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EXCITONIC MOLECULE IN CuCl CRYSTAL
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The electronic structure of a biexciton is discussed while taking into ac-
count the detailed band structure of CuCl. The fine structure of the excitonic
molecule is clarified with the effective electron-hole exchange effect taken
into account beyond the eflective mass approximation. The electron-hole
exchange interaction mixes the states of opposite parities with respect to
the permutation of electrons and holes. Two trial envelope functions, sym-
metric and antisymmetric under the permutation of two electrons or two
holes, were used in the numerical minimization of the ground state energy
of the biexciton. The obtained binding energy of the biexciton, as well as,
the ratio of the mixing of the trial envelope functions of opposite parities are
presented.

PACS numbers: 71.35.4z

1. Introduction

The biexciton as the bound state of the two Wannier excitons is described
in the effective mass approximation by the Hamiltonian, which differs from that of
the Hy molecule, among other terms due to the effective electron-hole exchange.
The electron-hole exchange interaction mixes states of opposite parity therefore
the states of the biexciton have no defined parity under separate permutation of
the spatial, as well as, the spin coordinates of identical particles, two electrons
and two holes, respectively. It was shown by Ungier [1, 2] and Hayashi [3] in the
previous papers that the ground state of the biexciton should be described by
two-component spatial envelope function, symmetric and antisymmetric, but not
by a symmetric wave function only, as in the case of hydrogen molecule. The pre-
vious papers refer to the simple band model neglecting the spin-orbit interaction
in semiconductor. Here we consider the biexciton in real CuCl crystal. We con-
sider the detailed band structure of CuCl calculated while taking into account the
spin-orbit interaction.

For the optimization of the ground state energy of the biexciton we use the
two-component trial envelope functions of the type used by Brinkman et al. [4].
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We note that the analogous eflect of mixing of Lhe states of the opposite
parities with respect to the electron-hole exchange takes place in the bound exciton
complexes, i.e., in the case of exciton bound to neutral donor, where the symmetry
under the permutation of two electrons is considered [5, 6].

2. Two-band model of the crystal

CuCl, the crystal of symmetry T4, has a band structure characterized with
the top, of the valence band at k = 0 (symmetry I7) and the bottom of the
conduction band also at.-k = 0 (symmetry I's). The notation of Koster et al. [7] for
the irreducible representations of space groups is used throughout this paper. The
energy gap Eg(I'§ — I'y) is 3.429¢V. A lower fourfold degenerate valence band of
symmetry I is split off by the spin—orbit interaction by about 69 meV.

" The conduction Bloch functions of I's can be written as

c1y2 = ¢ 1) and  c_yy2 = ¢cll), (1)

where ¢ can be identified with the 4s functions of Cu. The top valence Bloch
functions of I'; are of the form [8]

vij2 = \/gih 1) + \/§¢° 1) and vy = \/g'/)q IT) — \/%-'/)0 1), (2

where ¥11 = (1/v2)(pz + ipy) and o = p,. The p-like functions p,, py, p, may
be identified with the 3p functions of Cl. The states |1) and |]) are the pure spin
eigenstates of the spin operator of s = 1/2, |1) according to the eigenvalue +h/2
and []) to —%/2. In this approximation the I'; states coincide with those of total
angular momentum J = 1/2 (my; = —-1/2 and m; = +1/2).

We assume that the one-electron Bloch functions

Yok = =R Tup i (’)  (n=c,0) 3)

vN

(k stands for k, mys; u, ¢ is a periodic function with the period of the crystal lattice
and is normalized to unity in a unit cell of volume §2, ¥y, 1 is normalized in a large
volume V of N = V/2) satisfy the usual Hartree-Fock equation

-HHF¢n,k = Eu(k)"l’n,k- (4)
For the 2N-electron problem described by the Hamiltonian

H= Z{———A. +Vierlr) | + ;Z— )

the ground state is given by a Slater determinant

|8)0 = (2N)1)~1/2det {|gu, ks ()ho,2(2) - - -,k (2N))} . (6)

Any excited states we will construct from |¢), by substxtutmg some valence wave
functions [tk (i)} with conduction states |y, () in Eq. (6).
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3. Bound states of the biexciton

