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In carlier work universal propagatois were introduced for the Heisenberg
-Weyl group, the affine group, and the rotation group. By generalizing these
constructions we show here that it is possible to introduce a universal propa-
gator for a rather general unitary Lie group. In the context of coherent-state
representations, the universal propagator is a single function independent
of any particular choice of fiducial vector, which nonetheless, propagates all
coherent state Hilbert space representatives correctly.

PACS numbers: 02.20.Qs, 03.65.Ca

1. Introduction

A universal propagator has been constructed for the canonical coherent states
(see [1]), for the affine [or SU(1,1)] coherent states (see [2]), and for the spin
[or SU(2)] coherent states (see [3]). As a prelude to discussing the construction of
the universal propagator for general group-related coherent states, we first outline
its construction for the case of the canonical coherent states. Let P and ) denote an
irreducible pair of self-adjoint Heisenberg operators satisfying the CCR, [Q, P] = i,
where i = 1, then

7Pl = e~iaP irQp
defined for all pairs (p, q) € R?, denotes a family of normalized, overcomplete states
for a fixed, normalized fiducial vector 7. These states give rise to representation of
Hilbert space H by bounded functions,

¢7)(p) q) = (npqa ¢),
defined for all ¥ € H, which evidently depends on the choice of ;. If H denotes
the self-adjoint Hamiltonian for the quantum system under consideration, then
the abstract Schrédinger equation

8
lmi/)—'ﬂlb,
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and its formal solution in terms of the evolution operator U(t) = exp(—itH),
¢(tll,) — U(t” — tl)'l/)(t,),
are given in this representation by
2 (p,0,8) = (72, H(P, QD)

and
dp dq

¥n (", 4", ") = / K (p” L5 )Y (0 ¢ )
where

Ky (0", ", 1", ' ) = ("0, U = )P'?).
Clearly, K, depends on the choice of the fiducial vector 7. In contrast the universal

propagator K(p",¢",t";p', ¢, t') is a single function independent of any particular
fiducial vector, which, nevertheless, propagates ¥y correctly, ie.

. dp dq
Yo (0", ¢ ,t”)—/I&(p”,q 50 d (0 4 ) ——

for any choice of fiducial vector. This function is constructed in two steps, first one
observes that

(—1—) ¥a(p,q) = (07, PY),

(q +ig) nlp,0) = (4,Q)

hold independently of . Thus if H = H(P, Q) denotes the Hamiltonian it follows
that Schrodinger’s equation takes the form

i%’ﬁn(l),q,t) = ("1, H(P, Q)$(1)) -='H( ; g +ig— )1/)n(p,q,t)

valid for all 5. Since the universal propagator is also a solutlon to Schrodlnger s
equation we have that

.0, L .0 5] ,
lalﬁ(p,q,t,p,q,t)—ﬂ( r ,q+16 K(p,q,t;0',4,t'). (1)

One then interprets this resulting Schrédinger equation (1) as an equation for two
degrees of freedom. In this interpretation y; = ¢ and y; = p are viewed as two
“coordinates”, and one is looking at the irreducible Schrédinger representation of
a special class of two-variable Hamiltonians, ones where the classical Hamiltonian
is restricted to have the form H.(p1,y1 — p2).

Based on this interpretation a standard phase-space path integral solution
may be given for the universal propagator between sharp Schrodinger states. In
particular, it follows after some change of variables that the universal propagator
is given by the formal path integral

K@" ¢",t";p',¢,t')

" t”

= M / exp (i / 45 + ki — zp — H(k, 2)] dt) DpDgDkDz, )
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where “z” and “k” are “momenta” conjugate to the “coordinates” “p” and “¢”.

Despite the fact that the universal propagator has been constructed by in-
terpreting the appropriate Schrédinger equation (1) as an equation for two degrees -
of freedom, it is nonetheless true that the classical limit corresponds to a single
(canonical) degree of freedom (see [1]). This is a direct consequence of the restricted
form chosen for the quantum or classical Hamiltonian.

