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CENTRIFUGAL DISTORTION EFFECT
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An attempt at including the centrifugal distortion effect in description
of the rovibrational states of diatomic systems with a molecular potential
approximated by the Morse function is presented. The derived Schrédinger
equation can be rigorously solved leading to the eigenvalues in the form of
a.continued fraction, which are applied for evaluation of the molecular con-
stants and for prediction of the rovibrational spectra of the selected diatomic
molecules giving quite satisfactory reproduction of the experimental data. A
simple extension of the method developed, by assuming the rotational de-
pendence of the dissociation constant, is also proposed.

PACS numbers: 33.10.Cs, 33.10.Jz

1. Introduction

The well resolved IR and MW spectra, as well as the structural simplicity of
diatomic systems are the reasons why they have become convenient test objects
for the new spectroscopic theories and molecular models.

Recently, on the basis of the deformable body model [1] and harmonic [2-5] or
Simons-Parr-Finlan [6-10] potential approximation, a few different approaches to
theoretical reproduction of the rovibrational spectra and calculation of molecular
parameters have been proposed. A common feature of these methods is that they
take into account the deformational influence of the centrifugal force acting in the
rovibrational systems, and lead to the exact analytic formulae for the rovibrational
energy and the corresponding wave functions.

In this paper we propose to extend the research area onto the diatomic
molecules described by the Morse potential [11]:

U(r) = Do{1 — exp[—a(r — r¢)/70]}?, (1)

*This research was supported by the grant of the Committee for Scientific Research No.
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in which » and ro denote the internuclear separation and equilibrium distance,
respectively, whereas Dy represents the depth of the potential well and a is the
range parameter. The Morse potential has a few remarkable properties, making it
useful for approximating the real potential curves of diatomic systems. Namely:

(1) It takes into account the anharmonicity of vibrational motions.

(i) It includes the ability of the molecules to undergo dissociation at high exci-
tation energies.

(iii) Its behaviour over the whole range of internuclear distance is qualitatively
correct (including asymptotic condition U(oo) = Dy).

(iv) It preserves the quasi-harmonic properties in the vicinity of the potential
minimum.

(v) The rovibrational Schrédinger equation with potential (1) can be rigorously
solved [12].

In view of the above the aim of this paper is to employ the deformable
body model [1, 2] in description of rovibrational states of diatomic systems with
a molecular potential approximated by the Morse function (1). The presented
approach leads to the Schrodinger equation, providing analytic wave functions
and eigenvalues given in the form of a continued fraction, which will be applied for
evaluation of molecular constants and for prediction of rovibrational spectra of the
selected diatomic molecules. We shall also be concerned with a modification of the
obtained formula by taking advantage of the expansion of dissociation constant
into a continued fraction of rotational quantum number.

2. Method and applications

The rovibrational Schrédinger equation for diatomic systems endowed with
reduced mass m, and including the Morse function (1) has the form

B2 a2 RIJ(J +1)
[~ + i+ Do = explatr o)l - B
XPyg(r) = 0. (2)
Expanding the reciprocal moment of inertia in series of the curvilinear coordinate

z = exp [—a(r — ro)/ro] [12], in the vicinity of the equilibrium configuration rg, we
get '

R2J(J +1)

S =BJ(J +1)(co+ c1z+ c2% +..), (3)
B = ﬁz(2mrg)_1, co=1- 3a~? + 3a‘2, (4)
ct=4a"'—6a"%, ¢y =-a"!43a? (5)

whereas the original equation (2) for parabolic expansion takes the form

hZ d2 ‘
(_%m +fo—2f1z+ for® — EvJ) Yos(r) =0, (6)
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fo= r%a'z [Do + CoBJ(J -+ 1)], (7)

fi=rga™?[Do—c1BJ(J +1)/2),  fo=r}a~2[Do+csBJ(J +1)]. (8)
Taking into account a quantum-mechanical equation of motion in the Helsenberg
representation, as well as the explicit form of Hamilton’s operator occurring in (2),
one gets a quantum-mechanical force acting in the rovibrational systems described
by the Morse potential

p = (ih)~*[p, H] = 2Doroaexp [a(r — r0)/ro] {1 — exp [~a(r — ro)/ro]}, (9)
or in an equivalent form

5 =2Dyrjayexp[—aj(r—ry)/rs] {1 - exp[~as(r —r;)/r;s]}, (10)
ry=rg [l—a‘lln(fl/fz)] , ay =a[l—a tIn(f1/f2)], ' (11)
Dj = faexp[-2a(rs — ro)/ro) = f1/fa. (12)
The quantum-mechanical force (10) is endowed with an effective potential
U(r)err = Dy {1 — exp[—aj(r —rj)/rs]}?, (13)

which permits rewriting of (6) into an equation amenable to analytic solution

( ;2 dd22 + Dy {1 —exp [—-aJ(r - 7‘])/7‘]]}2 (Ev.l — ERot )