The biexciton wave function is defined as a linear combination
1 !
1) =3 B (k) [¢45), (7)
1Ty
kk!
where K labels the total momentum wave vector of the state and [¢ ££,> denotes
a Slater determinant in which two-valence wave functions Y,k and 1, ;s in Eq. (6)
arc substituted by conduction wave functions Ye, 1 and 1., respectively.
The stationary Schrédinger equation

H |¢) = Eviex) |4) (8)

determines the expansion coefficients B (H:,) in Eq. (7) and the biexciton ener-
gies. v

We consider the biexciton formed from shallow Wannier excitons and we
make the assumption that the periodic parts of the Bloch functions, Un i, Vary
slowly with k over the range of interest — that is over the range of I, I, k, k' for

which By (uc',) is appreciable — and that this range is small compared to the

dimensions of the Brillouin zone. The coeflicients By (u’,) are non-vanishing for
I+ —k— Kk = K only.

The restriction to the subspace of the |q$ L£,> allows one to reduce formally
the 2N-electron biexciton problem to a few particle problem by associating to each
function |¢ “c',> the two-electron and two-hole function

[614) = 2 Wea(ra)be (7s) = e (b))
x KK (@) [ (ra)oh,1:(re) — s () s(ra)] ©)

where K = —ioy K is the usual time reversal operator and K1, j is the state of
the hole. Indexes 1, 3 refer to two electrons, indexes 2, 4 — to two holes.

In the subspace spanned by |$LZ,> the 2N-electron Hamiltonian H is re-
placed by H(biex) defined by the equation
I' 'I - I . _II II
<¢ ;12;34 H |¢kl’2k3;> = <¢ szki H(blex) ¢kl;k3;> ’ (10)
which should be satisfied for all I, I/, k, k’. It was shown [9] that H(%eX) can be
defined as

HO)=Fy + S Hup(i) - Y, K(§)Hur(5)K* ()
R i=1,3 j=2i4
e 1 1 .
—_ — —_— — ] + w i’ ’ ' 11
+ € (7'13 + T4 75 r‘j) .‘;‘s 3) -
i=2,4 j=2,4

where Ej is the ground state energy of the electrons filling the valence band, e2/er;;
are the screened Coulomb interaction terms (r;; is the interparticle distance, ¢ is
the static dielectric constant). The effective electron-hole exchange term

W (i, j) = V(ri, 7j)Vepin (i, ), (12)
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acting on the functions with separate pure spin part 9, 1 |s) (with |s) = |1) or
[s) = |l)), reads as a projection operator

Vapin (8, 5) = ([T} 1) = 1a) 1730) ({1l (4| = Ll €151 (13)

and

(bt )| Vo) [0 00, )
=//d3r.-d3rj ('/’C,I(Ti)'ﬁu,k(r;))*%¢c'l,(rj)¢v’k,(rj)_ (14)

For the four-particle space of the biexciton we have sixteen basis functions. Since
the conduction and valence basis states (1), (2) are the eigenstates of the one-elec-
tron total angular momentum operators of J = 1/2, the four-particle states are the
eigenstates of the four-particle total angular momentum operators of J = 0,1, 2.
The crystal symmetries of the biexciton states are given by the following products
of irreducible representations:

Te®@I7®@I6®@ 7 =(l2+ I5)@ (24 Is) =2+ 34+ s+ Is.  (15)

In the total momentum classification I'} corresponds to J =0, [y to J =1
and I3 + I's results from the splitting of J = 2. We can attribute each of the
four-particle basis states to one of the irreducible representation I of Ty. Each
of these sixteen states |I;ur) can be chosen with definite permutational parity —
the symbol p (v) stands for the sign + or —, respectively, in order to indicate the
parity of the spin function under the permutation of the two electrons (holes). Only
appropriate combinations of the two-electron and two-hole singlets and triplets are
the eigenstates of the total (four-particle) angular momentum operators J? and
~ Jz, |uv; J,m). As a consequence there are possible only some parities of the | I;uv)
states. Denoting by |0,0), the two-electron singlet (1 = —1)

