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1. Introduction

When an initially isotropic molecular fluid is subject to an external electric
field, the fluid molecules involved are oriented to and, in some instances, deformed
by the action of the field on the permanent and induced dipole moments of the
molecules. The fluid becomes birefringent. This phenomenon is called the elec-
trooptical birefringence -or the Kerr effect. For a weak field, the degree of bire-
fringence is proportional to the square of the field strength. The proportionality
constant multiplied by an appropriate constant factor defines the Kerr constant..

In order to interpret such physical processes, it is necessary to describe the
orientation motion of a molecule of a liquid. In a dense fluid, a molecule will
experience many collisions as it rotates from position to position. This view of the
dynamics of molecular liquids suggests that the process is diffusion-like in nature.

Although a molecule in a fluid rotates along a deterministic trajectory ac-
cording to Euler’s equations of motion, this motion is sufficiently complex so that
it may be viewed as proceeding through a rather randomly chosen path. Since
the orientational motion of a molecule of the liquid is aflected by collisions and
has a similarly complex trajectory, it is possible to develop a diffusion model for
orientational dynamics. :

Langevin [1] proposed the first mathematical theory of Kerr electric bire-
fringence (KEB), based on the orientation of anisotropic molecules due to the
introduction of an orientation function of molecules possessing a symmetry axis.
Born (2] generalized this theory by introducing the permanent dipole moment. All
present theories involve these basic ideas.

The Kerr electrooptic phenomenon was studied intensively in a continu-
ous regime, often in a pure alternating regime, and by Pauthenier [3] in an im-
pulse regime. In the last two decades, the Laboratoire de Physique Appliquée de
I'Université de Perpignan, has contributed much to a better understanding of these
two regimes [4-8]. Filippini [9] measured experimentally the Kerr dispersion con-
stant when an alternating field superimposed on a unidirectional field is applied to
the liquid. Theoretical studies of Coffey and Paranjape [10], Morita [11], Morita
and Watanabe [12] and those of Alexiewicz [13] on the diclectric relaxation and
KEB in alternating and unidirectional fields have already appeared.

Peterlin and Stuart [14] obtained solutions of the electric birefringence in
a sinusoidal electric field E(t) = Epcos(wt) for the cases of pure induced dipole
and pure permanent dipole orientations. The solutions are limited to infinitely
small fields. The general case of induced and permanent dipoles coexisting on the
particle was first solved by Ogawa and Oka [15] for a very low sinusoidal electric
field E(t) = Egpsin(wt). Later the same problem was treated by Thurston and
Bowling [16] for a sinusoidal electric field E(t) = Ey cos(wt).

Most of these works were made in the linear regime.

In a previous paper [17] we extended the already existent theory of linear
Kerr effect, to treat the nonlinear regime in superimposed ac and dc ficlds for
the general case of molecules with permanent and induced dipole moments. We
adopted a perturbation approach to treat the general nonlinear regime — within
the classical framework of the Smoluchowski theory — and proposed steady-state
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analytical expressions for nonlinear electric polarization and birefringence in terms
of KEB fundamental harmonics and characteristic eigenvectors obtained from a
vector representation of the main system of equations.

In the present study, we pursue the discussions mentioned above in two
directions. First, we analyse, using the same perturbation theory, the truncature
effect arising from the reduction of the main infinite sets of equations to two,
~ three, or four sets of differential equations in order to describe the nonlinear Kerr
effect relaxations. We deal with steady-state analytical exp‘ressions for nonlinear
electric polarization and birefringence in terms of KEB fundamental harmonics
and characteristic eigenvectors obtained from a vector representation of the main
system of equations. Second, we generalize this perturbation approach — within
the framework of the Sack formalism — in order to describe the influence of small
inertial effects on the nonlinear electric polarization and birefringence for a sudden
application of both ac and dc fields. We also obtain the appropriate steady-state
solutions in terms of KEB fundamental harmonics and characteristic eigenvectors.
These expressions reveal the appearance of a contribution within a master matrix
which is proportional to the square of the frequency corresponding to the order of
perturbation.

