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1. Introduction

In our previous papers, we have considered the energy and quasi-momentum
focusing patterns [1] (hereafter referred to as I) and the image of crystalline GaAs
obtained by the phonon-drag effect in GaAs—AlGaAs heterostuctures [2]. All of
these patterns were obtained for sources of pulses of monochromatic phonons. Τhe
duration time of these pulses was taken as the shortest of the characteristic times

• in the considered problem.
However, most experiments are performed not for pulses of monochromatic

phonons but for heat pulses. Additionally, the time of duration of pulses may not
be the shortest time characterizing the generation, propagation and detection of
pulsed phonon beams. Therefore our approach should be generalized.

In this paper we shall show that the kinetic approach, based on the use of
the Boltzmann equation, can be used for the description of experiments with the
use of heat pulses.

Since mechanisms for the generation of phonon beams seem not yet prop-
erly understood we construct the source terms of the Boltzmann equation using
arguments based on dimensional analysis and imposing suitable normalization
conditions [1, 2, 3].

Let us briefly describe the experiment performed by Huebener and collab-
oration [4, 5] and Dietsche et al. [6]. All of these experiments were performed at
an ambient temperature Τ much lower than the Debye temperature θD. Thus the
thermal phonons were frozen out.

Huebener et al. studied the energy focusing patterns of [001] oriented single
crystalline Ge [4] and GaAs samples in the form of wafer discs. The diameters
of these discs were several times greater than their thickness (1-2 mm). Τhe top
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surface of the crystal to be studied was scanned with an electron beam whereas
the bottom surface was in the direct contact with liquid He. The phonon wave
packets generated at the top crystal surface during the scanning process prop-
agated through specimens ballistically and were detected on the backside by a
superconducting thin-film bolometer attached directly to it. The twodimensional
pattern of the phonon energy density was achieved by scanning the electron beam
across the crystal surface and by recording the bolometer signal synchronously. In
the case of Ge, the influence of the thin metallic film upon the angular resolution
was studied [4].

Dietzel et al. obtained quasi-momentum focusing patterns [6]. A specimen
of nominally undoped GaAs was immersed in liquid He. It had the form of a
wafer {00l} orientation. On the front side of it, a heterostructure with a special
small bridge in the twodimensional electron gas (2DEG) was prepared. The op-
posite side was covered by a metahlic film in the normal (nonsuperconducting)
state. Wave packets of bulk acoustic phonons were generated with a pulsed laser
beam focused onto a spot. As in the experiments of Huebener et al. by scanning
the laser heat source across the film surface the direction of propagation of the
detected wave packets was changed. Due to the anisotropy of the medium the en-
ergy and the quasi-momentum falling onto the bridge depend on the direction of
propagation. Nonequilibrium ballistic phonons are absorbed by the carriers in the
2DEG, thereby transferring their quasi-momentum in the direction of the bridge
and producing a voltage in an open circuit or an electric current in a closed circuit.
The 2D pattern of a suitable component of the quasi-momentum density falling
onto the bridge is obtained by scanning the laser beam across the film and by
recording the bridge response signal synchronously.

2. Description of the heater and the specimen

For simplicity suppose that one deals with a monocrystalline heater and
specimen. The acoustic phonons are characterized by the direction ĝ and the length
q of the wave vector, polarization j (j = 0, 1, 2), and frequency ω(Q), where
(Q = (Q, q) Ξ (ĝ , q, j)). The vector ĝ depends on two angles θ and φ.

In the dispersionless region the phase c and group velocities υ depend only
on ĝ , namely

The energy spectum of phonons is completely characterized by the depen-
dence of the surfaces of constant energy on q and ĝ. For dispersionless phonons
all these surfaces are similar, so it is enough to consider one of them, called the
slowness surface. The slowness s(θ, ψ) is defined as
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The slowness surface is a polar plot of s(Q). The group velocity υ(Q) is perpen-
dicular to the j-th slowness surface at the point of its intersection with the vector
q. It is directed towards increasing energy.