|0,0), = % [les2(1)) le-172(3)) = Jec172(1)) |ersa(3))] (16)
and by [1,m), the two-electron triplet (u = +1)
|01/2(1)> |cl/2(3)> for m=+41 -
I1,m), = 715 “01/2(1)) lc_1/2(3)) + ]c_1/2(1)> lc1/2(3)>] for m= 0
lc_1/2(1)> |C—1/2(3)> for m=-1
' (17)
and by |0,0),, and |1, m),, the two-hole singlet (v = —1)
0,00 = 5 720 o-320) = oo ) o) a8
and triplet (v = +1) '
|Ul/2(2)> l01/2(4)) for m=+1
|1,m), = 715 [|"1/2(2)> lv_1/2(4)) + |v_1/2(2)) lvij2(4))] for m= 0
|lv-1/2(2)) [v_1/2(4)) for m=-1

(19)
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we may express the |I';uv) states as follows:

IFI - ") = IO! O)e IO) O)h

I7344) = 2L 1) 1L =Dy = 11,00 11, 0) + 11, =1, [1,1),]

|1’1)h Il)l)e
|F4_+) = l0’0>e X |110)h l[‘4+_) = IO’O)h X ,1’0)e
i1, -1y, I1,-1),
_ % [11,0), 11,1}, — 1, 1), |1,0),]
Ty ++) = \—15 (11, ~1). [1,1), = 1,1), [1,-1),]

~5 (L0 11, =1, =11, -1), 1, 0),]
75 (L D I1, =1 +211,0), 11,0 + 11, -1}, 11, 1),
25 (LD 1L 1+ 11,-1), 11, -1),]
301,00 (11, 1y, + 11,=1),) + 11,00, (11, 1), + |1, -1),)]
T+ 4) =4 =5 15,0 (11,1, = 11, =1),) + [1,0), (11, 1), = 11, ~1),)]
=I5 L DL, 1y = 11, =1 [1,-1),)

|&+ﬂ={

(20)

In order to ensure the proper symmetry of the wave function of identical fermions,
each |I;pv) of definite permutational parity has to be multiplied by the spatial
function of opposite parity

- 11 13 > —_— l (eill~'l',+i13.1‘3 +ﬁeila~7‘1+ill~7‘3)

Hhkk/ =2
v (e—ikg-rg—ik4-1'4 + ﬁe—ik.-r,—ikz.r,) , (21)
where i = —p and v = —v.
Now we consider the stationary Schrédinger equation (8)
H®) |8) = Eiex) |6) (22)
for the biexciton wave function |q3> expanded in terms of the four-particle states
)= [} o ) i) (23)

In the previous treatments [8, 9] it was always assumed that each biexciton eigen-
state |$) is proportional to the one of |I'; uv) of definite parity under the permuta-
tion of two electrons and two holes. However, the states |y — —) and |I'} + +) are
mixed by the effective electron-hole exchange interaction (see Appendix), and they
are not mixed with any other |I;uv) states. Taking this mixing into consideration
we define the biexciton I state
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18)=3" Bx (1) [#k) = 23" B (B8) b em (1)
1y 13

i A
e s b ) 50 (o)
(i = (k,m;), kj = (kj,m;)), as a linear combination of the states |I; — —) and
|1+ +)
-\ L -l
9= 3 ¥ tw®B (b k) |k £ ) irm)
pie=rin A 8
U2 Ky

=2 Z exp [i(l-r1 + l3-73 — ko2 — kg-74)]
L1
k. k,
x (e (®)BY (L k) In- ) +o @By (Lh)In++).@5)
Since electrons and holes are fermions, the following antisymmetric relations have
been assumed:

Bg (i) = -Bg (%) = -Bx (14).- (26)
In Eq. (25) ji, 7 indicate the symmetry or antisymmetry of the cocllicients
av (LU _ -pav (I'1 Y _ v
B% (kkl) = [IB% (k k/) VB’“I (k’ ) . (27)

By the identification of Eq. (24) and Eq. (25) we find the explicit relations between
the coeflicients B g (u’,) and B (Iki,l’) :
B (1) =bes(m)BR (L 5)

4

x% (5 FUNIESY ST __) (5 ey — fsmh%zsm?,_%)

+b__(K)By (lklks)

1

Xﬁ [5'"1 16'"3»';'6'"2 ’6"14 l + 6m1 mg, —16 ma, -'— ’714,—1

1

5 (mi48maimy + Sons 45me3) (5,,,2 $omag Oy 36—y )], (28)

where the relation K¢, .. = (=1)/*™y,
Kv_y/2 = vy/2, has been taken into account.

