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We study the scattering of the probe light beam by randomly distributed
strongly pumped atoms in a pencil-like medium. The density of atoms is
assumed to be small (of the order of one atom per light wavelength), therefore
the medium formed by the atoms cannot be treated as a continuous one.
Such a configuration of atoms can be practically realized in atomic traps.
- We show that intensity of the scattered light increases with the third power
of the probe beam intensity and with the second power of the number of
atoms. We also show that under certain conditions the light is scattered into
few cones.

PACS numbers: 42.50.Fx, 42.50.Gy

1. Introduction

The possibility to isolate a single particle in-a small region of space has
. initialized a great number of experimental and theoretical papers dealing with
problems of the atom trap [1-3]. Single particle at rest is a fascinating tool for
testing the interaction of light with matter on the most elementary level.

Experimental techniques allow one to 1solate and cool by light pressure force
not only one atom but arbitrary number of atoms, and what is most important, to
control the number of them. We would like to show in this paper that the system
of many trapped atoms is interesting from the theoretical point of view.

The most convenient method of studying the properties of an atom cloud is
light scattering. o

In this paper we will study light scattering from one-dimensional atom cloud
and we will treat the system as a discrete medium. The reason is that the typical
distance between atoms is of the order of the optical wavelength. Moreover, we
will study interaction between the fields and the atoms in semi-classical picture.

Our medium consists of three-level atoms interacting with two external waves -
(see Fig. 1a) and the system forms pencil-shaped medium. One of the waves is
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Fig. 1. (a) Model of the atom interacting with two external fields. (b) Scheme of the
problem, w, and w, are the external waves, w; is the scattered light that we observe.
(c) The figure shows the scheme of the atom trap potential we assume. d, is the average
distance between atoms, d; is the localization length.

strong (pumping) wave and prepares atom dipoles, and the second one is weak
(probing) wave. We will assume that the external waves are plane waves propa-
gating along the axis of the medium and they have the same linear polarization.
We will find the equations governing the atom evolution and later on we will solve
them numerically under steady-state limit. Having atoms’ states we will find the
radiation of the system in far field. Because atoms are distributed randomly in the
neighborhood of their equilibrium positions, the electric field of the scattered light
has to be averaged with respect to the positions of atom.

Our paper is organized as follows. In Sec. 2 we describe the model of the
medium. Later on we formulate the Hamiltonian of the system in Sec. 3 followed
in Sec. 4 by the derivation of the equations for the atomic density matrix. We solve
these equations numerically and results are presented in Sec. 5. We summarize in
Sec. 6.

2. Description of the medium

We assume a very simplified model of onc-dimensional trap, and we assume
that the mechanism of trapping does not disturb the processes we examine. Atoms
are distributed on a line around the equilibrium positions separated by some con-
stant value d,. Atoms can be localized within an interval of length d;, we called it
“localization length”. Figure 1c shows the scheme of the trap we have assumed.

The model of atom trap presented above is a very simplified one, but we do
not need to consider it more precisely.

Below we present parameters characterizing our model:

o dumping rate of the 3rd level — I,
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e wavelength of the probe beam — ),

e dumping rate of the 2nd level — I, with I', /'~ 1,

o pump field Rabi frequency — 2, = d13&,/h, 2,/ > 1,

e probe field Rabi frequency — 2, = dy3€, /A, .Qw/I’ <1,02,/2, > 1,
e pump field detuning — A;, A,/ ~ 1,

e probe field detuning — A,, A, = —42;,

e number of atoms — N =~ 100,

e average distance between atoms — d,, with d,/A ~ 1,

e localization length — d;, with d;/d, < 0.5.

The first two parameters are fixed for all computations and we treat them
as our units of frequencies and distances respectively. In the above £ denotes
amplitude of the classical field, and d,, — dipole moments.

3. Formulation of the problem

The Hamiltonian of the system is given by
H = Hay + Hpeld + Hins,
with

Hiyw = Z diE.

H, is thc Hamlltonlan of the free three-level atoms forming the medium.
6.y are the atomic projection operators in the Heisenberg picture, W, are the
eigenvalues of the atomic Hamiltonian. In the above Greek letters are used to
index the energy levels, while Roman ones denote the atoms. Levels 3 and 2 are
the excited states, and level 1 is the ground state. NV is the total number of atoms.

Hgelq is the Hamiltonian for the total field and B = poH is the magnetic
induction. F and H are respectively the vectors of the electric and magnetic fields
of the light.