In Sec. 2 we present a briel theoretical introduction, with the main sets
of differential equations, usually. truncated to two sets of equations in order to
describe the nonlinear electric polarization and birefringence. Next, we develop the
perturbation expansion and justify the degree of truncature necessary to obtain
the essential molecular information (Sec. 3). In the last section, we extend this
perturbation theory to include small inertial effects on this Kerr physical process
in any order of perturbation.

2. General theory

Upon the assumption that the particle is axially symmetric and non-interact-
ing with each other, the orientational movement of the molecule may be described
by the rotational Smoluchowski diffusion equation for the angular distribution
function f = f(0,1):

of 1 0. of 1 0w

Dl == _——— 0f =+ —— , 1

0 = 5006 [S‘“ (ao * 550! (1)
where D is the rotational diffusion constant around the transverse axis of the
molecule, kT is the thermal energy, 6 is the angle between the symmetry axis and
the field direction, ¢ is the time, and W — the orientational energy of the molecule
— is given by

1

W = —pE(t)cosl — 5(011 — a3)E%(t) cos? 9, (2)
where u is the permanent dipole moment along the axis of symmetry of the
molecule; Ax = oy — ay, the difference of the molccular polarizability between
parallel o; and perpendicular ay components to the molecular axis. E(t) is the

external electric field. o; and aj; may gencrally be functions of the electric field
and can be expressed in a power series of E as follows [18]:

oi=a; +bE 2+ EY ... (i=1, 2). (3)
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In the following, however, we regard the polarizability as a constant. by ne-
glecting effects due to the hyperpolarizability.

Equation (1) may be solved by expanding the distribution function f =
J(8,t) in the Legendre polynomials [5-8, 11-13, 17, 19-22]:

(o0
£(8,1) = Cu(t)Pa(cos0), (4)
n=0
where C, (1) is a function of time and P, is the Legendre polynomial of degree n,
an+1 [+
Cu(t) = 5 J(0,t) Py (cos 0)d(cos 6). (5)
-1

Substituting f into Eq. (1) and using the recursion relations between the
Legendre polynomials, one. can simply obtain the recurrence relation as follows
[6-8, 11-13, 17, 19-22]:

D1 (P (W))(t) = —n(n + 1)(Pa()(0)

D P @) — (Prsa ()0
n(n+ 1) 2n+1
o1 [(271 im0
= L Paa()0) ~ gt 2 (Para())(®)] ©)
where
(Po(w))() =1, 7=7() = k/frE(t) w=cosh, B=p(l)= —Ez(t)

+1
(Pa(u))(t) = /_ I )P0 = (),

for the normalized distribution function f_+11 J(u,t)du = 1, in which angular brack-
cts represent the ensemble average and f(u,!) is the normalized distribution func-
tion in the new variable u.

The electric polarization and birelringence are directly connected to y;(t)
and yo(t) [6, 12, 17, 22]. But the precision of the calculation of these quantities
depends on the degree of the truncature solving Eq. (6). In the previous paper, we
limited to n = 2 by taking up the terms of second power of E(t) and fourth power
of E(t) for nonlinear electric polarization and electric birefringence, respectively

p-1 dyiz(t) - ( 2ﬁ) v (t) — yz(t) +
N (- ) w) + 2 ” (72

¥y(0)=0, i= 1, 2.

Various papers were devoted to the approximation of analytical and numeri-
cal treatments of Eq. (6) or its variants for the dielectric relaxation and Kerr elec-
tric birelringence in numerous regimes of external electric fields [11-14, 19, 20-24].
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Ilounkonnou (22, 26] has recently used the Runge-Kutta method to solve this
equation by including the nonlinear and inertial effects for a sudden application of
an alternating field superimposed on an unidirectional field. He has given an exact
analytical solution to the same equation, when one applies the unidirectional field
[27].

