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Ensemble averages (cosnd(t)) (n = 1,2,3,4) are calculated for the
two-dimensional Smoluchowski-Debye rotational diffusion model in the pres-
ence of a DC reorienting electric field. The time dependence of {cos nd(t)) is
plotted for the special cases of (i) dipolar nonpolarizable molecules (p # 0),
and (ii) nondipolar anisotropically polarizable molecules (p = 0) and rect-
angular reorienting pulses.

PACS numbers: 77.40.+i1

1. Introduction

The theory of rotational diffusion of molecules essentially hinges on the cal-
culation of statistical averages describing the time-dependence of the reorientation
of molecules in a medium acted on by external fields. For molecules of appropri-
ately high symmetry, their rotational diffusion in a liquid medium is described by
ensemble averages of the form '

(Pn(9,1)) = (cos nd(t)), n=12,...
dependent only on the polar angle J(t) subtended by the symmetry axis of the
molecule and the direction of the external reorienting field. These averages play
an important role in effects of dielectric dipolar relaxation (n = 1), in Kerr’s
effect, consisting in the induction of optical birefringence in naturally isotropic
media under the action of an external electric field (n = 2,4) as well as in many
phenomena of nonlinear molecular optics [1-4].

*This work was performed within the framework of project PB 2 0130 9101 of the Committee
for Scientific Research.
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Recently, Coffey et al. [5-7], starting from the stochastic Langevin equation

- for two-dimensional rotational diffusion (the molecule can reorient in one plane

only!) have derived analytical expressions for the averages ($1(9,1)), (®2(9,t))

in the presence of DC as well as cosine electric ficlds. They also have proposed

solutions of the more general Fokker—Planck-Kramers equation for an ensemble

of noninteracting molecules at planar rotation, taking into account the moment of
inertia of the molecule.

Their method has been applied by Déjardin and Debiais [8, 9] to the descrip-
tion of changes in the refractive index of a liquid, acted on by the superposition
of a DC and an AC electric ficld. This permitted the plotting of Cole-Cole dia-
grams for the real and imaginary parts of the birefringence at the frequencies w
and 2w and has corroborated the importance of inertial effects in the range of high
frequency electric fields.

In the present work we describe a procedure giving the evolution in time of
the nonlinear functions (n > 2) of two-dimensional rotation for arbitrary shapes
of the reorienting electric pulses and quite general shapes of the external potential
(Eq. (2).

However, our procedure does not take inertial effects into account. It nonethe-
less provides a consistent description of experimental studies of nonlinear molec-
ular optical effects performed with the use of laser pulse techniques.

We moreover present graphs of two-dimensional rotation under the action
of rectangular reorienting pulses.

2. Theory

We consider a statistical ensemble of molecules of a liquid with permanent
dipole moments g and linear electric polarizability anisotropy Ao = o33 — a1
Tor the sake of simplicity, we shall neglect electrostatic interactions between the
molecules.

Their rotational diffusion resulting from Brownian motion and the action of
an external time-dependent reorienting torque N(9,t) is described by a stochastic
Langevin equation. In the particular case of Brownian rotation in one plane only,
described in terms of the polar angle ¥(t) (we then deal with planar rotators), the
Langevin equation takes the form [5-7]:

Id + 189 = N(9,1) + A1) 8

with J — the angular acceleration, J — the angular velocity, and I — the moment
of inertia of a molecule. By I = (¥ we denote the frictional torque acting on
the molecule in the liquid. In addition to the external torque N (¢, t) the molecule
experiences the action of “white noise” with A(t) being a random torque resulting
from stochastic collisions with other molecules.

We write the change in potential energy V(9,1) of the molecule due to the
action of the external reorienting field in the form of the sum

M
V(@d,t) = - Z Vin(t) cos md, m=12..,M, (2)
m=1
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where J(1) is the polar angle between the symmetry axis of the molecule and the
ﬁeld.. Tl}e shape of the coefficients V(t) depends on how we choosc to specify the
reorienting field. The molecule is thus acted on by the external torque
v, ) A .
N(9,t) = g = Zl mV,, (L) sin md. : 3)
m=

Essentially, it is our aim to calculate the statistical averages of the reorien-

tational functions

(Pn) = (Dn(V, 1)) = (cosnI(1)), (4)
which describe the role of {wo-dimensional rotational molecular diffusion in phe-
nomena of molecular optics making use of Eq. (1) and the general expression 3)
for the torque. Into Eq. (1) we insert Eq. (3) and the time-derivatives of 9:

o, - &, + n2P, 0?2
wAse VT T — ®)
On averaging both terms of (1) we obtain

I(@,) + In*(@,92) + I8(dy)

M
=— Z m(Vm (¢) sin md sin nd) — (A(l) sin nd). (6)

m=1

J=

It is customary, on grounds of the stochastic properties of white noise, to assume
that

(A(t) sinnv) = 0. ()
Equation (6) simplifies considerably on neglecting the influence of the moment of

inertia on the dynamics of the molecule. This amounts to neglecting the second
time-derivative

(6a) =0 | (8)

and to assuming the angular velocity ¥ and the average (Pn(t)) as mutually inde-
pendent statistically

I{92®,) = [(9>)(D,) = kT(D,), , (9)
where k is Boltzmann’s constant, and T is the absolute temperature of the liquid.
The assumptions (8), (9) mean that we consider times ¢ 3> I/{ sufliciently long for
the molecules to have attained the steady state given by the Maxwellian velocity
distribution.

