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In

the present paper two-body radiative recombination rate for the production of antihydrogen Π ) in a merged beam of slow positrons (e+) and
antiprotons (p ) is studied in the light of a two-step process, which consists
of capture in an excited state of II with subsequent decay to the ground
state and emission of a photon. Computation is done using the field theory
and the Coulomb gauge. Importance of the two-step radiative recombination
process relative to the well-known spontaneous photorecombination process,
on the two-body radiative recombination rate for antihydrogen formation, is
discussed. The present result predicts higher contribution from the two-step
radiative recombination process as compared to the spontaneous
photorecombination process to the rate of cold antihydrogen formation witl the relative colfision energy below 0.01 Rydberg, near which experiments are being
conducted. However, above 0.1 Rydberg the spontaneous photorecombination process dominates over the two-step radiative recombination process.
The present result is valid, as well, for the formation of hydrogen atom due
to collision between slow edectron and proton.
-

PACS numbers: 39.10.+x, 34.50.-+a, 34.70,+e

1.

Introduction

The importance of antiproton as new form of space propulsion is gradually
being realised. Few milligrams of antiprotons will heat tons of reaction fluid to
high temperatures. The hot reaction fluid exhausted from a nozzle will produce
high. thust at high exhaust velocity (100 to 350 km/s). For propulsion applications annihilation of antiprotons with protons producing jets of high energy
pions is necessary. As charged antiprotons are difficult to store, it is desirable to
store antiprotons in the form of neutral ant hydrogen ice b y adding positrons.
Antihydrogen is also necessary to verify some fundamental properties of matter.
The low energy antihydrogen can be used to measure the 2S-2p Lamb shift, the
hydrogen-antihydrogen atomic interaction and for detection of gravitational effect
on antimatter.
(297)
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Antíhydrogen formation at LEAR (Low Energy Antíprotíon Ring at BERN
in Genewa) has been ftrst considered by Herr et al. [1], and subsequently, Gabrielse
et al. [2] have discussed the possibility of antihydrogen formation by merging cold
trapped plasmas of antiprotons and positrons. In the experiment [1] circulating antiproton beam of low divergence and momentum spread is merged with positron
beam, in a straight section of a storage ring. After radiative recombination the
antiprotons emerge from the cooling section of a storage ring tangentially (Fig. 1).
In a merged beam the radiative recombination of antiproton and positron is pos-

sible in a three-body (one antiproton and two positrons) as well as in two-body
encounters. The radiative recombination reactions are shown in the equations below. Recombination is said to be complete when the antihydrogen is formed in the
ground state.

The rates of the three-body radiative recombination in (1) are obtained [3]
from the principle of detailed balancing and the classical cross-section for collision
ionization of Thomson [4] and Bohr [5] from an excited state n. The recombination rate is then multiplied by the transition probability to the ground state.
The cross-section for two-body electron capture from continuum into the low lying
Coulomb bound states of hydrogen-like systems with spontaneous photon emission
was calculated [6, 7] in dipole approximations. This is a spontaneous photorecombination process (SPR) for hydrogen production. The process (2) gives SPR for
antihydrogen formation. SPR is also studied as a time reversed photoionizatíon
process [8]. The antihydrogen production rate by the three-body radiative recombination in (1) was, however, many orders of magnitude higher [2] than the SPR
rate in (2).
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In this paper we are interested in the two-body radiation recombination
via the process (3) which provides an alternative path for the two-body
radí-tivecombn.Iasfproce(3)itnadprothe
merged beam experiment experience Coulombi attraction to form antihydrogen
in a higher orbit, which subsequently decays to the ground state with the emission of a photon. Momentum conservation in the ftnal state is taken care of by
the emitted photons. Eventually it is essential for the intermediate state to be an
excited state from which radiative transition is possible. A contribution from the
process (3) towards radiative recombination of antiproton with positron is not yet
computed. Here we address ourselves to the problem of two-body twostep radiative recombination process (3) for the formation of antihydrogen. Cross-section for
the two-step radiative recombination (TSRR) process is obtained by calculating
the matrix element for the second order interaction consisting of the Coulomb
attraction and dipole interaction. The state vection and the interaction Hamilto
nians are taken in a field theoretic way and in the Coulomb gauge. Among all the
excited intermediate states 2p-state has the maximum probability for radiative
decay to the ground state. We have computed TSRR cross-section with 2p as the
intermediate state and compared the result with that of SPR [7] for formation of
hydrogen to the ground state. The comparative study reveals importance of TSRR
in the two-body radiative recombination process to form antihydrogen (hydrogen)
due to collision between cold antiproton (proton) and positron (electron).
2. Mathematical formalism
In the formalism of fleld theory, we make use of the Schrödinger wave function in momentum space and a Coulomb gauge. In the Coulomb gauge, interaction
separates out into two parts: (1) the static Coulomb interaction, a part which is responsible for binding of electron (positron) to the nucleus to form bound state and
(2) the interaction of the transverse electromagnetic fteld with the Dirac particles,
a part largely responsible for ionization, recombination and optical transitions. Let
us develop below the field theoretic formalism to write the state vector fora system
of two interacting particles, such as an electron and a positron. The formalism will
then be extended to write the state vection for any number of interacting particles,
including a photon [9].

