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The quantum-defect-orbital method has been reformulated in order to
include both relativistic effects and the electron correlation described by a
core polarization potential. All quantities appearing in this formulation may
be evaluated analytically. A comparison with experimental results demon-
strates, on one hand, significance of the relativity-correlation corrections
and, on the other, inadequacy of the relativistic quantum-defect-orbital ap-
proach when indirect relativistic effects are important, i.e. when atoms con-
tain closed shells of d electrons.
PACS numbers: 32.70.Cs, 32.90.-1-a

1. Introduction .

The quantum-defect-orbital (QDO) method has been formulated by Simons
and Martin [1]. The method provides analytical atomic valence, Rydberg, and
continuum orbitals from spectral data. The orbitals are exact eigenfunctions of an
eigenvalue equation of a model Hamiltonian. Recently the same method has been
derived using a supersymmetry-based approach [2]. A relativistic generalization of
the QDO method has also been given [3].

The quantum defect orbitals (QDOs) may be expressed in terms of the con-
fluent hypergeometric (Kummer) function. Therefore expectation values of many
operators and transition integrals involving the dipole or velocity transition op-
erators may be expressed analytically in both relativistic and nonrelativistic for-
mulations of the method. However, introducing a correction which accounts for
polarization of the atomic core leads to transition integrals which cannot be ex-
pressed analytically [4]. The core polarization effects are in some cases quite sig-
nificant. Also the analytic nature of the method is its important advantage. In
the present paper an approach which includes the effects of core polarization in
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a way which allows one to express all the quantities analytically has been de-
veloped. The approach has been applied to both nonrelativistic and relativistic
QDO method and illustrated on several examples. A comparison with experimen-
tal data demonstrates significance of simultaneous inclusion of the relativistic and
core polarization effects.

Another goal of the present study is to check to what an extent the relativis-
tic QDO method may adequately describe relativistic effects in atoms containing
closed shells of d electrons. As it is well known [5], relativistic corrections to the
energies and wave functions of the external electrons in atoms containing less than
about 30 electrons are mainly due to their own motion (direct relativistic effects).
In the case of atoms containing closed shells of d and f electrons, the relativistic
effects influence the external electrons also through the relativistic rearrangement
of the atomic core (indirect relativistic effects). The indirect effects are dominant in
atoms of low ionization degree (particularly in the neutral ones). The relativistic
QDO method, in its present formulation, is capable to describe the direct rela-
tivistic effects only. Therefore the accuracy of the results should deteriorate when
the indirect effects become important. This expectation has been confirmed by
calculations performed for neutral Rb and Cs atoms.

2. The method

The quantum defect orbitals QD are the square-integrable solutions of a
radial equation of the hydrogenic type

where ζ, Λ, and ε are constants determined by the quantum numbers n and l ,
k = j±1/2, the nuclear charge Z, the number of electrons N, and the experimental
energy E(n, l) or E(n, l, j), depending on whether the fine structure splitting is
taken into account or not. The nonrelativistic QDO equation differs from the
relativistic one by the choice of the constants only [3].

In the nonrelativistic approach

The quantum defect δ is obtained from the following equation:

and cis an integer constant chosen so that the radial functions are square integrable
and possess the correct number of nodes.

In the relativistic approach
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where a is the fine structure constant and

is the "relativistic principal quantum number". The quantum defect is derived
from

and c is determined in the same way as in the nonrelativistic case.
The normalized solutions of Eq. (1) may be expressed in terms of the con-

fluent hypergeometric (Kummer) functions

where

is the Pochhammer symbol. The explicit expression is given by the following equa-
tion:

where

and

is the normalization factor.
Transition probabilities between two states |i) and |f),  where iandfstand

for the appropriate sets of the relevant quantum numbers, are determined by the
transition moment integrals

If the transition operator Q(r) corresponds to a multipole transition, it is expressed
in terms of powers of the electron coordinates. If the velocity- or acceleration-like
forms of the operator are used, then derivatives with respect to the electron coordi-
nates appear. In all these cases the transition moment integrals may be expressed
analytically. Introducing to the theory corrections which take into account the
polarization of the atomic core by the optical electron, results in more compli-
cated forms of the transition operator. For example, the dipole transition operator
becomes [ .4, 6]
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where a is the dipole polarizability of the core and η(r, rc) is a cut-off function
with rc being a cut-off radius determined empirically. Recently the cut-off function
originally proposed by Norcross [7]

has been successfully used within the QDO approach [4]. However the resulting
integrals are not expressible analytically. Therefore we selected another form of
this function [8]:

Then, the resulting transition operator, for both r --> 0 and r —> oo, retains the
same asymptotic properties as η(r, rc) 1 , but the transition integral Rif remains
analytical.

3. Results and discussion

The oscillator strengths have been calculated for the sodium isoelectronic
series, and for potassium, rubidium and cesium atoms. Only those cases for which
experimental data are available have been considered. The results derived from
the nonrelativistic/relativistic formulation are identified as QDO/RQDO. Three
different forms of the transition operator (18) have been used: the one with η = 0
(no core polarization effects), the one with η = η1 (numerical integration in the
transition moment integral is necessary), and the one with η = η2 (analytical
expressions for the transition moments). The resulting oscillator strength values
have been identified as QDO0/RQDO0, QDO1/RQDO1 and QDO2/RQDO2, re-
spectively.