Xya(r) =0, . (14)
where r;, Dy, ay are the changed equilibrium configuration, the modified dissocia-
tion constant and the modified range parameter in the J-rotational state, whereas
the last term ER* = fo — f2f; ' describes the effective rotational energy. The
obtained results indicate that in rovibrational diatomic systems the time change
of momentum occurs under the influence of force (10) including modified potential
parameters r7, Dy and ay; it is a consequence of the action of the centrifugal force
which operates in all systems w1th rotational degrees of freedom. A look into (6)
reveals that

Bt = fo—2fizs+ fozd = fo— fifsY, 25 =exp[—a(rs —ro)/ro], (15)
i.e., the eﬂ'ectlve rotation energy is a result of a change of the equilibrium configu-
ration rg — 7y caused by the centrifugal force. The Schrédinger equation (14) has
the solutions [11, 12]

Eyi=fo—fify' +hwy(v+1/2) — hwyzs(v+1/2)%, v=0,1,2... (16)

hwy =2a5y/BjDj, hwyzy = a?,BJ, By = h2(2mr3)‘1, (17)
"pv.’ = yﬂvl exp(_y/2)1F1(ba [ y)a (18)

y = 2a3'\/Ds By exp[-as(r—r5)/rs], 1=\ EwsBj’, (19)

c=2n5+1, b=c¢/2-a"'/D;B;, (20)
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where 1 Fi(b,c;y) denotes the confluent hypergeometric (or Kummer) function.
Introducing relations (11) and (12) into (17), the eigenvalues (16) may be given in
an equivalent form

B,y = hw(v+1/2) — hwa(o +1/2)% = a(v+1/2)J(J +1)
1+ BDFYJ(J + 1)ecs \/1+BDF I(J + ey
BJI(J+1) DI +1)? (1)
14+ BD;'J(J 4+1)cy 14 BD;'J(J + 1)eo’
hwz = a’B, o= B3?D;%ac;, D= B?Dy'(a~!-2a"?). (22)

A detailed analysis of the obtained results indicates that:
(i) The eigenvalues (21) are given in the form equivalent to that considered by
Pekeris [13] and Fligge [12], who applied, however, a different methodology
in their derivation.

(1) The final energy formula takes into account the centrifugal distortion effect
which leads to the modification of the potential parameters Dg, a, ro and
appearance of the rotational terms occurrmg in (21) in the contlnued fraction
form [14].

(i) The previous point suggests the possibility of some modification of the energy
eigenvalues (21), by replacing the original dissociation constant Dy with its
multiparametric expansion [8-10]

Dy —D(J)y=Do[l1+z1J(J+1)/[1 +z2J(J+1)/[1+..], (23)
where {z;;7 = 1,2...} is the set of ezternal semi-empirical parameters to be
obtained by the fitting procedure.

It is interesting to note that the formula (21) is usually considered in the
expanded polynomial form of the Dunham type [12, 13], for the reason that it
permits to relate in the simple manner the spectral Dunham coefficients and the
Morse potential parameters. However, in this paper we propose to employ the
eigenvalues (21) in the compact form for straightforward evaluation of the potential
parameters {qo, Dg, @}, and next for reproduction of the rovibrational spectra
of the selected diatomic systems. The obtained results are collected in Table I
which also gives the standard deviation o of the fit, as well as the molecular
constants {w, wz, a, B, D} calculated by using the relations (22). The uncertainty
in parentheses is one standard deviation in units of the last quoted digit of the
fitted parameters. The best values for the molecular parameters are derived by the
least-square routine in which the statistical weights proportional to the inverse of
experimental uncertainties are taken as being equal to one.

The modified formula (21) including D(J) in the form of a continued fraction
(23) is applied to evaluate the molecular parameters {qo, Dy, a, €1, #2}, and next
to reproduce of the rovibrational spectra of the “LiH molecule.

The rovibrational transitions are calculated from (i) the original eigenvalues
(21), (ii) the modified formula (21) obtained by the replacement Dy — D(J), and
from (iii) the polynomial Dunham expansion [15] containing a comparable number
of fitted parameters. The results of the calculation are presented in Table II.
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TABLEI

Ground state molecular constants (cm™) for the selected diatomic molecules fitted
to the experimental frequencies®. :

ro(A) .

o(cm™) | N® | r§,,(A) Do x 1072 [ a9
12¢33 0.0009 20 | 1.534941 1.534781(24) | 60.353(21) 2.88967(48)
13180 | 0.0020 |40 |1.128323 1.1283190(41) | 83.837(15) 2.69805(26)
H81Br 0.0071 12 | 1.414435 1.41402(12) 35.4409(56) 2.44142(11)
DF 0.0105 13 | 0.91694 0.917377(66) | 41.779(17) 2.22412(35)
D37Cl 0.0116 17 | 1.274581 1.27480(14) 38.238(30) 2.35726(74)
D | 0.0025 |11 |1.8373 1.837641(94) | 18.9574(68) | 2.40723(34)
192XeHt | 0.0029 |16 | 1.602813(6) | 1.602695(39) | 28.4091(36) 2.63891(12)