Introduce two angles ο? and φ , so that

The local geometry of the surfaces of constant energy is characterized by the
focusing factor .(Q) defined as the ratio of a solid angle dΩ q defined by a bundle
of wave vectors containing q and a solid angle dΩv defined by the corresponding
bundle of the group velocity vectors perpendicular to the j-th slowness surface

One can relate the focusing factor to the Jacobian J

Namely

Denote the volume of the heater by Vh . If the linear dimension of the ele-
mentary cell is αh, then the heater contains Nh = Vh/αh elementary cells.

One of the global characteristics of a crystalline medium is the Debye veloc-
ity CD

The index σ enumerates the heater (h) and the specimen (s). A related character-
istic is the Debye temperature 4Dσ) , for example

Assume that the heater is in local equilibrium with the temperature Th greater than
the ambient temperature Τ. The suitable thermal energy Eth(Th) is proportional
to Τ

The quantity used to describe the transport of phonons across the heater—specimen
interface is the transmission probability α(h -^ s). We shall confine ourselves to the
case of diffusive scattering of phonons at the interface. Α phonon with energy ħω„
wave vector q i and polarization ji is diffusively scattered if the resulting phonon's
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wave vector qf and polarization jf are completely independent of q i and ji. For
diffusive scattering (cf. [7])

From this definition it follows that

3. Kinetic description of bulk phonons

Under the conditions described in Sec. 1, the injected phonons move essen-
tially ballistically, occasionally scattering on isotope impurity atoms. The influence
of boundary scattering is negligible. Therefore, as in our previous papers [1-3], we
consider the half-space filled with an anisotropic medium as a natural idealization
of such conditions. In the all mentioned experiments [4-6] the source was movable
and the detector (a thin superconducting film bolometer [4, 5] or a bridge stuc-
ture in 2DEG [6]) was fixed. However, one can imagine that the source is fixed
and the detector moves in the plane in which the thin film or 2DEG lies (in all the
mentioned experiments it was one of the {001} planes). Therefore, we assume that
at an arbitrary point in the medium boundary (also one of the {001} planes), say
at r = 0, there is a source generating bursts of acoustic phonons. We also assume
that the directions of their wave vectors are distributed randomly over the body
angle 2π. We choose the Cartesian coordinate system with the z-axis perpendicu-
lar to the boundary. This means that only phonons with a positive z-component
of the group velocity travel in the direction of the detector.

The movable detector is placed at an arbitrary point r of the medium
(Fig. 1). The vector r has length r and the direction r ≡ (θr.,ϕr).The surface
area of the detector is ΔS, is the normal to it. In the case of a quasi-momentum
detector one should specify the direction of it.

The phonon deviation function δN(Q; r, t)

obeys the Boltzmann equation (BE), where N0 is the equilibrium (Planck) distri-
bution function and Τ is the ambient temperature. Generally it contains a drift,
source and a collision term

We have shown that under the described conditions one can drop the collision
term C [2].

Suppose that the source term (production function) factorizes so that
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The particular form of each factor corresponds to a given experimental condition.
When the characteristic length of the source and the characteristic time of duration
of generated pulses are the shortest characteristic quantities of the problem one
can assume that [1-31

where δ(x) is the Dirac delta function, δ(r) = δ(x)δ(y)δ(z).
When the phonon wave packets are generated by heating a metallic film, one

can assume that [31

where reff is a length characterizing the linear dimension of the heated area and
r1 is the component of r perpendicular to the z axis. The circular area πr2eff can
be interpreted as the effective area of the phonon source.