Mathematically exact solutions of Eqs. (7) for an alternating field superim-
posed on an unidirectional field are difficult to obtain. In the previous paper, we
emphasized the usefulness of exact steady-state solutions and used a second-order
perturbation theory in order to solve Egs. (7a) for

E(t) = E. + Ep coswt. (8)

Here, we adopt the same perturbation approach to obtain the steady-state
solutions y;(¢) and ya(t) from systems (7b) and (7c) for electric polarization and
birefringence, using a step by step truncature procedure including, respectively,
y3(t) and y4(?) in system (7a):

D—l_dy(;t(")?(a-?—f-) n(t) - yz(t)— L)+

prd) S,y (-2 ) )~ SLyst) + —‘3

o dygt(t) - ?ﬁ (1) + 127yz(t) —~ (12— —l—g) y3(?), (7b)
and

pdul __ (2 Z) 00~ 2n) - Lusy+ 2,

'D—ldyfzt(t-)- = QZM(t) - 27'B y2(t) — 67y3(t) - % a(t) + — 2'3

D-lgyd“T(t) = 24’3 n(l) + 127y o - (12— ﬁ) ys(t) — 1273/4(0,

D_ldy(,l;t(t) 20/3 () + 207y - ( 0 __) ya(t). (70)

3. Perturbation expansion: truncature effects

Using the following reduced variables:
w
- =Y
t]_ = Dt, w D
and writing
E(t1) = Ec(1 +ecosw'ty),

v(t1) = 7c(1 + € cosw'ty),

B(t1) = Be(1 + e cosw'ty)?,
where '

” Ec: /BC AaEZ

B TRT = %T
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the systems (7) may be translated into vector representation as follows:

de(d#l = [A(tl,é)] Y(t1,€) + F(l,¢), Y(0,6) =0, (9)

where:

a) For the representation of system (7a)

[ —2+28/5 -29/3 [ 2p/3
[A]—(67/5 —6+2,6/7)’ F"(w/s)’

Y = Y1 . dY(t1,€) _ dyl/dt
\w ) e\ dyp/dt:

with 8 = B(t1), ¥ = 7(t1); € is a small parameter.
Particular cases of ordinary linear electric birefringence of Kerr (KEB) were
treated by Morita and Watanabe [11, 12, 23] and Déjardin and Débiais [21] by

considering

-2 0
[41= ( 6v/5 —6+28/7 ) '

The same situation was examined by Schwarz [24] for purely apolar molecules
(y = 0). Okonski [25] studied the purely polar molecules (8 = 0).

b) For the representation of system (7h)

-2+28/5 -2v/3 —28/5 28/3
[A] = 6v/5  —6+28/7  —6v/5 , F=128/5 |,
243/35 124/7 -12+4p8/15 0
n dyl/dt
Y=1| u» |; W = | dy/dt
Ys . dy;;/dt
¢) For the representation of system (7c)
-2+ 28/5 —2v/3 —24/5 0
(4] = 6v/5 —6+28/7 —6v/5 —243/35
243/35 124/7 —-12+44/15 12y/7
0 208/21 20+/9 -20 4 208/77
26/3 v dy /dt
F= 2:3/5 Y = Y2 . dY(ll,E) _ dyz/dl
0 ! ys |’ d¢ - dys/dt
0 Ya dya/dt

In the following, we consider the general case of molecules having permanent
and induced dipole moments without any approximations of above mentioned
molecular parameters y(¢;) and B((,).
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By expanding the dependent variables [A(l1,€)], ¥(¢1,¢), and F(t1,€) as a
power scries in €, we generate a solution to any desired order in €. Hence, we have
[A(t1,€)] = [Ao] +e[A1] +€%[45] + ... (10)

where:
d) For system (7a)

_{ -2426./5  —2%./3
[‘4°]‘( 67c/5 —6+2ﬁc/7>’

[A1] = cosuw'ty ( g'zcjg _:1,23%/73 > = cosw'ts[ai],

[42] = cos?w'ty ( 2'68/5 2,32/7 ) = cos? w't;[ay).

e) For system (7b)
~2+28:/5 —27¢/3 —2B:/5
[4o] = 67e/5  —6+28/7 - —67/5 :
20./35  127/T  —12+4B./15

4ﬁc/S _27::/3 —'4:3(:/5
[A41] = cosw'ty 6v./5  4B8:)7 —6v./5 | =cosw'tifai],
486./35 12v./7 —8B./15