We multiply the Schrédinger equation (22) by the bra ( | = (Iuv| <[IV L %
and we get for the I} state of the biexciton the equation

==
> 3wl (am b | (105 ~ Bian(10)
ol LY
S R

—my? l.e. IXU1/2 = —V_y/2,

II ' s (11
x a5 J, k,>|n;w> b (K) B” (u) =0. (29)
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Similarly to the exciton problem we introduce the Fourier transforms of the coel-
ficients B [10]

A _ 1 av (1, 1.
¢K(7'1,7'3,1‘2,7'4)— W ‘B% (klzl‘;‘)
L
kk,
Xexp[i(h-ri+ &-rg — ky-ry — kg-1g)], (30)
which satisly the symmelry relations
(D%(rl, 73,72, 74) = ﬁQ%(’l‘s, T, T2, Ty = 1745%(7'1, T3, T4, T2). (31)

Taking the Fourier transform of Eq. (29) we show in Appendix that the functions
@’}E satisly the matrix-differential effective mass equation

[ .Ho + %‘j&-p —E(biex)(K); —'2_\17—§j6- } [ b++(K)¢-;; ] =0 (32)

1 7¢. 1 17 -
_MJL, Hy + 6J6+ — E(biex)(K) b“('K)¢K
where
Hy = Ey + Ec(—ivl) + Ec(—iV:;) - Ev(—iV2) - E.,(—-iV4)
271 1 1
+e—<—+————i——1—~—1—) (33)
¢ \"13 24 12 Ti4 T32 T34

represents the kinetic and Coulomb energy of the four particles, (the vectors [, k;
have been replaced with the operators —iV;, —iV; in the matrix elements of the
one-particle amiltonians contained in H(®€¥) (11)),

5:1: =N [5(1‘1 - 1'2) + 5(1‘1 - 1‘4) + 5("‘3 - 7’4) + 6(7'3 - 7'2)] (34)

and J is the exchange integral for transverse excitons defined in Appendix (A8).
We adopt Dirac §-functions since the exchange interaction is assumed to be a
short-range one effective only in 2 — the volume of the unit cell. )

For the normalized functions 95’}:—. the coeflicients bz (K) satisfy the equation

lb4t ()| + [b——(K)|* = 1. (35)

For each vector K there are two solutions for the set (b4 (K), b-—(K)).
For the small biexciton kinetic energies (K ~ 0) one of the solution, that with
[b4++(K)| & 1 corresponds to the bound state. The next higher biexciton state of
the symmetry I's is also bound in CuCl [8] because of the very small electron-hole
mass ratio me/mp = 0.02. Similarly, as in the case of I' states, the states [I'y — +),
|I's + =) and |’y + +) corresponding to the same my are mixed by the effective
electron—hole exchange interaction. For each m; the appropriate eflective mass
equation is the 3 x 3 matrix which acts on the envelope components by &+~
b_y@~+ and b__P~~, where for the normalized $#7 the coefficients bzy are ex-
pected to be about |by_|~1and |b_4| < 1, [b--| K 1.
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4, Numerical results and discussion

We take the simple model of the band energies for the conduction and valence
bands in the vicinity of k = 0:

X%
E.(k) = Eg + o (36)
and
h2k?
Ey(k) = — 5. (37)

It is not possible to solve the four-body problem exactly and we therefore
employ a variational technique. We confine the problem to the case of the total
momentum of the biexciton being equal to zero, K = 0. We multiply the left
hand side of Eq. (32) by #**+ and by ¢~ ~ and integrate over the coordinates of
particles. From the two non-trivial solutions of the obtained secular equation we
choose for the ground state the lower energy E(biex)