In our previous papers [1, 2] we considered a monochromatic source, for
which

where θ(x) is the unit step function and N h is the number of phonons introduced
into the specimen. Further we take N h = 1. The monochromatic source term
obeys the normalization condition
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where V+ is defined by three inequalities

Here we shall consider also Planckian sources at temperature Th higher than the
ambient temperature Τ. Then, we will take the function A(Q) to be of the following
form

The explicit form of the coefficient p is obtained from the normalization condition.
We take it to be of the following form

From (21) it follows that

If the time duration of the generated pulses t p is finite (i.e. t p is not the
shortest time scale of the problem) one can assume that

4. Density of energy and quasi -momentum current

The solution of Eq. (14) with the source term (16) is proportional to the
Green function of the BE, which we denote G(r, t)

The solution of the BE for an arbitrary production function δN^ (Q; r, t)

Accounting for the Green function one can rewrite (25) in the form

In particular for the Gaussian flat source producing infinitely short pulses one finds
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5. Densities of energy and quasi-momentum for different sources

The explicit expressions for the phonon distribution function δN(Q; r, t) al-
low us to calculate the components of the energy density current jj (r, t) and the
tensor of the quasi-momentum density current π(r, t) (cf. Refs. [8, 9])

For a bolometer placed at r with surface of area ΔS and normal  i , the total energy
falling onto it is

while for a quasi-momentum detector directed along

In fact we calculate the suitable densities

Let us consider the densities e(r, t) and p(r, t) for point sources. For this
purpose we shall use a formula relating the Dirac delta function δ(r - %t) to the
focusing factor ^^ (θ, φ) obtained in I, namely

where the angles θi) , φ ( i = 1, 2, ..., n) are the solutions of the three pairs of
equations

For an arbitrary function Fj of Ο and φ we denote

We are now ready to write down the results for point monochromatic and Planckian
sources. For a monochromatic point source we find (cf. I)
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For a Planckian point source we obtain similar expressions

Note that both densities e(r), p(r) are proportional to the fourth power of the
source temperature Th. This theoretical prediction can be experimentally verified.

For a Gaussian source the focusing factor is changed by a Gaussian expo-
nential function. Namely, for a monochromatic source we obtain

Finally we list the results for a Gaussian source of Planckian heat pulses

Equations (38)-(45) are used for calculation of the focusing patterns.
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6. Method of numerical calculation

Until now our analytical calculations have been performed for point detec-
tors [1, 2]. Nevertheless, in real experiments detection have finite linear dimensions.
Usually in numerical calculations even finite size detection are treated as a super-
position of point detectors. However, in the case of an extremely inhomogenous
distribution of phonons such an approximation is not acceptable, since the sums
calculated during the numerical calculations over a fmite size detector area in-
evitably contain infinitely large terms. This happens when the focusing coefficient
(defined as the limit of the absolute value of the ratio (5) for dΩq -^ 0) diverges,
i.e. in the presence of caustics. We note that the calculation of the map of the
phonon arrival time is still possible.

The following approach allows us to overcome the noted difficulty. Consider
the body angle Ωq subtended by a bundle of three vection q1, q2, q3. For each
of these wave vection and for a chosen polarization j one can calculate the corre-
sponding vection of the group velocity υ( q 1 , j), υ(q 2 , j), u(q3 , j). With the bundle
of group velocity vection there is associated a body angle Ω . The detector surface
is seen from a point source under the body angle Ωd. Denote the common part of
the body angles Ωjv and Ωd by Ω^ , i.e.

Denote the energy transported by phonons of polarization j with the mean wave
vector contained in Ωq by Ε$ . The contribution of these phonons to the energy
falling onto the detector is

Summing over all body angles Ωq in the reciprocal space (and eventually over all
three polarizations j) one can obtain a partial energy Ε or the total energy Εtot
falling onto the detector surface, e.g.

Note that the sum defining Ε tot does not contain infinite terms since all body
angles Ωq are finite and the last factor on the right hand sides of (46)-(47) obeys
the obvious condition

Besides, the ratio Ωq/Ωjv, defining the focusing coefficient in the limit Ωq →0, is
also present in formula (47).

Until now we considered experiments with a fixed detector and movable
source. However several experiments were performed with a fixed source and a
movable detector (cf. [10, 11, 12]). Both configurations are completely equivalent.
So we assume that the detector is movable and the source fixed.

