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COLLISION OF POSITRON WITH ANTIPROTON

S. BIHATTACIIARYYA
Gokhale Memorial Girls’ College, Calcutta-700 020, India

(Received May 4, 1993; revised version March 16, 1994)

In the present paper two-body radiative recombination rate for the pro-
duction of antilydrogen (11) in a merged beam of slow positrons (et) and
antiprotons (p~) is studied in the light of a two-step process, which consists
of capture in an excited state of Il with subscquent decay to the ground
state and emission of a ploton. Computation is done using the field theory
and the Coulomb gauge. Importauce of the two-step radiative recombination
process relative to the well-known spontancous photorecombination process,
on the two-body radiative recombination rate for antihydrogen formation, is
discussed. The present result predicts higher contribution from the two-step
radiative recombination process as compared to the spontancous photore-
combination process to the rate of cold antihydrogen formation with the rel-
ative collision energy below 0.01 Rydberg, near which experiments are being
conducted. However, above 0.1 Rydberg the spontancous photorecombina-
tion process dominates over the two-step radiative recombination process.
The present result is valid, as well, for the formation of hydrogen atom due
to collision between slow clectron and proton.

PACS numbers: 34.10.4x, 34.50.4Fa, 34.70.4e

1. Introduction

The importance of antiproton as new form of space propulsion is gradually
being realised. Few milligrams of antiprotons will heat tons of reaction fluid to
high temperatures. The hot reaction fluid exhausted from a nozzle will produce
high thrust at high exhaust velocity (100 to 350 km/s). For propulsion appli-
cations annihilation of antiprotons with protons producing jets of high energy
pions is necessary. As charged antiprotons are difficult to store, it is desirable to
store antiprotons in the form of neutral antihydrogen ice by adding positrons.
Antihydrogen is also necessary to verify some fundamental properties of matter.
The low energy antihydrogen can be used to measure the 25-2p Lamb shilt, the
hydrogen—antihydrogen atomic interaction and for detection of gravitational effect
on antimatter.

(297)




298 S. Bhatlacharyya

Antihydrogen formation at LEAR (Low Energy Antiprotion Ring at CERN
in Genewa) has been first considered by Herr et al. [1], and subsequently, Gabrielse
et al. [2] have discussed the possibility of antihydrogen formation by merging cold
trapped plasmas of antiprotons and positrons. In the experiment [1] circulating an-
tiproton beam of low divergence and momentum spread is merged with positron
beam, in a straight section of a storage ring. After radiative recombination the
antiprotons emerge from the cooling section of a storage ring tangentially (Fig. 1).
In a merged beam the radiative recombination of antiproton and positron is pos-
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Fig. 1. Schematic setup for antihydrogen formation.

sible in a three-body (one antiproton and two positrons) as well as in two-body
encounters. The radiative recombination reactions are shown in the equations be-
low. Recombination is said to be complete when the antihydrogen is formed in the

. ground state.

p~+et +et = Ti(nl) +et (1)

' L. 1(ls) + hv,

p~ +et = T0(ls) +7, - (2)
p~ +et = T(nl) = TI(Is) + ho. (3)

The rates of the threc-body radiative recombination in (1) are obtained [3)
from the principle of detailed balancing and the classical cross-section for collision
ionization of Thomson [4] and Bohr [5] from an excited state n. The recombi-
nation rate is then multiplied by the transition probability to the ground state.
The cross-section for two-body electron capture from continuum into the low lying
Coulomb bound states of hydrogen-like systems with spontaneous photon emission
was calculated [6, 7] in dipole approximations. This is a spontancous photorecom-
bination process (SPR) for hydrogen production. The process (2) gives SPR for
antihydrogen formation. SPR is also studied as a time reversed photoionization
process [8]. The antihydrogen production rate by the three-body radiative recom-
bination in (1) was, however, many orders of magnitude higher [2] than the SPR
rate in (2). :
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In this paper we are interested in the two-body radiation recombination
via the process (3) which provides an alternative path for the two-body radia-
tive recombination. In case of process (3) a positron and an antiproton in the
merged beam experiment experience Coulombic attraction to form antihydrogen
in a higher orbit, which subsequently decays to the ground state with the emis-
sion of a photon. Momentum conservation in the final state is taken care of by
the emitted photons. Eventually it is essential for the intermediate state to be an
excited state from which radiative transition is possible. A contribution from the
process (3) towards radiative recombination of antiproton with positron is not yet
computed. Ilere we address ourselves to the problem of two-body two-step radia-
tive recombination process (3) for the formation of antihydrogen. Cross-section for
the two-step radiative recombination (TSRR) process is obtained by calculating
the matrix element for the second order interaction consisting of the Coulomb
attraction and dipole interaction. The state vectors and the interaction Hamilto-
nians arc taken in a ficld theorctic way and in the Coulomb gauge. Among all the
excited intermediate states 2p-state has the maximum probability for radiative
decay to the ground state. We have computed TSRR cross-section with 2p as the
intermediate state and compared the result with that of SPR [7] for formation of
hydrogen to the ground state. The comparative study reveals importance of TSRR
in the two-body radiative rccombination process to form antihydrogen (hydrogen)
due to collision between cold antiproton (proton) and positron (electron).