The electric and magnetic fields E; and Hj [4], which act on the j-th dipole of
the medium can be divided into the external ﬁelds E;, H; (i = s, w) (propagating
with the vacuum velocity ¢) and the contribution arising from all the dipoles

E=E,+E,+) Ej,
I#i

Hj = Hs + Hw +2Hj1;
I#]
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the summation extending over all the dipoles except the j-th one. At the point r;
where the j-th dipole is situated; the field of the I-th dipole is obtained from

1 di(t — Rji/c

E;i(t) = Treo curl curl_(Tliz,'
H 1 di(t— Rj/c)
ji(t) = 4wcurl__ij__

d;(t) denotes the moment of the I-th dipole, R;; = |r; — m|, and the operation
curl is taken with respect to the coordinates z;, y;, z; of the j-th dipole. As our
medium is pencil-shaped one, we assume that the external fields depend only on 2z
coordinate, and using retarded, local time T = ¢t — z/c we can write classical fields
as follows:

Ey(r,t) = Eemilwsm) 4 cc. ‘
DO : are the stron ump) fields, w; = w
H(r,t) = Hge i) 4 cc. g (pump) e b
Ey(r,t)= fwe‘i(“’w") +c.c.
H,(r,t) = Hye i(@u) 4 cc.
As we have pointed above we treat the medium as a discrete one so we will
not consider the moment of dipole as a continuous function of position. Since
the medium is a diluted one we assume that the external waves have constant

amplitude over all the medium and we neglect the fields in our consideration.
We describe the interaction Hamiltonian in the following section.

} are the weak (probe) fields, w; = wa;.

4. Evolution of the atom states

Since our problem is to find the scattering by system of atoms, we have to
find the radiation of single atom. Thus we need to know the state of the atom
placed in fields of two external waves and fields having origin in other atoms.
State of the atom is described by the density matrix p. Evolution of this operator
in the Schrodinger picture is given by equation

ihp=[H,p]

Next we describe the interaction Hamiltonian Hi,; between the fields and
the atoms. The dipole moments of the atoms in ¢ = 0 are assumed to be the same
irrespectively of location, such that dj; = dss = dss = 0, since we can choose
arbitrary phase of atom states and assume djs = da;1, d13 = ds1, da3 = d3z = 0.
To find the evolution of the elements of the density matrix it is necessary to take
average values in respective states.

Taking classical field and assuming the same polarization of both external
waves (orthogonal to the propagation direction) we can write average values of
Hamiltonian in particular atom states

B1H|1)=(1 |ﬁ|3)=*d31Es,

2H|1)=(1]|H|2) = —ds By,
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(B1H|2)=(2|H(3) =0,

Also we have (see Fig. la): '
W =W

Wy 7 = wai, .

. & Ws — W,
s~ 77.
We can count the evolution of elements of the density matrix following the
equation: '
ih{ulplv) = (ulHp — pH|v),
with 4 and v running across all the atom states 1, 2, 3. Extending the right side
we can write

= way.

3
iR(ulplv) = > ((ulHIE)EIAIv) + (ulple) €I H ).
é=1
For one atom we can write a matrix equation given under rotation wave
approximation (RWA) and after adding fenomenological dumping constants

1@ = MQ + on - (1)
with
e = [012,9217913,931,923,932,911,922],

025 82 .
On = 0)0)_'2_1710)(%1[')0 )

on arises after eliminating gss (011 + 022+ 033 = 1).
We can write

M=S+W.

The diagonal part of § describes detunings and dumping, and all non-diagonal,
non-zero elements of that matrix are proportional to §2;. W is a non-diagonal
matrix and all non-zero elements are proportional to §2,,.

We assumed the dipole decay rate to be two times smaller than the inversion
damping rate (just like for a spontaneous emission).

For N; atoms the size of the matrix M rises to 8 N; x 8 N; because of the
interaction between atoms forming medium (through radiation and re-absorption
of the light) and it forms a block matrix as we show below

M@Exe) cGx®) - cBx8)
(BN _ ngix.s) MEBx8) cgz]s\;:s)

Cl(glxs) C](\trszxs) ... M(BNx8N)
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with

MBXB) . (8x8) 4 1)(8x8)
and all the non-zero elements of matrix W(®&%3) are proportional to {2,
describe an atom-atom interaction.

Since all the non-zero and non-diagonal elements of each matrix obey the
conditions

Si5 > wij, 8i5 > Cij,
we can look for solution of Eq. (1) (in the steady-state limit) as a series expansion
in (By + 5 E;)/Es:

® zero approximation:

(8x8)
. cij

S(BNXSN)ggN + QEN =0,

e first approximation:

S(8N><8N)9§N + (W(SNXSN) + C(SNst))QgN =0,

e second approximation:

S(SNXBN)QI;N + (W(BNXBN) +C(8Nx8N))9213N =0,

e third approximation:

SBNXSN) BN | ((BNXBN) | C(BNXBN)) 8N _

Since the atom-atom interaction appears in the third order of approximation, we
expand g to the third order. The knowledge of the density matrix elements allows
us to compute radiation of atoms and the whole system. For the far field we have

N,
E(r) ~ Z d21(0211)e*“"" - Q%)e“"“),
j=1 .
with (Q(Zjl))* = Q&jz) =Ff (Q(liz;éj), 9(2i1¢j )). This is computed numerically.
5. Results

In our computations we examined intensity of the scattered light as a func-
tion of the direction of scattering. We called the intensity of scattered light in the
forward direction as “forward scattered light intensity” and analogously for back-
ward direction. Moreover we integrated the intensity around the medium in the
plane containing the axis of the medium and perpendicular to the vector of the
light polarization. We called that value “total scattered light intensity”. In this
section we present dependence of these values on some parameters we described
above.
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5.1. General case

Below we present results of our computations for variable field parameters
(925, 24, 4;) and medium parameters (I'y, N, dq, di), Great part of our compu-
tations was made for A; = 0.