1 —_ -
E(biex) = i{E(-)'“'- +Att ¢ Ey~+A

1/2
- (B + At - B - a7+ 127 ), (38)

where

Ef7 = (9P| Hol@P7),

AR = ZgJ(9R7|641077)  with Zyp=tandZ_=1,  (39)

A = L_j(e-|s |ott).
The value of the exchange integral J (for transverse excitons) is taken from
the measured free exciton I's — Iy splitting A, = 6.2meV, where AZh =

(2/3)J|F(0)[22 [8] with F(0) — the value of the exciton envelope at zero electron—
~hole distance |F(0)|2 = 1/mad, (aex = €h®/ue? is the free exciton Bohr radius,
p is the reduced mass). The energy El(biex), expressed with the parameters of the
trial wave functions #*t+ and ¢~ is numerically minimized. The form of ++ is
the one used by Brinkman et al. [4]

T+ = [Y(r)/S(R)F(R), | (40)
where 1 is a function only of the electron-hole distances
¥ = 2exp[—(s1 + s2)/2] cosh[B(t1 — t2)/2], (41)

with sy = k(ri2 + r14), 82 = k(a2 + r34), t1 = k(r12 — 114), t2 = k(raz — r34) and
S%(R) = [2(r)d3r1d3rs, while '

f(R) = (R/A)" exp(~R/A) + C exp(—BR/A) (42)
with R — the hole-hole separation. In the antisymmetric function == ¥ is taken
as

¥ = 2exp[—(s1 + 52)/2] sinh[B(t; — t2)/2] | (43)

and

F(R) = RI(R/A)" exp(~R/A) + Cexp(~ BR/A)). (44)
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. v TABLE I
Parameters obtained for the electron-hole mass ratio o = me/my = 0.02.
parameter n k B A B C
symmetric function @+t 6 114 | 0.76 | 0.24 | 0.18 1.9
antisymmetric function ¢—= 5 1.33 | 1.03 | 0.28 | 0.48 4.8

The variational parameters n (integer), k, 8, A, B, C of the functions #++ and
the corresponding parameters of &=~ are varied independently in the minimization
procedure.

The values of parameters used in the calculation of the ground state energy
El(biex) are listed in Table I. '

The binding energy of an biexciton is defined in accordance with Egs. (33),
(36), and (38) as

Ep = _E(biex) + (2EG + EO) - 2R, (45)
where E¢ is the gap energy, Ey is the ground state energy of the electrons filling
the valence band and R, is the free exciton rydberg R, = pe?/2¢2h2. In CuCl
R; = 190meV. The biexciton binding energies Fp observed and calculated are
listed in Table II. For the ratio of the linear coefficients b_.. /by, which is a

measure of the admixture of the antisymmetric envelope function to the symmetric
one, we have got b.... /by = 0.052.

TABLE II
Biexciton binding energies in CuCl. All energies are in meV.

observed [11-13] 44
Theoretical (obtained from minimization of Epiex) = E5 7, Eq. (39), 36
with symmetric envelope function, without exchange correction)
Theoretical (obtained from minimization of Egpiexy = Eg 7 + A¥Y, 94
Eq. (39), with symmetric envelope and with exchange term)
Present result 26

Some of previous calculations of the biexciton binding (dissociation) energy
Ejg in CuCl, based on the Hamiltonian without electron-hole exchange terms, are
in excellent agreement with experimental data, for example that 44 meV deduced
from Wehner’s theorem [14]. However, the electron-hole exchange interaction taken
into consideration in calculations reduces Ep significantly, as it was shown by
Forney et al. [9] and also in our present calculations (see Table IT). The difference
between Eg = 24 meV and Eg = 26 meV listed in Table II is due to the admixture
(i.e. the ratio b—_/by4 = 0.052) of the antisymmetric envelope function to the
symmetric one.

In the simple band model, which was formerly considered by the author
[1, 2] and by Hayashi [3], the biexciton binding energy obtained with the trial
wave function (40) is Ep = 28 meV.

We expect (by analogy to the calculations performed for an exciton bound
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to a neutral donor [6]) that the relative corrections due to the admixture of an-
tisymmetric envelope function are more significant for the oscillator-strength of
biexciton—exciton transitions than for the biexciton binding energy.