The dipole polarizability of the core for Z—N > 5 have been calculated using
the Thomas—Fermi model [9]. This approach is valid for highly ionized atoms only.
Therefore for Z — N < 5 the values of a have been taken from the Hartree—Fock
tabulation by Fraga et al. [10].

The cut-off radius is usually selected in an empirical way. In Ref. [11] it was
taken as twice the expectation value of r calculated for the outermost orbital.
In Ref. [4] it has been optimized for each atom. Other authors took different
values for different transitions [12]. The dependence of the oscillator strengths
of 4s —> 5p transitions in potassium on rcis shown in Fig. 1. Results obtained
using two different cut-off functions are here compared. Both curves are nearly
parallel. Therefore one can get the same effect with any of the two functions
taking different values of rc . The oscillator strength values for 5s --f np (n = 6, 7),
transitions in rubidium are plotted versus r c in Fig. 2. The cut-off function n2 has
been used. As one can see, the results rather strongly depend on r c . The optimum
value of rc may be correlated with the atomic core radius defined as either the
expectation value of r for the outermost core orbital or as the location of the
last maximum of this orbital. In order to retain simplicity of the method and to
avoid its excessive flexibility by introducing arbitrary parameters, we have taken
rc = 2rcore . The radius of the atomic core, rcore, according to Fraga et al. [10],
has been defined as the position of the last maximum of the Hartree—Fock core
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Fig. 1. RQDO oscillator strengths f for 4s —> 5p transitions in potassium calculated
with cut-off functions η1 (broken line) and η2 (solid line) plotted versus r c . The dotted
line corresponds to the experimental value.

Fig. 2. Oscillator strengths f for 5s —> 6p (A) and 5s —> 7p (B) transitions in rubidium
plotted versus r, Symbols O and Δ represent, respectively, transitions to 2P112 and
to 2P3 /2 . In each case the results obtained with the core polarization neglected (broken
line) and the core polarization included using the cut-off function η2 (solid line) are
compared with the experimental value (dotted line).

orbitals. The corresponding values of the cut-off radii, indicated in the figures,
reasonably well correlate with the optimum empirical values.

In Table I oscillator strengths for several transitions in sodium isoelectronic
series atoms are displayed. In Table II the oscillator strengths for some transitions
in potassium are shown. As one can see, introducing the core polarization operator
leads, in general, to better agreement with experiment. Also differences between
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TABLE I
Oscillator strengths for the transitions from 3p2P3/2 to 3d2D5/2 (first entry),
from 3p2P3/2 to 3d2D3/2 (second entry) and from 3p2P½ to 3d2D3/2 (third
entry) in sodium isoelectronic series atoms. All quantities are multiplied by 10 3 .

TABLE II
Oscillator strengths for the transitions from 4s 2S to np 2P (n =
5, 6, 7) in potassium. All quantities are multiplied by 10 3 .

aCritical compilation [14].
RQDO1 and RQDO2 oscillator strengths are not very significant. Therefore we
conclude that using the cut-off function, which allows for analytical integration
(Eq. (20)), is more appropriate.

The influence of the core polarization on the oscillator strengths along an iso-
electronic series in RQDO and QDO approaches is illustrated in Fig. 3. Transitions
in the sodium isoelectronic series atoms have been taken in this example.
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TABLE III
Oscillator strenghts for the transitions from the ground states
(2S112) of Cs and Rb atoms to np 2P1/2 (first entry) and np 2P3/2
(second entry). The cut-off radii are chosen to be 3.75 a.u. for Rb
and 4.75 a.u. for Cs.

a The oscillator strengths for the same transition have been mul-
tiplied by the power of 10 given in the corresponding entry.

However the general behaviour in other cases is similar:
—the core polarization effects reduce the oscillator strength values;
—for large values of Z the core polarization and the relativistic effects are
non-additive.

Fig. 3. The influence of the core polarization and the relativistic effects on the oscillator
strengths of 3s 2S1/2 —> 3p 2P3/2 (A) and 3p 2P3/2 —> 3d 2D5/2 (B) transitions in sodium
isoelectronic series atoms. The curves represent differences Δ between the oscillator
strength values calculated with core polarization effects neglected and included. The
solid lines correspond to the relativistic and the broken ones to the nonrelativistic values.
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The oscillator strengths for ns --f n'p transitions in Rb and Cs atoms are
shown in Table III. As one should expect, the core polarization effects are here
very large (cf. Figs. 1 and 2). However relativistic effects are described incorrectly
in these cases. Only the very small direct relativistic effects resulting from the
interaction between the singly charged atomic core and the optical electron are
taken into account. Therefore the calculated intensity ratios of 2S½ —> 2P3/2 and

2S½ —> 2P½ transitions remain close to 2, while the experimental ones range
from 2 (as in 5s --> 5p transition in Rb) to 4 (as in 6s --> 7p transition in Cs). This
inadequacy of the description shows limits of applicability of the QDO theory.
These limits may be extended only by allowing the indirect relativistic effects to
influence the wave function of the optical electron.
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