We will now show that it is possible to introduce an appropriate universal
propagator for group-related coherent states by generalizing the constructions for
canonical, affine, and spin coherent states.

2. Group-related coherent states and their propagators

2.1. Group-relaled coherent stales

Let us denote by X;,a = 1,..., N, the hermitian generators of an N-dimen-
sional Lie group G. The X, are elements of the associated Lie-algebra g, whose
commutation relations are given by

[Xaa Xb] = icabdXd’
wherein the summation convention has been adopted. From the structure constants
cap? we form the N(N x N) matrices

¢a = (—cap?).
These matrices provide the adjoint representation for the Lie-algebra g, (see [4]).
In the following we denote by V[{] a strongly continuous (faithful) unitary repre-
sentation of the Lie group G on an appropriate Hilbert space. Each element of the
representation is characterized by N-parameters, £™,m = 1,..., N. For definite-

ness we assume that the elements V{{] are given in canonical coordinates of the
first kind, i.e.,

V] = exp(—i™X,,). _
With each such representation we associate a left invariant one-form, the so-called
Maurer-Cartan form,

wTve + dg - VIG) = wn* (O)de™ X (3)
In addition, we introduce a second set of coefficients U.2(£), which are defined by
vigx.vig = U)X, (4)

From these coefficients a matrix U(f) = [Uab(f)] is formed, and an implicit char-
acterization of this matrix is given by (see [5])

U(£) = exp(cy£*).
For all £ and a fixed, normalized fiducial vector 7 € H we define the set of normal-
ized coherent states corresponding to a Lie group G as

n =V,
and we assume that these states give rise to a resolution of unity in the form,

Ig= /G n(n’, -)du(e),
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where du(£) denotes the left-invariant group measure given by

N
dp(€) = det(wm®) [T dé*.
k=1

Restricting attention to the so-called square integrable representations of G
(see [6, p. 39]), the existence of such a resolution of unity is a direct consequence
of Schur’s Lemma for irreducible representations. In case the representation is re-
ducible, the resolution of unity must be established as one of the defining properties
of the coherent states. This may pose an additional restriction on the choice of
fiducial vectors allowed in the coherent state definition. For both compact groups
and non-compact groups we normalized the measure so that

/umummwmw=1;

in all cases we denote this normalization by 1/|G| Hereafter we assume that the
group measure has the appropriately normalized form

det(wm?) o
du(l) = _I(Gnl_) I] a¢*.
k=1

The normalized coherent states give rise to a representation of the Hilbert space
H, by bounded continuous functions,

¢ﬂ(£) = (7]" '/’),
defined for all 9 € H, which evidently depends on the choice of 77. An inner product
in this representation is introduced in the following way:

%W=/ﬁ@%@@®,

the result of which is indcpendent of the choice of the fiducial vector 7. The
representation space is given by L2(G, dp(¢)); this space is spanned by the ¢, 0
for a fixed 7 and for all ¥ € H.

2.2. Propagalors

If we denote by H(X1,...,Xn) the self-adjoint Hamiltonian of a quantum
mechanical system on H, then the abstract Schrodinger equation

.0

1'5{‘/’ - H¢y

and its formal solution in terms of the evolution operator U(t) = exp(—itH)
¢(t”) - U(tl/ — i’)¢(tl)

take the following form:
.0 . ,
15'#17(6’ t) = (71‘,71(1\1» EEE) ‘\N)'p(t))’

and

Yl t) = /K,,((f”,t”;f’,t’)wﬁ,,(ﬁ’)dp(f').
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Here,

I{,, (gu, t”; e/’ i’) — (nt”’ U(t” _ tl)nl’)
denotes the coherent state propagator for G, which clearly depends on the choice of
the fiducial vector n as does v,. In contrast the universal propagator K (£/,1";£',1)

is a single function independent of any particular fiducial vector, which, nonethe-
less, propagates the 1, correctly, i.e.

iﬁn(ell,t") — /I{(f",t”;fl,t')tl),,(fl,i’)d,u(e’) (5)

for any choice of fiducial vector. That the functions K, and K are qualitatively
different can be seen from their behavior in the limit ¢’ — ¢’. On the one hand we
have ‘

t,l,in}, I{n(ell’ t”; el’ tl) - (nt”, n[l)’ (6)
since '
_n "_ 4y —
s t,lllglt' v’ —-t')=Ig.