We observed that the forward scattered light intensity increases like the
third power of probe field intensity e.g. like the sixth power of the Rabi frequency

(Fig. 2).
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Fig. 2. Intensity of the light scattered into the forward direction (Iy) as a function of
the Rabi frequency of the probe field. Inserted log-log plot of the same quantity shows
the power dependence of the intensity of the scattered light. §2,/1" = 40.

Fig. 3.  Intensity of the light scattered into forward direction (Iy) as a function of
the number of trapped atoms (V). Inserted log-log plot of the same quantlty shows the
square dependence of the intensity of the scattered light.

We observed also that the forward scattered intensity increases like the sec-
ond power of the number of trapped atoms (Fig. 3).

We examined the forward scattered light intensity as a function of the pump
field detuning and we realized that it is almost Lorentz-type function but there.
are some minima which can be seen in the semi-logarithmic plot (Fig. 4). The case
of the minima is described separately.

Forward scattered light intensity almost very weakly depends on the average
distance between atoms, but the backward and total scattered light intensities have
some interesting properties. The backward scattered light intensity is very small
(with respect to forward scattered light intensity), but has very strong and very
narrow peaks corresponding to average distances being the multiplicities of half
wavelength (Fig. 5). The total scattered intensity decreases like the inversion of
the average distance but has corresponding peaks. This effect is not an unexpected
one as in the retarded time both directions (forward and backward) are equivalent
for those values of the average distance between atoms. We examined the ratio of
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Fig. 4. (a) Forward scattered light intensity vs. pump field detuning. (b) The same
quantity on the semi-logarithmic plot. '

Fig. 5. (a) Forward (solid line) and backward (dashed line) scattered light intensity vs.
ﬁverage distance between atoms. (b) Total scattered light intensity vs. average distance
between atoms.
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Fig. 6. Backward to forward scattered light intensity ratio vs. localization length.
Fig. 7. Forward scattered light intensity as a function of the medium atom state
dumping rate. '

the backward peak to forward scattered light intensity as a function of localization
length and we show it in Fig. 6.

We also studied light scattering as a function of the dumping rate I'y,. Very
interesting one is the minimum similar to the one we get as a function of pump
field detuning (Fig. 7). As shown in Fig. 8 the angular spectrum of scattered light
corresponding to these minima has properties of the cone emission.
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Fig. 8. Angular spectrum of the scattered light in polar coordinates.
5.2. Cone emission case

Below we present results corresponding to the light scattering having proper-
ties of cone emission. Cone emission has been the subject of numerous experiments
and theoretical considerations in recent years [5—7], but most of them corresponds
to continuous media. There are some different ideas explaining that phenomenon,
but none of them seems to be fully satisfying. Our results show that.mutual in-
teraction of atoms (via the electromagnetic field) is crucial for the cone emission.
Figure 9 shows angular spectra corresponding to described above minima. Qual-
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Fig. 9. Angular spectrum of the scattered light with (solid line) and without (dashed
line) atom-—atom interaction (semi-logarithmic plot).

Fig. 10. Dependence of the probe field Rabi frequency on the pump field detuning
corresponding to cone emission for fixed damping rate.
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itative difference is that without atom—atom interaction we have not observed
strong scattering into the cone near the axis of the medium (for small angles and
near to 180°). We show some plots illustrating conditions of producing of the cone
emission. From our point of view the most important is dependence on parameters,
we cannot change them easily (in real experiment): the dumping rate (which is
given and we cannot change it at all) of the medium state, number of atoms and
the average distance between atoms. ‘

As shown in Fig. 10, for fixed damping rate of the atomic level there is some
threshold value of the probe field amplitude for the existence of the cone emission.
We realized that changing such values as the average distance between atoms, the
number of atoms, ‘the localization length does not influence on the conditions of
the cone emission producing.

6. Conclusions

In this paper we have investigated semi-classically the resonant light scatter-
ing on an active medium based on the three-level atom formulation. Our medium
is formed by regularly distributed three-level atoms in the V-configuration, there-
fore we treat it as a discrete one. In the steady-state limit we found that there is
a preferred direction of scattering, determined by the direction of the propagation
of the external fields, but we also found some exceptions. For the average distance
between atoms equal to the multiplicity of the wavelength of the probe field the
light was scattered in the backward direction as strongly as forward.

Moreover, we realized that the cone emission from such medium is possible
but without dipole—dipole interaction that phenomenon was not observed.

This work is supported by the State Committee for Scientific Research (Re-
public of Poland), grant number 2 2399 92 03.
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