In the Coulom gauge, tle fleld equation of quantum electrodynamics reads as
b

(4)

where the state vector of the field, |Ψ), is taken as the direct product of the Dirac
particle Hilbert space and photon Hílbert space. Hf is the Hamiltonian of the free
Dirac particles and transverse photons. HC is the Coulomb Hamiltonian and ii
is the interaction Hamiltonian between Dirac particles and transverse electromagnetic field, and
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where ψ is the Dirac operator with ψ+(x) and 0 (x) as their positive and negative
frequency parts and A is the transverse electromagnetic fleld
-

Here ak and bk are the annihilation operators, fora free as well as bound particles,
satisfying the anticommutation relations
Equation (4) is solved b y the perturbation method. The unperturbed equation

includes the term Η , so that eigensolution | Ψ
Ψ) gives bound state as well as free
particle distorted plane waves. In the present case of two particles, one electron
and one positron, the state vector | ) is written as

That Eq. (10) is a solution of Eq .. (9) is justified by showing that the corresponding wave function in configuration space

is a solution of the equation

As such, g(k1, k2) is the Fotrier transforms in momentum space of the solution
HtxICeofluc(otrhmwnb-p2ies1vfar,Eq).(12)wth
in non-relativistic case, Eq. (12) becomes Ρauli—Schr ö dinger equation with

3. Field-theoretic cross-section
We use the above formalism to write the state vectors of the interacting
systems. Positron-antiproton state vectors, in the initial state, and after recombination to the intermediate state, are written respectively as
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where α q1 and Bl1 are the annihilation operation for positron and antiproton,
respectively. gi(q 1 , l1) and gi(q2,l 2 ) are the Fourier transforms in momentum space
of the free and the bound state solutions of the unperturbed equations

He +, Η - are the free particle Hamiltonians for the suffixed particles. p(x) and
σ(x) are the charge densities for positron and antiproton, respectively. V is the

Coulomb interaction so that I i(x1, x2) and I t(x1, x2) contain respectively free
particle distorted plane wave and positron-antiproton bound wave in an excited
state.
The final state contains an anti proton-positron boumd state and a photon.
Let Ck be the annihilation operator for the photon with momentum k. The final
state vector, with |0) as the vacuum state for particles and photon, is written as
where gf (q 3, 13 ) is the Fourier transform in momentum space of the unperturbed
solntion of the equation

where H k = ħωkC†kCk is the Hamiltonian for the emitted photon, φι(x1, x2) is
the wave function for positron and antiproton in 1s bound state. Charge densities
for positron and antiproton are respectively

where φ(x) and 8(x), the respective fleld operation in the non-relativistic case, are
written as

X,. and λr' are the Pauli spinors for e+ and p - , respectively.
The interaction Hamiltonian for Coulombic attraction between e - and p+ is
given by
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The interaction between antiatom and the electromagnetic radiation field is
given by [10]:

p is the momentum operator and
at a fixed time, is given by [10]:

A(x)

is the electromagnetic field operator, which

uk'o is the polarization vector.
For emission of a photon by an excited atom, we consider only the first term
in 112 which is II'. S matrix for the process is
s

—

The radiative recombiniation (3) through the twostep process is obtained by taking
the matrix element of H2 H1 between initial and final states such that

Ε and Ε1 are the relative energies of the interacting systems in the initial and
i

intermediate states, respectively, and the quantity n is positive ínfinitesimal. After
substituting from (21) and (22) in (25) and integrating over the coordinate space
we get

For a single photon emission the interaction term II' of H2 inn (27) makes the first
order contribution to the matrix element

3.1. Probability for antihydrogen formation in the intermediate state

Matrix element of Ηι between | ψ1 ) and | ψ i) is obtained oh using (14), (15)
and (31)
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Vacuum expectation value of the field operators gives product of Dirac function.
Integrating out the δ-functions we get

Looking at Eqs. (16) and (17) the wave function it1 momentum space with associated Pauli spinor can be written as [9]:

Changing the integration variables into centre of mass and relative coordinates
and neglected the mass ratio between positron and antjproton we get

where ρ is the centre of mass momentum.
is the Coulomb distorted plane
wave of the incident positron in momentum space. Similarly

QI s the centre of mass momentum of the intermediate system and φnl(q2) is the
nl-state bound positron wave function in momentum space. Substituting (36) and
(37) in (34) we get after integration over l 1 and 1 2

Using Beth integral we get

FC(r) is the Coulomb distorted plane wave for incident positron and
nl-state bound wave function of positron in antihydrogen.