This is the usual reproducing kernel for group-related coherent states, which is a
projection operalor in L?(G) onto the representation space L,z, (G). While on the
other hand if (5) is to hold for arbitrary 7, we must require that

t’l,imt/ K"t ¢,1) = §(¢"; 1), (7
where §(£7;£') is defined as

161 T
(5(£";f’) = det(wmb) H 6(e/lk _ elk),
: k=1

so that

(&) = / 1086 )du(e).

As a first step in our construction of the universal propagator we express the
group generators Xg,a = 1,..., N in terms of differential operators that describe
their action on the representation space L?’ (G) of H, independently of the chosen
fiducial vector 7. Using (3) and (4) it is not hard to show that

. 0 -
Ukmw—lmn (—15%) (ﬂl,lﬁ) = (er\klﬁ), k= 1:-"7N’ (8)
hold for arbitrary 5. These operators are hermitian with respect to the group in-
variant measure for G. With pgm = —i-a%n, m=1,..., N we define the differential

operators

zk(p¢,£)=M-1kmpgm, k=1,...,N
where My™ = widU~4;™. Thus if H(X1,...,Xn) denotes the Hamiltonian it
follows that Schrédinger’s equation takes the form

i%'pﬂ(e) = <7TL’H(X1: o X)) = Hiza(pe, D), - - - zn(pe, L)Yy (£).

Since the propagators are also solutions to Schrédinger’s equation, then

i%[f#(& t;f’,t’) = 'H(:n(pe,f), vy mN(Pe,f))K#(Z,t;Z’,t'). (9)
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where Ky denotes either K, or K. Note that the initial conditions (at t = t'), i.e.
either (6) or (7), determine whlch function is under consideration.

Equation (9) admits two qualitatively different interpretations, one su1table
for K, , the other suitable for K. When one considers K, the operators z1(p¢, £) are
simply representatives of the V' operators X} acting on the representation space
L2(G). For K a different interpretation is appropriate.

3. The universal propagator

When the universal propagator K is under consideration one interprets the
resulting Schrédinger equation (9) as an equation appropriate to N separate and in-
-dependent canonical degrees of freedom. In this interpretation ¢; = 41, ...,98 = 4N
are viewed as N “coordinates”, and one is looking at the irreducible Schrodinger
representation of a special class of N-variable Hamiltonians, the ones where the
classical Hamiltonian is restricted to have the form H(Z1(p, ), ..., Zn(p,q)), in-
stead of the most general form H(p,q) = H(p1,..., PN q1,- -, IN)-

Based on this interpretation a standard phase-space path integral solution
may be given for the universal propagator for group-related coherent states be-
tween sharp Schrodinger states. In particular, it follows that

K(¢",t";¢,t') = M/exp (i/[pmq"“ ~H(&1(p,q),--.,En(P, 0))] dt)
x [ dp(t)du(a(®)), ,, (10)

where “p;”,..., “pny” denote “momenta” conjugate to the “coordinates”

“017,...,“gn". Note that the Hamiltonian has been used in the special form dis-
cussed above and that its arguments are given by the following functions:

ik(P,9)=M_lkam, kzl,,N

Since this is a standard phase-space path integral representation, the number of
integrals over the momenta p,...,py is always one more than the number of
integrals over the coordinates ¢y, ..., qy. The integration over the coordinates is
restricted to the group manifold G. If part of the group manifold is compact then
the momenta conjugate to the restricted range or periodic “coordinates” of this
part of the group manifold are discrete variables. For this class of momenta the
notation [ []dp(t) is then properly to be understood as sums rather than integrals.