With the assumptions (8), (9) inserted in (6) and after some simple trigonom-
etry, the following set of diffcrential-difference cquations is obtained for the non-
linear and noninertial response of the ensemble of dipolar, polarizable and nonin-
teracting molecules:

M

() + L @) = 3 220 (2,0 - @) =01 (10

m=1
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One notes that the averages (&) are recurrentially related by lincar dif-
ferential equations, involving rotational relaxation times of the two-dimensional
rotator 7,:

1B
= —= = 11
n2kT’ n=12 (11)

The relaxation times 7, should not be confounded with the well known relaxation
times (®P) 7, of three-dimensional rotational diffusion [1, 4]:

I (3D) 7y
@D)r, = = . 12
T n(n+ DET  n(n+1) (12)

The formal solution of the set of equations (10) on imposition of the initial
condition (@, (t = 0)) = (P,)o takes the form

(Pn(t)) = (gbn)Oe—t/T"

n e [t
+§T—1 Z A q,,,(u)e—(t—u)/n((@"_n(u» — (Prmgn (v)))du, (13)

where we have introduced the dimensionless m-th reorientational parameter of the
molecule

m(t) = mV (t) (14)

The solution (13) is useful if gn(t) < 1, a condition very well fulfilled in
experiments on molecular optics when the averages (®,(t)) are easily obtainable
for arbitrary n and a given potential (2), with arbitrary accuracy, by the Piccard
method of successive approximations. The formula (13) tells us how the time
evolution of the external potential V'(¢) aflects the time evolution of the averages
(Pn(t)). In what follows we shall perform calculations of the {$,(t)) for molecules
in a DC electric reorienting ficld.

The calculation of the averages (#,(t)) from Egs. (6) with the assump-
tions (8), (9) is equivalent to the search for the orientation probability function of
two-dimensional rotation f(¥,¢) in the form of an expansion

J(0,6) =) an(t)e=? (15)

n=0

having recourse to the Smoluchowski equation of two-dimensional rotational dif-
fusion

01(9,1) _ TT— [*” 0.0 _ N0y, t)] (16)

ot av

Equation (16) was first used by Debye in his classical theory of dielectric dipolar
relaxation [1, 10].
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3. The relaxation functions of two-dimensional rotational
diffusion of molecules in an clectric field

3.1. The general case

If the molecule is in a reorienting electric field E(t) = Eg(t), the torque (3)
is simply

N(9,t) = —pEg(t)sind — AaE?g(t)?sin20 — . .. (17)
For the torque (17), the countcrpart of Egs. (10) takes the form

(Ba) + (@) + 3260 [ass) ~ (B0-)]

5 g%(8) [(@ns2) — (Ba_)] = 0, (18)

where we have introduced the classical Langevin—Benoit parameters of molecular
reorientation [11]:
_KE _ AaE?
T (19)
A formal solution of the set of Eqgs (18) has the form

(@0() = (@)oe™"™ + 5 [ eI (1) [@-1() - (@ria(w)]
10 (0) [(@a-2(u)) = @nsa(w))]}du. (20)

On neglecting the anisotropy of polarizability of the molecules (¢ = 0) in (18) and
on assuming the unit step function g(¢) for the electric pulse, the above equations
become identical with the equation (B7) of Coffey’s paper [5], whereas for q # 0
and the step function they become equivalent to the equations (9.21) of the paper
by Watanabe and Morita [2].

It is our aim to calculate the averages (@, (¢)) with an accuracy to the fourth
power of the field strength E4 of the pulse on the assumption of p 3> 1, ¢ > 1.
From (18) we get the set

<¢1>+—1—[1——qg ] 02) + B (@@2) - 1)+ L2 =,

() + @) + 22 (2g) — (o)) + 120 (@) - 1) =0,

T2

(o) + 2 (05) + 2220 (10 — (@) + 20 (10 - (o) =

. 1 2pg(t 2qp=(t
60+ 2@+ 220 (o) — @) + 220D (o) - @) =0, 2)
where we have used the relations (o) = 1, ((15_1) = (Py).
We now proceed to consider two particular cases, namely: dipolar but non-

polarizable molecules (1 # 0, Aa = 0); and nondipolar but anisotropically polar-
izable ones (p = 0, Aa # 0).
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3.2. A particular case: dipolar (p # 0) nonpolarizable (¢ = 0) molecules
Equations (21) now take the form

(1) + 2@1) + 2 (@) 1) =0,

(G2) + (@) + ”—”(‘—’ (@)~ (22)) =0,

() + (0} + 2220 (@) - (@) =0,

(o) + (@) + 22 (@24) — (23)) = 0.

