectation value of the energy, and analytical results could also be found for
many problems in the field of transport phenomena.
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However, in many cases of energy band calculations the use of the Fang-
Howard trial function can lead to substantial errors (for a review see [5]). This
should be even more the case for transport calculations, where the expressions
for the scattering rate and the inverse relaxation time contain the integral of the
fourth power of the wave function [5, 6].

In order to calculate more accurate energies, Takada and Uemura [7] intro-
duced another one-parameter trial wave function

which gave a much more accurate energy for the ground subband, i.e. only 0.39 per
cent above the exact Airy function value, compared with the error of 5.91 per cent
when using the Fang-Howard wave function. This improvement was ascribed to
the correct asymptotic behaviour of the Takada-Uemura wave function for large
z values [7]. Of course, many-parameter functions can also be used but with a loss
of the transparency of calculations (see e.g. [8, 9]).

In this paper we explore new one-parameter wave functions and evaluate the
scattering rate and relaxation time for the simple case of short range scattering
potentials. We will show that the improved wave functions lead to a substantially
greater scattering rate and to a comparable decrease in the relaxation time as
compared to the values based on formulas usually applied in the literature.

2. Variational calculation

Given a triangular quantum well described by the potential

consider now the following trial (quasi-)one-parameter normalized variational wave
function

and 0 elsewhere. Here bn is the variational parameter, n is a real positive number,
and Γ(x) is the gamma-function. The ψn (z) trial function is simple ad hoc gen-
eralization of the Fang-Howard (n = 1) and the Takada-Uemura (n = 3/2) wave
functions.

Using the trial function given in Eq. (4) the sum of the kinetic and potential
energies in the potential given in Eq. (3) is easily calculated as

Minimizing the total energy (En ) with respect to b n , we obtained

and
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The energy minimum of E n (b n m in ) is now found for n = 1.749, for which Ε 2min =
2.33821, which is only 0.0044 per cent greater than the exact (Airy function) value
of 2.33810741.

For the optimized trial function the spread of the wave function, (Δz) =
((z2) - (z)2)1/2,

 agreed very closely with that of the exact (Airy) wave function,
i.e. not the asymptotic behaviour, as surmised by Takada and Uemura [7], but the
shape of the trial function itself which is relevant in this case.

3. Relaxation time for short range potential scattering

For short range scatterers, modelled with a δ-function potential, the inverse
relaxation time, being proportional to the integral of the fourth power of the wave
function, is more sensitive to the exact shape of the wave function. As an example
we consider here alloy scattering, for which [6]

here |δV| is the strength of the scattering potential, Ω0 is the volume of the unit
cell and x is the alloy composition parameter.

The relevant integral in the expression of the inverse relaxation time is now
calculated as

For the Fang—Howard wave function (e.g. Eq. (4) with n = 1) the well known
result [5, 6] was recovered, i.e.

For the optimized trial function discussed above we obtained the numerical con-
stant 0.41612, a value significantly greater than that in Eq. (10). Not surprisingly,
the use of the Takada—Uemura wave function also yields an enhanced value close
to this, i.e. 0.39752.

4. Discussion and conclusions

As it has been shown above, a simple (quasi-)one-parameter wave function
could be constructed, which gave more accurate value for the ground subband
energy in a triangular potential well, i.e. only 0.0044 per cent above the exact
value, than the time honoured and widely used Fang—Howard wave function, or
even the Takada-Uemura wave function.

The improvement on accuracy of the subband energy might not seem too
significant in the light of the full self-consistent results (e.g. [10, 11]). However, the
use of a more correct wave function can have important consequences in the cal-
culation of scattering rates and relaxation times, as demonstrated here for the case
of short range potential scattering, an example of which is the alloy disorder scat-
tering in ternary compounds. Taking the result obtained with the Fang-Howard
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wave function as a base-line, the inverse relaxation time, i.e. the scattering rate
was found to be about 22 per cent and 16 per cent greater for the best optimized
wave function and for the Takada-Uemura wave function respectively. This means
that the standard formula based on the Fang—Howard wave function greatly un-
derestimates the scattering rate and overestimates the mobility.
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