4. Propagation with the universal propagator

For convenience in the following construction we assume that the represen-
tation V[{] of G is irreducible. In that case we may choose a group element as a
“basic” propagator. Let us set

Vr[B] = exp(—iTB° X,).

"Then one finds for the time evolution of an arbitrary element of L2(G) under V[ 8]
the following

Un(6,T) = (nt, VelB1) = (V] [BIV8n, ¥) = vy (r)
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which holds for any 7. Here
tr = (TB)™ ! o,
where o denotes group multiplication. In the present case it is clear that there

exists a universal propagator such that

(£, T) = / Kp(€", T5 €, 0)6,(€)du(e')

or stated otherwise,

() = [ o', T3, 00 (@)a0(e).
If this last equation is to be valid for arbitrary 5 and v, then we must require that

Kg(£',T; 2,0) = 6(&h; 2). '

Now since we have chosen a unitary irreducible representation V[f] for the
Lie group G, we are assured that any bounded operator may % :onstructed as the
(weak) limit of sums of such unitary operators (see [7, p. 45]). In particular, we

can represent any time evolution operator exp(—iT"H) as the weak limit of finite
linear combinations of the V[f]. Let

n
BT =) %ViBj],
j=0
and correspondingly
n
Kn(€",T;€,0) = v Kg;(¢",1;€,0).
j=0

Then for suitable {v;} and {5;},

(6 exp(~ITH)Y) = lim (6,BT9) Vo, ¥ € H,
and in particular

(n*,exp(~iTH)Y) = lim (n*",BTy) VyeH, ('€G.

n—oo

IfK(£”,T;£,0) denotes the universal propagator associated with the time evolution
operator exp(—iT"H), then it follows that

/ K(¢", 72,0, (du(t) = lim / En(€", T2, 0)6,(€)du(€)

Vi, € Ly(G).
This relation asserts that any desired universal propagator K can be written as the

limit of the K,, in the indicated sense. Stated otherwise any universal propagator
can be written as the weak* — limit of the set {K,}nen (see [8, p. 160]), i.e.,

K", T;¢,0)=w*— lim K,(¢",T;¢,0).
n-—00 .
Although the point is clear from the foregoing it is worth emphasizing that

the untversal propagator evolves any state in a way that leaves the choice of 5
invariant. Inasmuch as the choice of n corresponds to the choice of polarization in
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the sense of geometric quantization it follows that the universal propagator evolves
the system while at the same time preserving the polarization. Since this fact holds
for a general Hamiltonian we see that the universal propagator for the unitary Lie
group G provides an acceptable solution to the longstanding problem posed by
geometric quantization.

5. Classical limit

5.1. Classical limil

Even though the universal propagator has been constructed by interpreting
the appropriate Schrédinger equation (9) as an equation for N (canonical) degrees
of freedom, it should nonetheless be true that the classical limit corresponds to
degree(s) of freedom associated with the group G. As we will show this property
holds because the equations of motion obtained from the action functional for the
universal propagator of the Lie group G imply the equations of motion obtained
from the action functional for the group-related coherent state path integral.

Observe, for an arbitrary fiducial vector 7, that the classical action appro-
priate to the group-related coherent state path integral is given by (see [6, p. 64])

. . d .
Ic,zgl_%/ [‘(’75’&2 ‘)—(n‘,’H(A],...,XN)n‘)] dt
:/[wmkémvk—'H(Ulbvb,...,UNbvb)] dt, (11)

where vi = (n,Xxn), ¥ = 1,..., N, which are real constants. To achieve this
classical limit we must restrict 7 so that
Lim (n, (X — ve)*n) = 0,

i.e., we insist on vanishing dispersion as A — 0.
Extremal variation of this action functional, with respect to the independent
labels £7, holding the end points fixed, yields the equations of motion

vq [%(wbd) - W(wcd) &= Ha‘a'e—c(U“f)vf’ (12)

where H?® denotes the partial derivative of H with respect to the a-th argument
a=1,...,N.