2. Mathematical formalism

In the formalism of ficld theory, we make use of the Schrédinger wave func-
tion in momentum space and a Coulomb gauge. In the Coulomb gauge, interaction
separates out into two parts: (1) the static Coulomb interaction, a part which is re-
sponsible for binding of electron (positron) to the nucleus to form bound state and
(2) the interaction of the transverse clectromagnetic field with the Dirac particles,
a part largely responsible for ionization, recombination and optical transitions. Let
us develop below the field theoretic formalism to write the state vector for a system
of two interacting particles, such as an electron and a positron. The formalism will
then be extended to write the state vectors for any number of interacting particles,
including a photon [9].

In the Coulomb gauge, the field equation of quantum electrodynamics reads as

ih sk 19) = (e + o + )] ¥), (4)

where the state vector of the field, |¢), is taken as the direct product of the Dirac
particle Hilbert space and photon Ililbert space. If¢ is the HHamiltonian of the free
Dirac particles and transverse photons. Hc is the Coulomb Ilamiltonian and H
is the interaction Ilamiltonian between Dirac particles and transverse electromag-
netic field, and
IIC - EE p(:;)p(g;') dS.,’: d31,1’
2 |z — 2|
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H=e/¢a Apd+ & 5 /”—‘(ﬂ”—‘@d" 4%

[z — 2]
2 /Plliit‘_)/;'l )d's d3e / ' (5)

o) = ()t (2) + 3 ()9 (2),
p1(2) =BT (@Y (@) + ¥ (@)t (2), (6)

where 9 is the Dirac operator with ¢¥¥(z) and ¥~ (z) as their positive and negative
frequency parts and A is the transverse clectromagnetic field
P(z) = Z apug (k) exp(ik - z) + Z bpve(—k) exp(—ik - z). (7
o=1,2 o=1,2
Ilere a and by, are the annihilation operators, for a free as well as bound partlcles,
satisfying the anticommutation relations

{a's, ar} =0, {als, Hc} = 0. (8)
Equation (4) is solved by the perturbation method. The unperturbed equation
d
ih7r [¥) = (H; + He)l¥) (9)

includes the term Hc, so that eigensolution |¢) gives bound state as well as free
particle distorted plane waves. In the present case of two particles, one electron
and one positron, the state vector [¢) is written as

) = exp(—iE'l/h)/g(kl,kg)afkl'bth]0)(]31.:1(131:3. (10)

That Eq. (10) is a solution of Eq. (9) is justified by showing that the corre-
sponding wave function in confliguration space

¢(z1, 22) = (0 [¥(21)¥°(z2)| ¥) (11)
is a solution of the equation
(cplaq + Bime® + cpaces + Pame? — %) (21, 22) = E¢(z1, z2). (12)

As such, g(k1, k2) is the Fourier transform in momentum space of the solution
#(x1, z2) of the electron-positron Eq. (12) with the Coulomb interaction. llowever,
in non-relativistic case, Eq. (12) becomes Pauli-Schrédinger equation with

o) = ¥*(2)¥(z). (13)

3. Ficld-thcoretic cross-section

We use the above formalism to write the state vectors of the interacting
systems. Positron-antiproton state vectors, in the initial state, and after recombi-
nation to the intermediate state, are written respectively as

1 = exp(=iEt/8) [ oan, )al, B, o), (14)
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1) = exp(=iErt/h) / 01( a2, b)al, BL[0)d%d %, as)

where a4, and By, arc the annihilation operators for positron and antiproton,
respectively. gi(q1, 1) and gi(q2, I2) are the Fouricr transforms in momentum space
of the free and the bound state solutions of the unperturbed equations