" Wenote that in the case of CdS and ZnS (crystals of wurtzite structure) the
ratio b__ /b4y is of about 20% [2].
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Appendix

In the CuCl crystal the valence Bloch functions v, ; have no separated spin
dependent part. Using the linearity of W(i, j) we may expand W(i, j) of Eq. (12)
in the form

Wi, i) =3

Lk 1,k
|%e1) LK o k) (e, (Ko k| WG, 5) [$e,0) | K tbu ) (e | (Ko o] (A1)
where in the two-band model we have the completeness relation
D o) Ko i) (el (Kipoe] = 1. (A2)

1Lk
Since the biexciton states are constructed from the Bloch [unctions with the wave
vectors, whose range (in the vicinity of k = 0) is small compared to the dimension
of the Brillouin zone, we evaluate the periodic parts u, (it has been assumed
that u, ; varies slowly with k over the range of interest) in (A1) and (A2) with
¢m; (i) and vy, (4)) defined in Egs. (1-2):
ea) 1Kt x) 2 [T em, () [ e ™50, (1)) = 1y mis—bymy) . (A3)
Using Eqs (12-14), (A1) and (1-2) we expand W(i, j) as follows:
WeN=3223 > 2
Lk mim;i I' k' mi,m;

|1, mi; =k, mj) (L mg; —k, mi | WG, §) U, mis =, m}) (U, ml; ¥, m}

T e
_\/;ll,—-i; ) >0| \/_1 L—-—>(_1|)
xVe(h -k 1, ~K) <\/:I1) <1',.1.;_y,l| - \@w) <z', %;—k’,—%'

(o (bed)
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where |mp = —1,0, 1) stands for ¢,,, — the p-like functions and
(le VT(I) —k; I,a _k’) Im'L)

= (&7 0r)| (&% 5, ()| V) [T o8 T, (1)
=//d3rid3rj (eiI'r"¢c(7'i)e_ik'r"‘/)mL(rl'))*

e2

X
s = m5]

(6o it () (5)

We assume the matrix element (A5) to be equal zero for my # m/. From the
symmetry of the crystal it follows that the matrix element (A5) for my = mf
does not depend on my, and has the same value for mg = 0, %1 [15]

(me| Vi (h~k; ', =K &) = (0] Vi (1, ~ ks ', =) [0) Spm

1 .
= /A=t Smums,» (46)
where the exchange integral J(x) for & = I— k= I’ — k' can be expanded in terms

of Wannier functions a, (r— R) [16] (the factor 1/N arises from the normalization
of the Bloch functions, Eq. (3), and the periodicity of their u-parts)

J(K) =//d3r1d3r2a:(rl)a:(rz)%av(rl)ac(rg)

A7 1 3(Bye - B) ey - £) = (Hey * Hyo)K® 2

- v cv (37 ve A
35 e + O(x*) (AT)
with the transition dipole moment pu,, = [ aj(r)era.(r)d3r. For transverse exci-
tons (K - pg, = 0) (A7) simplifies to

. 2 2
j= / / BrydPrya? (m)al (72) -y (1) (r) — T IPuel”. (A8)
T12 3 2

From Egs. (A4-AT) we get

. 1 - 1,1 1 1
w(E,)=>.Y, sy =By ke [2 ‘1, 5=k, -2-> <1’, 5 ¥, 5’
Lk 'k

1 1 T 1__ _1 __1_._ l
+2‘1)_§a_k)_§'><l)"'2"—1""'51"'<‘11§: k) '2' + I’ 2» kaz

1,1 R NRTE
X(<l,§, L, '2"+<I, §, k,2 . (Ag)

Since the basis four-particle states | }, Eq. (23), are antisymmetric under the per-
mutation of two electrons (i = 1,3) or two holes (j = 2,4) the matrix elements
of W(i,j) taken between these states | ) satisfy the equations (|W(1,2)[)' =
(wa, Ny = (1w3,2)1) = (|W(3,4)|)". Thus we may consider the term
(|W(1,2)])’ only. Taking the Fourier transform of the matrix element (29) we get
for the term due to W(1,2) the following expression:
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77 2 > (rul (o
L1l
ko k, kLK,

xB}('7 (2‘, L) exp [i(11~7‘1 + I3-r3 — ky -1y — kg r4)]