(22)

If no field was acting at the moment of time ¢ = 0, that is if g(0) = 0, the initial

condition for the set (22) rcads
(Po(0)) =1,  (@a(0)) =0,

and the solution of (22) is, with an accuracy to terms O(p?), of the form

i
(@1(0)) = 51;_1/0 e~ =0/m () du

ps i u
~ 2 [ emtmwimgy) / o= @=m)/ i g (y;)
0 0

41y

X / e_(“l"“2)/"‘g(uz)dugduldu,
0

2 t u
(@2(1)) = 2£'2"/ e'('_“)/”g(u)/ e~ =)/ gy ) duy du
i Jo 0
pt [t o, u .
_E{ i e—(t—u)/rzy(u)/ e—(u—ul)/ng(ul)
0 .
uy Uz
X/ e—(u1—u2)/‘r2g(u2)/ e_(“z'“a)/”g(u3)duadu2du1du
0 0
_ﬁl_ te“(t—")/"'z (U) ue—(u—ul)/—rs ( )
47'{l 0 g 0 . glu
ui Uz
X / e‘(u;—u:)/'rzg(ug)/ e—(uz_ua)/n!](u:})dusduzduldu,
0 0
3 .3 i u
(@3(&)) = % A e—(t—u)/rsg(u)/o e—(u—u;)/rgg(ul)
Uy
X / e~ (W1=42)/ T g4y ) dugduy du,
0
3p4 t u
(Pa(8)) = ﬁ/o e“(t‘“)/”g(u)/o e'(""“’)/“g(ul)

U1 Uy
x-/o e_(“l"”)/”g(ug)/ e"(“2““3)/"‘g(u;;)dugdu.gduldu.
0

(23)

(24)
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Th‘e simplest case of an clectric pulse is that of the DC electric reorienting
field, switched on jumpwise at ¢ = 0:

0 for t<0
)y=u(t) = ’
o(t) = u(t) {1 for (>0, (25)
where u(t) is the unit step or Icaviside function.

With (24), the two-dimensional rotation relaxational functions are obtained
in the form

{Po(t)) = 1,
1 4

1 1
¢ - _ — —t/Tl I 3 P —'t/
(P1(t)) = gp(1 —e7H™) — 2p (4 ge

7 t ;
+ 3—6e_t/T2 + Ee_t/n> + O(po)a
@a(0) = g7 (1= e~/ + 3707
L1 1 gy 2081 L 1T g0 o
s? [12 6° 7000 1500 T°
7 73t _ 1 /t)?
—~2—76 TtfTy _ m?ze t/rz+_2_‘_1_ (7-_2) e—f/'rz ..|.O(1)6),
1a(1 1 _g 1 _p 13 _,.
@a(0) = 327 (5 + 3707 et = 12em/m) +0G),
1,/1 1 13
Da(t)) = =p? [ — — —e=t/T _ 2ot/
(@a(t)) = 3» (192 2° 80°
1 1123 _,,.
+ 35¢ s T798° t ‘) + 0(»%). (26)

When the rectangular pulse is switched on at ¢ = 0, the functions (®,(t))
(for n = 1,2, 3,4) grow from their initial state value ($,(0)) to their steady state
values (@, (s.s)) (for ¢ > ), respectively

(P1(s.s.)) = %p <1 - %IP) + 0(p®),

(Pa(s.s.)) = -;—pz (1 - 1—12-172> + O(p°%),

(@a(s:5) = 75°+ O4°),
(@a(s5) = 570" + O0). | (27)

The rise in time of the functions (26) is plotted in Fig. 1.

We see that the time dependence of the ensemble averages (D,(t)) differ
for different n. The functions (P,(¢)) describing the linear rotational relaxation
increase, and are always posi!ive; they are dominated by the exponential growth of
1—exp(t/71). A similar result has been reported recently by Cisto and Dudek [13].
The functions (@2(¢)) undergo a change in sign for short times and then grow
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Fig. 1. Time dependence of the ensemble averages (Pr(t)) (n = 1,2,3,4) given by
Eq. (26), for dipolar nonpolarizable molecules, at different values of the reorientation
parameter p = pE/kT. ’

exponentially. The functions ($3(t)) grow steeply and, on traversing a maxinium,
decrease to a value of (®3(s.s.)), whereas the (P4(t)), after passing through minimal
short-time values, increase to (P4(s.s.)) by way of negative values.

