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The density series of the non-interacting hard-square lattice gas model
are reanalyzed by the ratio, Dlog Pad and differential approximant methods. The problem of poor consistency between series and other results is
resolved. Transfer matrix calculations are performed, implementing both
finite-size scaling and conformal invariance. Very accurate estimates of the
critical exponents y, and yh are obtained in agreement with Ising universality. Furthermore, an improvement of the value of the critical density p c
is found. In addition, the universal critical-point ratios of the square of the
second and the fourth moment of the magnetization for ferromagnetic Ising
models on the square and on the triangular lattice with periodic boundary
conditions are reported.
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1. Introduction

For the non-interacting hard-square model [1], the absence or presence of a
lattice-gas particle at site i is expressed by a variable vi = O or o= = 1, respectively.
Denoting the activity of the as particles as z, the partition sum is

The product is over all pairs of nearest-neighbour sites, and guarantees that configurations with interpenetrating particles do not contribute to Z.
In absence of an exact solution, Baxter et al. applied series expansion techniques to determine the critical exponents of this model. They found that the specific heat exponent α' = 0.09 ± 0.05 which was different from the exactly known
value of the two-dimensional Ising model α = 0. Although subsequent analyses of
the finite-size scaling behaviour of the temperature derivative of the correlation
length [2, 3] did not show significant deviations from Ising universality, we found
the result by Baxter et al. sufficiently challenging to find more compelling numerical evidence that the hard-square model is inside the Ising universality class.
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2. Analysis of the high-density series
The value of the critical activity zc [4], where the translational symmetry of
the model (1) is spontaneously broken, is z c = 3.796255174(3). On the basis of
this result for the critical activity zc , the series expansions evaluated by Baxter et
al. can be reanalyzed.
Thus we consider an expansion of the order parameter (i.e. the staggered
density) R in terms of the high-density parameter x = 1/z. From the ratio analysis
of R -8 (x), using zc and the coefficients listed in Table II of [1] we have estimated
that the critical exponent ,0 = 0.1249(1), in agreement with the Ising universality.
The subsequent Dlog Fade analysis of the series R(x) (as that in Table I of
[1]) and the smooth dependence of the residues of d/dx ln R(x) on the distance of
the corresponding poles from the critical value x, = 0.263417488 indicate that j
does not differ from 1/8 by more than a few times 10 -5 .
To calculate a, we choose the second derivative of the lattice-gas density
series p expressed in terms of x:

which is more singular than p and can be found from the series p' = 1— 2p =
Σn= 1 pn xn, where the coefficients pn are determined by those given in Appendix B
of Ref. [1]. Performing the Dlog analysis of the p(2) series, we estimate α' = —0.1(1)
which indicates that a' may be smaller than the result obtained by Baxter et al.
from the R(p') series.
TABLE I
The differential approximant analysis of
the series R-1(p').
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TABLE II
The differential approximant analysis of
the series p(x)

In Tables I and II our additional differential approximant analyses [5] of
R - 1 (p') and p(x) series are shown. The columns denoted N, L, M display the
degrees of the corresponding polynomials. pc and represent the calculated unbiased critical parameters pc and x c which are obtained from the given approximants. Subscripts u and b denote the unbiased and biased (choosing pc = 0.264514,
x c = 0.2634175) estimates the corresponding critical exponents. The accuracy of
the u-exponents depends strongly on the accuracy of the estimates pc and Ę.
However, the b-exponents deviate from the Ising values within a margin of 0.002
and 0.005 for β(1-α') and α', respectively (where we disregard the estimate for
the approximant [6, 5]).
3. Finite size scaling analysis
-

-

We consider the model (1) on L x L and L x oo square lattices with periodic boundary conditions. To enable the introduction of two sublattices in a
checkerboard-like fashion, L is restricted to be even. We use the transfer matrix
technique in order to calculate the partition sum (1), as well as some of its derivatives. Denoting the lattice gas variables (ci 1, σj 2, • • • , σjL) in the j-th row of the
lattice by o, the elements of the row-to-row transfer matrix T are

with σi,0 = σi,L in accordance with the periodic boundary conditions. The partition
sum (1) of a system consisting of M rows is equal to Z = Tr TM . For further details
of the numerical methods, see e.g. [6].
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A finite-size analysis can be used to determine yh and yt . Other exponents
follow from these by means of scaling. Here the main interest is in the value of
yt in view of its relevance for a expressed by a = (d — yt)/y t . The assumptions
involved amount to the analyticity of renormalization transformations employing
an additional finite-size field [7] 1/L with exponent yL = 1.
We have determined finite-size data for several quantities: the density AL of
the lattice gas particles, the specific heat CL, the staggered susceptibility XL and
the temperature derivative g'i(L) of the inverse magnetic correlation length. They
are expected to fulfil the finite-size scaling relations
,

where d = 2 is the dimensionality and the terms with exponents p, r, q, w represent
corrections to scaling. As an example, we show the results for a square system in
Table III. The scaling behaviour of all these data is in accurate agreement with
the Ising universal exponents.
TABLE III
The finite-size data 2pL, cL and xL calculated numerically for
square systems.

Another approach intimately related with renormalization was made using
the hypothesis of conformal invariance [8]. The temperature and magnetic exponents were determined using the relation between exponents and the finite-size
amplitude of the associated correlation lengths for the infinite strips. The ensuing
results
yh = 1.875000(1)
yt = 1.000000(1),
are in precise agreement with the exactly known Ising values yh = 15/8 and yt = 1.
In addition to these results for the exponents, we have also found the critical
density
2 x p c = 0.73548600(1)
and the universal critical point ratio
Q = (R2 ) 2 /(R 4 ) = 0.85625(5),
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the latter in agreement with the corresponding Ising value we have recently determined [6]
Q = 0.856216(1) and Q = 0.85872528(3)
for ferromagnetic Ising models with periodic boundaries of square and hexagonal
symmetries, respectively.
Summarizing, the whole body of numerical results provides strong evidence
that the non-interacting hard-square model belongs to the Ising universality class,
in agreement with the topology of the phase diagram.
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