(]IO + V)¢i($1, 1'2) = Ei¢i(xla 1'2); (16)
and
(Ho + V)i(z1, 22) = Erdi(z1, z2), (17)
respectively, with
> of
Ho = Hes + H -, V= / %d%d:’w’. (18)

Hes, Hy,- are the free particle Hamiltonians for the suffixed particles. p(z) and
o(z) are the charge densities for positron and antiproton, respectively. V is the
Coulomb interaction so that ¢;(zy,22) and @r(z1,22) contain respectively free
particle distorted plane wave and positron-antiproton bound wave in an excited
state.

The final state contains an antiproton-positron bound state and a photon.
Let C be the annihilation operator for the photon with momentum k. The final
state vector, with [0) as the vacuum state for particles and photon, is written as

|ve) = exp(—iErt/h) / 9e(ds, b)af, BY, G [0)d%sd%s, (19)

where gr(¢s, I3) is the Fourier transform in momentum spabe of the unperturbed
solution of the equation

(Ho + Iy, 4 V)e(21, x2) = Erd(z1, 22), (20)
where Hy = hwiCt,Cr is the Tlamiltonian for the emitted photon, ¢¢(zy,z2) is
the wave function for positron and antiproton in 1s bound state. Charge densities
for positron and antiproton are respectively '

p(z) = e¢ (2)é(x) (21)
and _

o(z) = —eO*(2)0O(x), _ (22)
where ¢(z) and ©(z), the respective field operators in the non-relativistic case, are
written as '

#(z) = E/X,.al exp(is - z)d%s . (23)

and

Oz) = E/Ar/BI, exp(is’ - z)d%’, (24)

xr and A, are the Pauli spinors for et and p~, respectively.
The interaction ITamiltonian for Coulombic attraction between e~ and p* is
given by
"
Hi= / LCLCORIN) - (25)

EREd
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The interaction between antiatom and the electromagnetic radiation field is
given by [10]:
2
o

d “(m
Hy = —p: A(z) + T As(2), (26)

" Hy=H'+ H". (27)
p is the momentum opcrator and A(z) is the electromagnetic field operator, which
at a fixed time, is given by [10):

. oy 1/2
A(z) = Z (2—55%) ups [ck,exp(ik' -z) + cl., exp(—ik’ - :c)] , (28)
B

ug: is the polarization vector.
For emission of a photon by an excited atom, we consider only the first term
in Hy which is I{’. S — matrix for the process is

- 8= 14 (I + Hy)+ H Iy + HaH1 + higher order terms. (29)

The radiative recombination (3) through the two-step process is obtained by taking
the matrix element of HaIT; between initial and final states such that

Ma=Y (e T | r) (1 | H1 | o) "
I .

(Ei — Ey +1in) ’
E; and Ej are the rclative encrgies of the interacting systems in the initial and
intermediate states, respectively, and the quantity 7 is positive infinitesimal. After
substituting from (21) and (22) in (25) and integrating over the coordinate space
we get

H = —62/ 68(81 — 32+""1 - Si’)
|81 — 8o

xaﬁla,,BL‘ B,lz,\’rlxrzA,-;/\,-;(1331(]332(1381(133’2. ' (31)

For a single photon emission the interaction term I’ of I in (27) makes the first
order contribution to the matrix element

H' = ip - A(z). (32)

3.1. Probability for antihydrogen formation in the intermediale stale

Matrix element of Ify between |¢y) and |¢) is obtained on using (14), (15)
and (31) '

My = (Y |I| ;)

. 53 — 89 ! {)
=/ g1 (a2 - B)gi(ay - 1) |+| %)
1 —.82

x(0 laq, Bi,al a,, B;,1 B.I; al, B,T. l 0) H dq; 0% d%s;d %), (33)

i=1,2

» *
X ra X A r.i,'\r’

1
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Vacuum expectation value of the field operators gives product of Dirac é-functions.
Integrating out the é-functions we get

83 b -
M, =/9;(Q2) lQ)!Ii((l], 'l) (qglq s I:.: ll) qleh’\la’\h H d ’lxdsl (34)
27 i=1,2

Looking at Egs. (16) and (17) the wave function in momentum space with associ-
ated Pauli spinor can be writtien as [9]:

gi(ay, h)Xg M, = / ¢i(z1,z2) exp (iqy - 21 +ily - 22) A2y &2, (35)

