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The energy spectrum of a quantum dot made from IV—VI narrow gap
semiconductors is studled. The calculations of the energy levels as functions
of the dot radius are performed. When the anisotropy of the bare energy spectrum is strong, the energy levels are calculated using Fal'kovskii's adiabatic
approximation for multiband systems. When the quantum dot material has
an inverted band gap with respect to the host, the low-energy states within
the fundamental gap are shown to arise.
PACS numbers: 71.50.+t, 71.90.+q
The present day semiconductor technology is able to produce quantum dots
which are effectively the objects of zero dimensionality [1-3]. The size quantization
of the energy spectum in quantum dots takes place in all three dimensions. Here
we study the energy spectrum of a quantum dot made of the narrow gap semiconductors and their solid solutions. The bulk crystal of this type has nonparabolic
spectrum. The complexity of spectrum makes it nontrivial to solve the size quantization problem. In reality, the characteristic width L of the three-dimensional
quantum well (i.e. the dot size) is not too small, L » α, where αn is the lattice
constant. Thus, the envelope function approximation can be used. It implies that
the basis wave functions contain as a set of multipliers the wave functions at the
extremum pomt for only valence and conduction bands.
We restrict ourselves to investigation of the type-I model of heterojunction,
in which the relevant effective potential is Eg (r). The possible variation of other
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parameters including the crystal potential V(r) (or band offsets) is neglected. It
is worth mentioning that the band offsets in compounds under consideration are
not determined definitively so far.
Thus, we study the eigenvalue and eigenfunction problem with the following
Dirac Hamiltonian:
describing the electrons and holes in the vicinity of the L extremum point of
Brillouin zone. Here σ and r are the Pauli matrices acting in spin and band
spaces respectively, υ t and υ z are the interband interaction parameters.
In real IV-VI crystals the ratio υ t /υ z varies from about 10 in PbTe to 1
in PbS [4], whereas the gap parameter Eg can be positive (e.g. PbTe) or negative (SnTe). In accordance with that we studied separately two different models.
The first one is the fully isotropic model with υ t = υz, and isotropic function
Εg (r). In the framework of such an approximation we investigated the case of
non-inverted junction for which Εg (r) does not change its sign, and the opposite
case of band-inverted junction. The second model relates to the strong anisotropy,
υ t /υ z » 1, Εg (r) being still isotropic (notice that in certain important cases of
anisotropic Εg (r) the problem reduces to this one after suitable scale transformations).
We take the simplest form of Εg (r), namely Εg (r) = Eg 0 at r < R, and
Εg (r) = Εg 1 at r> R, where R is the dot radius, and assume E g 0 < Εg1. It may
correspond to a sphere of the Pb1- x Sn x Τe compound with some x = x 0 inside the
host of another compound with x < x 0 .
Using the spherical spinor functions, we can get the eigenvalue equation in
the form

where Jv and Kv(x) are the Bessel functions,

j and 1 are the total 'and orbital momenta. The results of numerical computation
are presented in Fig. 1 for the following values of parameters: E g 0 = 0.02 eV,
Εg 1 = 0.1 eV, υ = 5 x 10 8 eV cm. In case of Pb1- xSnxTe alloys, it corresponds
to x 0.3 and x N 0.2 respectively [4].
The energy levels are plotted as functions of R. The levels exist only at
Εg 0 < 2|ε| < Εg1. The corresponding wave functions are the linear combinations
of wave functions belonging to valence and conduction bands with orbital momenta
1 and 1 + 1. The spin-orbital interaction of Hamiltonian (1) yields the splitting of
states with different l.
In case of the inverted junction (we take Ε g0 < 0, Εg 1 > 0 for definiteness) the eigenvalue equation has the same form as Eq. (2) with the substitution
—
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Jv —> Ιv, and k = (Ε 0/4 - ε 2 ) 1 / 2 /υ. The energy levels can be found by the nu-

merical calculation. The quantization levels lie at |ε| < min(|Ε g 0|/2, Εg 1/2), the
corresponding wave functions being localized in the vicinity of r = R. In the limit
R →∞ they transform to the known Weyl states with ε = 0, predicted earlier for
the plane heterojunction [5].
We also performed the calculations of spectum when anisotropy is strong,
υt/z»1. hen the adiabatic approximation can be used in the form develT
oped previously for multiband systems in [6]. The Hamiltonian describing the fast
motion is (p is the polar coordinate, Eg is taken positive)
It can be diagonalized, lading to the equation

which determines the effective potential λ(z) of slow motion. Here we denoted
R(z) = (R20 - z 2 )1/ 2 , R0 is now the dot radius. The second equation of the same
form holds for —λ(z). There are two wave functions corresponding to these eigenvalues. With them we can get the Hamiltonian for slow motion
Since R0 » α, we can approximate the dependence λ(z) by λ = λ0 + βz 2 /2R0,
where λ0 = λ(z = 0), β λ0/R0. After that, the problem reduces to a one-dimensional Schrödinger equation for a particle of unit mass and energy Ε = 0:
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where

Finally, we obtained the following equation for the energy:

where n is the quantum number of the longitudinal motion, n = 1/2, 3/2,... At
λ0R0/υ z » 1 we can write approximately ε 2 = λ20 + 2n(υ2zλ0β/R0 ) 1/2
In conclusion, we obtained the energy spectum of a spherical quantum dot
in different cases. The discrete levels can be observed experimentally only if the
number of them is small. As is seen from Fig. 1, this turns out to be possible in
restricted interval of R. For the compositions of Fig. 1 the available interval is
about 200 to 500 Α.
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