Observe that the generally nonvanishing values of v1, ..., vy are the vestiges
of the group-related coherent stale representation induced by n that remain even
after the limit h — 0.

§.2. Classical limit of the universal propagator

For the universal propagator the classical action functional is identified as
[see Eq. (10)]

L = / [p368 —H(E(0,0), .. 50, )] dt
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=/[p,-éf-H(M-ll"p,-,...,M-lN"pj)]dt. (13)

Extremal variation of this action functional holding the end points fixed yields the
equations of motion

ang1 b

E=HnM1, (14)
. L0 (L

pe= Mo m (M1 ) . (15)

If we substitute H4 = M;%¢/ into equation (15) and contract both sides with
U‘lhbM‘lz,c, we find

1 by,qc. ceo 7]
U4 MY, = U1, M1 ¥ g (MM n (16)
where we have used the fact that
azc (M—1 i) = ——(M Hp-1
We now assume the rcla,tlon
. . 3 -
sU-v M, =M HM2dp pj = = (U=1" M1 Yimp;, (17)

3(3’"
which we shall prove below. If we insert equation (17) into equation (16) then we
find that

b (U— LMY p) =0, (18)
Therefore, we can introduce a set of integration constants, ci, ..., ¢y, such that
pj = w;i™em, (19)

where we have used the identity w;™ = M;%U4™. If we now substitute this form
of p; into Eqgs. (14) and (15), we find the following set of 2N equations:

2= Ha(Uldcd, ceey UNdcd)M_lab

d a 0 ar-1dy, m
E(wcd)cd:—'ﬂ (Ur%q, . .., Un%a) o5 M L Ywi™em-

Carrying out the indicated partial differentiation with respect to time these equa-
tions become

P = 'H“M_lab, (20)

;ﬁ(wcd)ébcd = Bﬂc (1\4‘ )w_,-'"cm. (21)
Next we contract (20) with 8/ ote (wb ) ca, which yields

7= 9 (wyt)iteg = HOM L, (wb")cd, (22)

%(wcd)ébw =-H'og (M 1 i ™ . (23)

If we now subtract equatlon (23) from equatlon (22) then we find

oo (e n®) = e & = Ho g U ey, (24)
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where we have used the fact that U,/ = M ‘lagwyf . Among all possible allowed
values of ¢1, ..., cxn are those that ceincide with vy, ..., vy for an arbitrary fiducial
vector. Hence, the above equations can be identified with the equation of motion
obtained from the action functional for group-related coherent states (see Eq. (12)).
Therefore, the set of classical equations of motion for the universal propagator
implies the set of classical equations of motion appropriate to the group-related
coherent state propagator for an arbitrary fiducial vector. Thus we find that the
set of solutions of the universal classical equations of motion appropriate to the
universal propagator for the Lie group G includes every possible solution of the
classical equations of motion appropriate to the group-related coherent state prop-
agator for arbitrary 7.

We close this section by giving a proof of Eq. (17). To show Eq. (17) it is
suflicient to show that
7] —1 Cpg e _ 1 cepr-1 /40
azm(U M) = UM, 5
holds. This equation can be simplified as follows

jrr.k 4 ( —-1 Car— ) _ d -
My U; ET U M = 66"(M YM~!