Next we shall fix the grid of possible detector positions and scan the re-
ciprocal space with small body angles Ωq i formed by bundles of triples of non
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coplanar unit vectors q1 , q2 , q3i (i = 1, 2, 3, ... , m; m» 1). As we assumed that
for (i l) the body angles Ωqi, Ωq, do not overlap

For a given polarization index j (j = 0, 1, 2) we calculate simultaneously the con-
tributions (46) from the body angle Ωqi to all detection for which Ω ≠ 0. In this
way we achieve a great reduction of the amount of calculation. Further, a reduc-
tion of the number of calculations is achieved by accounting for the symmetry of
the crystalline material and the sample. The accuracy of the calculations depends
mainly on the number m.

The present method may easily be generalized to the calculation of quasi-mo-
mentum focusing patterns [1] or the phonon induced drag current in a 2D electron
gas [2]. Simply in the first case instead of the energy Ε(j)Ωg a suitable quantity for
the mean vector contained in Ωq should be calculated and, in the second case, the
suitable quantity should be calculated according to the ule (47).

7. Results of numerical calculation

The angular distribution of energy for a monochromatic source is determined
by the focusing factor A$

2) (θ r , ϕr ) (cf. Eqs. (38, 39)) while for a Planckian source
this term is replaced by

(cf. Eqs. (40, 41)). Thus one expects noticeable differences between the corre-
sponding patterns only for media with strongly anisotropic phase velocities. We
assumed that the linear dimension rD of the detector is small (it is "point-like"). In
the calculation we take rD = 7.8 μm. Comparing the energy focusing patterns for
point monochromatic (Fig. 2a) and point Planckian (Fig. 3a) sources of phonons
we conclude that the visible difference is rather minor and probably beyond the
reach of experimental accuracy.

According to formulae (42-45), the phonon images obtained for Gaussian
sources depend on the quotient reff/d, where d is the sample thickness (i.e. z = d).
For reff/d « 1 the patterns produced by point sources do not differ substantially
from those given by Gausssian sources. In the other case, the caustics of the
patterns corresponding to Gaussian sources become smeared out. This effect is
shown in Figs. 2b,c (for a monochromatic source) and 3b,c (for a Planckian. source).
Fora given thickness d and increasing ref, the patterns for monochromatic sources
and for Planckian sources become noticeably different. In principle, for a given type
of source (monochromatic or Planckian) the comparison of the experimentally
obtained patterns with the calculated ones allows us to estimate the effective
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width reff of the source. Knowing the size of the source we can estimate the local
temperature rise (Th) caused by a pulsed beam of radiation or particles. It seems
that this will provide a valuable test of the existing theories of the heating of
normal and superconducting films or surfaces of dielectrics and semiconduction by
such beams.

The better qualitative analysis of the obtained results is achieved upon com-
paring line scans of the energy density as shown in Fig. 4a (monochromatic source)
and Fig. 4b (Planckian source). It is assumed that the characteristic length of the
detector is 7.8 µm. The experimentaly obtained scan [5] is shown in Fig. 5.
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If the image does not contain caustics it is not sensitive to the ratio reff/d.
This feature is demonstrated in Fig. 4.

8. Concluding remarks

We have shown that for pulses of monochromatic and Planckian sources
of phonons, the distribution of the energy falling onto one of crystallographic
planes depends upon the source radius r eff. In principle comparison of the calcu-
lated focusing patterns allows us to discriminate between the monochromatic and

Planckian sources and to estimate the source radius reff.
Usually detection of phonon energy are superconducting films. Consequently,

we identified the energy density with the response of such films to pulsed phonon
beams. However, in the case of phonon quasi-momentum detection (low dimen-
sional gases of carriers) the quasi-momentum focusing pattern and the detector re-
sponse pattern differ essentially. Therefore we calculated also the quasi-momentum
density and the phonon induced drag current density patterns for low dimensional
gases of carriers (1D and 2D gases of electrons and holes). Preliminary results are
reported in this issue.
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