The functions (pn,(t)) describing the decay of two-dimensional rotational
diffusion when the pulse g(t) is switched off jumpwise at the moment of time
To > 0 is obtained on insertion of g(t > Tp) = 0 into Egs. (18). Then

($n) + () =0, - (28)

and obviously the decay functions are

(n(t > T)) = (pn(To))e ™. (29)

Each of the n-th two-dimensional rotation functions decreases exponentially in
accordance with the n-th relaxation time.

3.3. Another particular case: nondipolar (p =0)
anisolropically polarizable (¢ # 0) molecules

In the case of a statistical ensemble of nondipolar though anisotropically
polarizable molecules, the functions (®,(t)) are mutually related as follows (see

Eq. (20)):
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(@n(t)) = (Br)oe™/™

g [ eI 0 [(Bmaw)) ~ (@ a(u)) du. (30)

‘ Obviously they fall into two mutually independent sets of recurrential equa-
tions, the one for even n and the other for odd n. If, at { = 0, the pulse is still
absent, the condition (23) gives

(21(0)) = ($,(0)) =0  forn #0. (31)
Thus for all odd values of n we have
(Pn(t)) =0, n odd! (32) -

wlereas for even n we get
. 1 g2l
(@2) + = @2) + L (qa) 1) =,
T2 Gt

G0+ (@) + 2L (o) — o) =,
1

o)+ @0y + 2L (o) - oy =0. (33)

From (33) with the initial condition ($o(0)) = 1, within an accuracy to terms
proportional to ¢%, we obtain the following solutions:

(@a(0)) = 7a(1 - /")

+iq3 (l _ le_t/-rz _ ie—‘t/Tq _ ;Tze"t/"?) + O(q5)1

16 8§ 9 72
= _1. 2 l_l t/72 1 —t/7a 1 4 (1 1 —t)72 _ 241 iy,
(21l = 3o (4 39t 1p° t 159! \g T 72° 1800°
—_ 1 —~t/7e t —-i/T2 _ Tl —t/74 6
200° 3 1207 +0(¢°),
(@G(t)) = ._1_q3 _1_ - le—t/rz + _l_e—t/r., _ le—"/"'s + O(qs) (34)
1287 \37 2 5 30 ’

whence the “nondipolar” two-dimensional rotational diffusion {unctions are seen to
rise from initial values equal to ($,(0)) = 0 to the steady state values (for ¢ > 71):

(By(s.5.)) = %q (1 + iq?) +0(°),

32
(Pa(ss.)) = %912 (1 + %f) +0(¢®),
(Po(ss.)) = -:;—ézf +0(¢°), . ()

in accordance with the even rclaxation times 72, 74 and 7. Equations (34) in-
volve exponential terms, as well as nonexponential terms in ¢exp(—t/72) and
texp(—t/74). The rise curves of the functions (34) are plotted in Fig. 2 for the
reorientational parameter values ¢=0.1, 0.2, 0.3, 0.4 and 0.5.
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Fig. 2. Time dependence of the ensemble averages (Pn(t)) (n = 2,4,6) given by
Eq. (34), for nondipolar anisotropically polarizable molecules, at different values of the
reorientation parameter ¢ = AaE?/2kT.

Figure 2 shows that all the ensemble averages for nondipolar anisotropically
polarizable molecules exhibit a qualitatively similar behaviour, though (®4(t)) and
(P6(t)) initially deviate from exponentiality.

Note added in proof

Recently, Cisto and Dudek [13] have proposed a general method for the de-
scription of the diffusional time dependence of the ensemble averages
(cos [3onpdi(t)]) (K = 1,..., N) of N rotators — interacting nonpolarizable
dipolar molecules — subjected to a DC or cosine electric field. Applying the
TFokker-Planck-Kramers equation, they obtained sets of recurrential equations for
the ensemble averages for two rotators (cos[ni9;(t) + na95(t)]) and for a single
(Pn(t)) = (cosnd(t)). The last set, Eq. (9) in Ref. {13], is identical with our (10)
provided that the potential (2) is given by V(t) = —Vi(t) cos ¥.

Cisto and Dudek have solved the set analytically for the ensemble averages
(P1(t)) with accuracy up to O(E!!); their solution is in good agreement with their
computer simulation, and the shape of their ensemble average corresponds to that
of our (®;(t)) plot given by Eq. (26).

It should be noted that the two-dimensional Smoluchowski rotational diffu-
sion equation has been used recently by Cofley et al. [14] to find exact analytic
formulae for the correlation times for single domain ferromagnetic particles under
the influence of an internal uniaxial anisotropy potential and an external steady
magnetic field [14].
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