Changing the integration variables into centre of mass and relative coordinates
and neglected the mass ratio between positron and antiproton we get

gi(a1, h) = dc(@)xy, AL 6% (a + = 1), (36)

where p, is the centre of mass momentum. ¢c(q,) is the Coulomb distorted plane
wave of the incident positron in momentum space. Similarly

91(42, &) = Sni(42)X5,M,6% (02 + b — Qy), (37)

Qy is the centre of mass momentum of the intermediate system and @,i(¢,) is the
nl-state bound positron wave function in momentum space. Substituting (36) and
(37) in (34) we get after integration over I; and Ia

M, = —6263(]) Q, )/¢nl(q’)¢qci;ll) (] d

Using Beth integral we get
= —e28%(p, — Q)) / —'p"’(’)r o) gs,. . (38)

Fe(r) is the Coulomb distorted plane wave for incident positron and ¥,;(r) is the
nl-state bound wave function ol positron in antihydrogen.

3.2. Radiative decay of anlihydrogen from nl-slale to 1s ground stale

H'in (27) connects these states in the first order contribution to the radiative
decay. The decay amplitude M2 on using (32) and (28) becomes

My = (e alin) = —(delp- A(2)lvn)

e 2nhe
~ me Ruwy,

1/2
) Ci(¥r|p - wrs exp(—ik' - z)|¢r). (39)

Since the wave length of the emitted photon is larger than atomic dimension one
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Fig. 2. Vector diagram showing the polarization and momentum directions.

can use dipole approximation. To sum over polarization we choose u;; and uy; as
in Fig. 2 and obtain
Z (¥e)p - upro exp(—ik - @)|91) = (Ye|pexp(—ik - z)|11) sind
o=1,2
= (¢r]pler) sin 0 [Dipole approximation]

mdzx

= (¥r|+— N —|¥1)sin0 = ( nn) (¢¢|e Hop — Hopz|thr) sin 0
- ( lm) (Bt — Er) (¢x|z|tr) sin 0

m

= (_T> (€n1 — €15) (e |2 |91} sin 0, (40)
where Hop = Hg+V is the unperturbed Hamiltonian operator for positron bound
to antiproton in the intermediate and the final state of the antihydrogen. Substi-

tuting (40), (15) and (19) in (39) and taking the vacuum expcctation value for the
product of field operators, and integrating over the momentum space

My = ﬂc(hwk)/¢,,,(7)7¢v1,(1)sm0 dr (41)
where
2 9y 1/2
hwr =€nn—€, and C = = (27rhc ) ’
me \ wg

€n1 and €1, are respectively the positron energy in nl and 1s bound states. The
decay rate for radiative transition from nl state to 1s state is given by

- 27 a3k
Taima1s = - 0(Ei ~ Ef)|Mz|zw- (42)
3.3. Radiative recombination probability
From (30) the radiative recombination probability Mg is given by
|Ma| = [My||Ma]/|E; — Ep +in). _ (43)
The radiative recombination cross-section for the process becomes
m 43k d3p/
S E 2
=7 [ B o 4o
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4 and p’ are the rclative momenta of the interacting systems belore and after
interaction. Using (13) and (42) in (44), the cross-scction becomes

-1 m d3p'  |M)?

o= —_— e ———————— | 5
Tni—1s {hip| (27)3 |E; — E;)? (15)
Substituting (38) for M,
-1 m &’ B (p.—- Q)
o= nl—-la li 3 A = 12 |In1|~-
1hp] 27)® | E; — B2
Integrating out the momentum é-function
et m I,
5= rmd L] (46)

Tni—~12[92)3 \lip| 1B — EA]?
where

I _/%1(1)1‘(; )d'i

4. Results and discussions

The cross-section for TSRR to the 2p intermediate state which decays to the
1s state with the emission of Lyman photon, is calculated. From (46)

4

T"pl—ls ¢ |a2p () Fe(r) 439 . (47)
T \E; - k| (27)° Ihp ||
Pap(r) is the 2p orbital wave function of the antihydrogen. At low relative velocity
the eflect of distortion on the planc wave of incident positron in the Coulomb field
of the antiproton is obtained by taking

Fo(r) = (2wl exp(ip - ), (48)
where f(¢) = (27]¢]) is the Sommetfeld lactor [11] and ,
_e*m
= 49
g=-50. | (19)
Since