w wz o B D x 10°
12¢34s 1275.5064 6.7391 0.00567 0.807063 0.1150
a 1262.0277(4)
13C180 | 2069.2284 12.7679 0.01425 1.753964 0.3519
e 2043.69218(20) 1.7464072(17) | 5.0409(57)
H8'Br 2675.2478 50.4851 0.20196 8.469881 14.9906
c 2648.479 45.2175 0.23328 8.464884 34.575
DF 3015.5103 54.4122 0.23243 10.999655 13.1208
¢ 2998.192 45.761 0.3017 11.0102 59.4
D?*Cl1 2148.4326 30.1778 0.09420 5.430916 4.9593
a 2088.073(7) 5.3757(3) 13.59(10)
151D 1052.7058 14.6142 0.04390 2.521965 5.7898
e 1048.24 12.37 0.051 2.523 5.8
182X eH* | 2278.7109 45.6941 0.17220 6.561665 13.9046
c 2269.9674(11) | 41.32056(34) | 0.186686(14) | 6.560686(14) | 21.907

¢ Experimental data: 2C*%S (R(J), P(J),v = 0 — 1) [16], }3C*%0 (R(J),P(J),'v =
0 — 1) [17], H*¥Br (R(J),v = 1 — 3) [18], DF (R(J),» = 0 — 1) [19], D3Cl ~
(R(J),» = 0 — 1) [20], ¥InD (R(J),v = 0 — 1) [21], ¥XeH"* (R(J),v =0 — 1)

[22].

® Number of the experimental data in the fit.
¢ Experimental data fromRef. [23], and for **?XeH* from Ref. [22].

4 Parameter dimensionless.

¢ Experimental data from Ref. [25].

3. Discussion

The application of the deformable body model to molecules described by the
Morse potential has lead to the fraction continued formula for the rovibrational
energy, which seems to be a more general and stronger physically supported equa-
tion describing rovibrational states of diatomic systems than the formulae obtained
on the basis of the harmonic or Simons—Parr-Finlan potentials. The application
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TABLE II
Ground state molecular constants (cm™1) for "LiH molecule, fitted to 36 experimental
frequencies® for R(J) and P(J) band v =0 — 1.

N? a(cm™1) | ro(A) Do x 103 | a° z$ X 10° z§ X 10°
3 0.0435 1.596205(42) 18.6793(56) | 1.88675(34)
4 0.0128 | 1.595829(24) | 19.980(73) | 1.8190(36) | -2.17(12)
5 0.0036 * | 1.5958256(66) | 19.948(20) | 1.8206(10) | -2.167(32) | 8.52(47)
exp. data% 1.5957

o(em=!) | w wz | o B D x 10*
3 0.0435 1413.1452 26.7271 | 0.1234 - 7.5080 0.9608
4 0.0128 1409.4070 24.8539 | 0.1022 | 7.5115 1.5447
5 0.0036 1409.5034 24.8984 | 0.1027 7.5116 1.5307
5¢ 0.0986 | 1359.595(26) 0.20864(20) | 7.5027(30) | 7.84(15)
5/ 0.0509 | 1359.675(16) 0.21111(28) | 7.5041(10) | 8.012(24)
exp. data? | 1405.65 23.20 | 0.2132 7.5131 8.617

2Experimental data from Ref. [24].
bNumber of fitted parameters.
¢Parameter dimensionless.

dExperimental data from Ref. [23].

¢Parameters calculated from 5-parametric Dunham formula E, ; = w(v +1/2) + [B — a(v +
1/2) = DJ(J + 1) + HJ?*(J 4 1)2]J(J + 1) with H = 4.1(23) X 10~3(cm™1).

JParameters calculated from 5-parametric Dunham formula E, ; = w(v + 1/2) + [B — a(v +
1/2) - [D = B(v + 1/2)]J(J + 1)]J(J + 1) with 8 = 9.52(96) X 10~%(cm™!).

of the Morse function permits to include the rotational dependence of molecular
constants {w, a, B, D} and the anharmonic corrections, so the considered formula
may be applied for investigation of the rotational structure of overtone transitions
in the highly excited rotational states. Because the equation describing effective
rotational energy takes the form of a continued fraction, it permits us to do a
straightforward modification of the original eigenvalues using the expansion of the
dissociation constant into a continued fraction in the rotational quantum num-
ber. Both original and modified formulae provide quite satisfactory relationship
between the theoretical and the experimental data over a wide range of rotational
states. In particular, the modified formula containing only two semi-empirical pa-
rameters 21 and z; reproduces the rovibrational transitions of the “LiH molecule
more precisely than the corresponding 5-parametric Dunham expansions. Applica-
tion of the other 4- or 5-parametric sets of fitted parameters (especially including
anharmonic term wz) has led to the worse accuracy of the fit, or even to divergent
series.

Inspection of Table Il reveals that parameter z; is negative for “Lill molecule,
hence the dissociation constant diminishes with rotational excitation, and the in-
terpretation of z;-parameter as an indicator of molecular susceptibility to rota-
tionally induced dissociation also holds true in this case. ’

Needles to mention that the presented approach allows us to obtain the
analytic wave function for the original as well as for the modified eigenvalues,
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therefore, the matrix elements of quantum-mechanical operators, the Franck~Condon
factors and intensities of rovibrational transitions can be directly calculated.
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