ψnl(r) ,

is the

3.2. Radiative decay of antihydrogen from nl state o 1s ground state
-

H' in (27) connects these states in the first order contribution to the radiative
decay. The decay amplitude Μ2 on using (32) and (28) becomes

Since the wave length of the emitted photon is larger than atomic .dimension one

Fig. 2. Vector diagram showing the polarization and momentum directions.
can use dipole approximation. To sum over polarization we choose u k'1 and uk'2 as
in Fig. 2 and obtain

where Hop = H 0 + V is the unperturbed Hamiltonian operator for positron bound
to antiproton in the intermediate and the final state of the antihydrogen. Substituting (40), (15) and (19) in (39) and taking the vacuum expectation value for the
product of fleld operators, and integrating over the momentum space

are respectively the positron energy in nl and 1s bound states. The
decay rate for radiative transition from nl state to 1s state is given by

3.3. Radialive recombination probability
From (30) the radiative recombination probability Μ is given by
Tle radiative recombination cross-section for the process becomes
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p and p' are the relative momenta of the interacting systems before and alter
interaction. Using (43) and (42) in (44), the cross-section becomes

4. Results and discussions
The cross-section for TSRR to the 2p intermediate state which decays to the
1s state with the emission of Lyman photon, is calculated. From (46)

ψ 2p (r) is the 2p orbital wave function of the antihydrogen. At low relative velocity
the effect of distortion on the plane wave of incident positron in the Coulomb field
of the antiproton is obtained b y taking

306

S. Bhattacharyya

The required radiative recombination cross-section (47) becomes

where

Tle energy EI ili the intermediate state is now given by
and
The TSRR cross-section with 2p as the intermediate state finally becomes

Using absolute units
and ti the kinetic energy in eV of incident positron relative to antiproton, we
compute the cross-section σ (Table). Tle two special cases to see dependence of σ
on energy Εi are considered below.

Using this condition we get from (51)

and the cross-section (52) becomes

When the relative collision energy Ei is low compared to 2p-state orbital energy
2p, the TSRR cross-section varies as Ε 2 .

When the relative collision energy Εi is high compared to ί2 the TSRR cross-section varies as Ε. .
p
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TABLE
Radiative recombination cross-section for the formation of antihydrogen in the ground state in unit of 10 -20 cm 2 , due to collision
between cold positron and antiproton. Εi is the energy in Rydberg of positron in antiproton rest frame. σTSRR is the present result for the twostep radiative recombination cross-sections. QSPR
is the result from Ref. [7] for spontaneous photorecombination
cross-sections.

Superscripts are powers of ten.
In a merged beam experiment the relative velocity of collision (56) should
be kept well below (2ma)-1 to have a good antihydrogen formation rate. Table
provides a basis for the comparative study of the contributions b y TSRR and
SPR mechanisms towards antihydrogen formation. The SPR cross-section varies
as 4- 1 [7], where as in the low energy limit the TSRR cross-section varies as
Εi- 2 . Hence the TSRR cross-section is larger than the SPR cross-section in the
low energy collision region. From Table, the antihydrogen formation cross sections
for collision energy below 0.002 Rydberg are two orders of magnitude larger by
TSRR mechanism as compared to that b y the SPR mechanisms. Around 0.04
Rydberg, contributions from the both mechanisms are almost of the same order of
magnitude, with the SPR cross-sections remaining slightly higher than the TSRR
cross-sections. With the increase in the collision energy above 0.1 Rydberg SPR
cross-section dominates the radiative recombi nation process over TSRR cross-section. Near 0.25 Rydberg which is the 2p state binding energy, the TSRR cross-section is three orders of magnitude smaller than SPR cross-section.
5. Conclusion

An experiment for cooling of antiproton and positron to form Π in a merged
beam technique is still in its early stage [12]. The theoretical prediction on radiative
recombination is available [6, 7] assuming the process to be SPR one. The present
work brings out the importance of TSRR on the cold antihydrogen formation rate.
The present result may be helpful for the ongoing experiment on antihydrogen
formation. The result is also true for the TSRR cross-section for the formation
of hydrogen atom with cold electron and proton in a merged beam. This work
provides an additional contribution to the formation rate over the SPR mechanism.
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