=47 (52,) 577 (72) Vz > X —J(h-kz)% oo, 1~ R, 814, 12

ﬁw,k’ La, > [y’ v'y

l N A
k L' k'
szt (1 l .
BE7 1 05 I biopa—ko-ro — ks , Al0
x B (kgka) exp [i (I-ry + I3z — ko- 72 — kq-74)] (A10)

where the symmetry (27) of the coeflicients B%ﬁl (2, %,) and the symmetries of

the wave functions

a'v 2, ;f”,> and I;‘u?i: 3 > defined in Eq. (21), have been taken

into account. The symmetrization operator S#7 (7 Ts

72) is defined by the formula
- 1
S‘“, ?;?i)f(rlyr:}"’?;r‘l): Z[f(”l;"’s:rz,"'ti)

+af (3,1, 2, 1) + 5f (P1, 73,74, 72) + O S (P53, 71,70, 72)] (A11)
The coefficients Z (_,”,) arise immediately from the formula (A9) of the W (1,2)
operator and from the relations (28), Z (11) = 1/2,Z2 (1) = Z (33) = -1/(2V3),
Z(ZZ) =1/s.

Assuming the longitudinal-transverse splitting in a free exciton as small com-
pared to J, Eq. (A8), and approximating the exchange integral in Eq. (A10) by
(A8) we get

7'1 7'3 _ o'y 11+X Ia
47 (Il'l/) 27'4 Vz Z Z NJ(Il L )B (k2+xk4)
k21k4
X exp [1(11 ™ + I,j 73 — 12 Py — k4 .,.4)] =4Z (; ‘I; ) jsﬁl—/ :l"";:l,'::)
1 ) .
ve Z B}{" (i\;%‘) exp [i(Ar-71 + l3-r3 — Ko7y — kq-74)]
Ko ky
1 . N
XN Zexp lix-(roe—m) =42 (E,E/) Jsav (Q ;:)
x¢” (rl’ e 1.4) 28 (1.1 - 1'2) - (/‘::lgl) st# (7‘1, 73, T2, 7'4)

X216 (r1 = 72) + B8 (v = v2) + D9'6 (vy = m4) + G'9'6 (g — v4)], (A12)

where the substitutions Ay = §) +x, k2 = ko + xy and xy = k, — ky, as well as, the
symmetry relations (31) have been used.
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The Fouri(?r transforms of the one-particle kinetic energy terms and of the
Coulomb terms in (29) are obtained with the same procedure used for the exciton
[10]. We get, for example, for the one-electron term Hyr(1)

. 1

B by S (173) 375 > Ed(h)
II’IS
kz,k4

B (b b Yexpli(hm +1 k k

K \kk,)XPLlr+l7a — ky-my — ky-ry)]
= 46#”161/1115‘7'7 ;; ;i) Ec(—iV1)¢,}?l (7‘1, r3, 2, 7'4)
= Wbyt [Be(—=iV1) + Be(=iV3)] 0% (r1, 73,72, 74) (A13)

and, for example, for the electron-hole Coulomb term e2/er;,

o 1 1
46y 850 5™ (773) Ve > VEU(Q)
L.l q
ka.k,

gt (- ;
XB;(V (l;g—qqi;) exp [i(h-ry + l3m3 — kyoro — ka-1a))

2
G (T T [4 y
=44 :6,,,,/5’“’ rlra —@“V 71,73, 7,74
ol 2 4) €719 K ( Yier T é )

= 6,10 e—z- -i-+-—1—-+ 1 + 1 @ﬂlﬁl(r 73, T2, T4) (A14)
= Ouu'Opy ¢ |79 4 T2z T34 K 1,73,72,74),

where U(q) is the Fourier transform of the electron-hole interaction potential,

U(q) = (e%/e) [ d3rexp(iq- r)/r = 4me? [eq?.
As a consequence, the Fourier transform of Eq. (29) becomes Eq. (32).
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