9
' g (MU = aen(M g

After carrying out the indicated partial differentiation of the product and rear-
ranging the terms we ﬁnd

(M) M1, (25)

U-

hypr-1,7
S0 (M) = S (M) = =M, 50 (U5
Next we use the relatlon (see [5])
aem (U h) — CJdnU h
which leads to
! —M.,J
3£m(M )— 82"(M Iy = =My Mpnle;d! . (26)
Now let (see [5])
1
Xa=MS X, = / exp(—is€® X;) X, exp(isf° X, )ds. (27)
0
Using Eq. (27), Eq. (26) becomes
0 — 0 v .~ =
5o Xn — ggaXm = i[Xn, Xm, (28)

Hence, we have reduced our problem to showing that (28) holds. To show
this we make use of the general rule

] : o[ :
e exp(—ié*X,) = ——1{/ exp(—i€tl® X)X, exp(—ié(1 — t)€° X, )dt.
0

Therefore,

0 —
5= (Xn) = 2= (Xm)
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o [t .
= Mﬁ/ exp(—is€® X,) X, exp(is€® X3)ds
o 1
—87/0 exp(—isf° X)X exp(ist? X4)ds
1 1
= —i/o dss/0 exp(—istl® X ;) Xm exp[—is(1 — t)£* X)X, exp(ist® X,)dt
1 1
+i/0 dss/ exp(—is€® X ;) Xn exp(—ist€® X3) X explis(1 — t)£° X, ]dt
0
1 1
+i/ dss/ exp(—istl® X)Xy, exp[—is(1 — t)€* X3] X exp(isf® X, )dt
0 0

1 1
—i/ dss/ exp(—is€® X)X, exp(—istl® X;) X, exp [is(1 — t)€°X,] dt.
' 0 0
If we now ‘change t — t/s, then we find

A (Xn) = (Xm)

3!'" o

= i/ ds/ exp(—itf* X4) X, exp [~—i(s - t)l”Xb] Xm exp(isf®X,)dt
0 0
1 ]
+i / ds / exp(—i5€% X4) Xp, exp(—it€® X}) X exp [i(s — t)€°X.] dt
0. 0 :
1 s
_i/ ds/ exp(—itl® X;) Xm exp [—i(s — )€ X;] X, exp(isf° X, )dt
0 0 .

1 s
~i / ds/ exp(—is€® X,) Xm exp(—itl X3) X, exp [i(s — t)£°X.] dt.
0 0
In the second and the fourth integral we now change ¢t — (s — t)

D (Xn) ~ 5 (Xm)

= i/ ds/ exp(—itl® X)X exp [—i(s — ) X} | Xpm exp(isf°X,)dt
0 0 .
1 s
+i/ ds/ exp(=ist® X o) Xn exp [i(s — ) X;] Xm exp(itl° X, )dt
0 0
1 s
—i/ ds/ exp(—itl® X4)Xm exp [—i(s — £)€ Xy| Xn exp(ist®X.)dt
0 0

1 s
—-i/ ds/ exp(—is€® X4) Xm exp [i(s — £)€ Xp) Xy, exp(it€°X.)dt.
0 0
Changing variables one more time by exchanging s and t in the second and fourth
integral, we find

9 x.)-

Bm 55 (%n)

otn
= i/ ds/ exp(—itl® X;) X exp [—i(s - t)ZbXb] Xm exp(is€°X.)dt
0 0
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1 t
+i/ dt/ exp(—itl® X4) X, exp [—i(s — t)Z"Xb] Xm exp(is®X.)ds
0 0
1 s
— {1/ ds/ exp(—itl* Xs) Xm exp [—i(s — t)€ X3] X, exp(isf° X, )dt
0 0

1 t
+i/ dt/ exp(—itf® X ;) Xm exp [—i(s — )€ X;] Xn exp(ischc)ds} .
0 0
Combining terms we obtain our final result

A & WL, &

a07 Xn) ~ g

1 1 P
= i/ ds/ dt exp(—itl® Xs)Xn exp [—i(s — t)€X}] Xm exp(isf°X.)
0 0

1 1
—i/ ds/ dt exp(—itf* X)X, exp [—i(s - t)KbXb)] Xn exp(ist®X,)
0 0

= i(j(—nym - :‘{—mk—n) =1 X,.,Ym] ,
which establishes equation (17).
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