Yap(r) = Nrexp(—r/2a) cos 0,

the integral Isp in (47) becomes

= / ﬂLl)lr_C(_)d = (2r|€]) (= 4mi) N F (p), (50)
where a is the Bohr radius, the normalization factor

1/2
v=(2) L
wad Sa

F(p) = {mﬂp (1 + 4—1—) 2] - (51)

and
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The required radiative recombination cross-section (47) becomes
L F*p)

= M 52
E; |\ By - 152 (52)
where
L et 1
=1672N%— : 53
E. (2 )5 Tvp—>ls Illpl I(C) ( )
The energy Ej in the intermediate state is now given by
E[ El + C')P
and
|Ei - Ej| = eap. (54)
The TSRR cross-scction with 2p as the intermediate state finally becomes
L F(p)*
o= ==, 55
I c.,p (55)

Using absolute units

E;=16x 10712 crgs,  Top—1s = 1.6 x 107°
and #; the kinetic energy in eV of incident positron relative to antiproton, we
compute the cross-scction o (Table). The two special cases to see dependence of o

on energy E; are considered below.
Casec I

1 .
In| <« 55 ie. i €2p- ' (56)

Using this condition we get from (51)
')

F(p) = —
(») = | m
and the cross-scction (5‘2) becomes
32“4Lh :

—_— 4
me3, E-" (57)

When the relative collision encrgy F; is low compared to 2p-state orbital energy
€2p, the TSRR cross-section varies as [ 2,

Casc II
Ip| > —212, ie. B> cp. ' (58)
Condition (58) leads to
F(p) = (2a%p°) ™"
and
pu b L (BN L |
€3, 4a (Qm) ES’ (59)

When the relative collision energy E; is high compared to ¢ap the TSRR cross-sec-
tion varies as E- ~6
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TABLE
Radiative recombination cross-section o for the formation of anti-
hydrogen in the ground state in unit of 10=20 cm?, due to collision
between cold positron and antiproton. E; is the encrgy in Ryd-
berg of positron in antiproton rest frame. orspy is the present re-
sult for the two-step radiative recombination cross-sections. ospr
is the result from Ref. [7] for spontancous photorecombination
cross-sections.

E; (in Rydberg) | 51 1-3 3-3 5-3 7-3 | 1-2
OTSRR 3.97% [ 1.003% | 1.06% | 3.681 | 1.8' | 8.4
OSPR 3! 1.8! 5! 3 1 1.8

E; (in Rydberg) | 22 4-2 52 1-1 125-1| 5-1
OTSRR 1.79 [ 3.286-1 | 1.82-1 1 2.35"2 | 8.4-5% [ 3.9~5
TSPR 9=t | 47t | 37! | 1671 | 672 | 272

Superscripts are powers of ten.

In a merged beam experiment the relative velocity of collision (56) should
be kept well below (2ma)~! to have a good antihydrogen formation rate. Table
provides a basis for the comparative study of the contributions by TSRR and
SPR mechanisms towards antihydrogen formation. The SPR cross-section varies
as E [7], where as in the low cnergy limit the TSRR cross-section varies as
E%. Hence the TSRR cross-scction is larger than the SPR cross-section in the
low energy collision region. From Table, the antihydrogen formation cross sections
for collision encrgy below 0.002 Rydberg are two orders of magnitude larger by
TSRR mechanism as compared to that by the SPR mechanisms. Around 0.04
Rydberg, contributions from the both mechanisms arc almost of the same order of
magnitude, with the SPR cross-sections remaining slightly higher than the TSRR
cross-sections. With the increase in the collision energy above 0.1 Rydberg SPR
cross-section dominates the radiative recombination process over TSRR cross-sec-
tion. Near 0.25 Rydberg which is the 2p state binding energy, the TSRR cross-sec-
tion is three orders of magnitude smaller than SPR cross-section.

5. Conclusion

An experiment for cooling of antiproton and positron to form T in a merged
beam technique is still in its carly stage [12]. The theoretical prediction on radiative
recombination is available [6, 7] assuming the process to be SPR one. The present
work brings out the importance of TSRR on the cold antihydrogen formation rate.
The present result may be helpful for the ongoing experiment on antihydrogen
formation. The result is also true for the TSRR cross-section for the formation
of hydrogen atom with cold clectron and proton in a merged beam. This work
provides an additional contribution to the formation rate over the SPR mechanism.
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