28./5 0 —28./5
[Ag] = cos®w't; 0 28:/7 0 = cos? w'ly[as].
246./35 0  —4B./15

f) For system (7c)

-2+ 2/30/5 —270/3 '—2,3c/5 0
Al 67./5  —6+28/7  —67/5 ~240./35
[4a] = 243. /35 129./7  —12+46./15 127./7
0 208./21 207./9  —20+208./77
46:/5 —27c/3 —~48:/5 0

6vc/5 4Bc/T  —6vc/5 —480:/35
488./35 12v./7 —8B./15  12v/7
0 408:./21  204./9  40B./77

[4)]=cosw'ty =cosw't1{ay],

28./5 0 —28./5 0
0 28:/7 0 —248./35 | ,
=cos? W't =cos wtl[a,g].
[Mo]=cos®taf oo im0 _4gj15 0

0 208./21 0 208./77
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By analogy to Eq. (10), we obtain the vector expansion of F(y,¢):
F(tl,E)=Fo+€F1+62F2 +... (11)

where:
g) For system (7a)

208./3 26:/3 \ _ yoog
Fo = ( 96./5 ) F; = cosw'ly ( 46./5 ) = cosw'ty - fi,

= cosw'ty ( 28, ) = cos?w'ty - fi.
h) For system (7b) :

206./3 20:/3
Fy = 2,BC/5 F; =cosw'ly | 48./5 | =cosw'ty - fi,
0 .

Fy = cos?w'ty ( 20./5 = cos?w'ty - fp.

i) For system (7c)

206./3 20./3
46./5
Fo= 2pe/5 =cosw'ly pel = cosw'ly - fy,
0 0
0 0
Fy = cos?w'ty 2’68/5 = cos?w'ly - f.
0

Thus, we write the vector Y(t1,€) as
Y(t1,€) =Yo+eYy +€2Y2+

Substituting (10), (11) and (12) into Eq. (9) and equating the cocflicients of
successive powers of €, we obtain

dY, dY

dto [Ao] Yo+ Fo,  —1 =[Ao]¥1+[A)]) Yo+ Fi,
dY-

TR —2 = [Ad) Y2 + [42) Yo + [41]Y; + Fy,

Y,(0,6)=0, n=0,1,2. (13)
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At any reduced time, the vector ¥, (¢;) can be formally written as the su-
perposition of two solutions: the first describing the transient behavior T, (t1) of
the system, and the second — its steady-state evolution Zy(t1):

Yn(ll) = Tn(ll) + Zn(tl). (14)

For the system (7a), for example, we can obtain the characteristic time T,
at the end of which the transient regime vanishes, by solving the characteristic
equation of [A4g], i.e.

det([Ao] — AI) =0, (15)

where X is an eigenvalue of [4o] , I — the identity matrix.
Expanding Eq. (15), we obtain for system (7a):

12 2 2 52
A2 28 ) —o(-Zp 524228 _6) =0,
2 (1= 20 ) -2 (-2 pi- Do+ 320 —0) =0 (16)
The discriminant A’ of Eq. (16) is
. 2 2
= Yo |2Pe 1B\ (36 _ ) _
A_4{1+5 77§+7(7c =-1) -1

o, 298
with R = 92/8: (v and B. < 1). We obtain approximately

2 2

_ 1092, 72 _ 1
M=t Rt Ty

1
le% and Tzz—é<‘r1.

Thus, after a reduced characteristic time 79 > 71, the system evolves to
a steady regime. We note that the mentioned characteristic time is in excellent
agreement with the numerical results of Lec et al. [20] and with the analytical
solution of Hounkonnou [27].

In the following, we are inlerested in the steady-state solutions for all systems-
(7). Thus, Eq. (14) is reduced to

Yo(ly) = Z,(ty). (17)
Therefore, it is straightforward to find
Zo(tl) = -—[Ao]_lFo. (18)

Fy is well known. Hence, the vector Zj is well defined. Explicitly, we obtain using
Taylor expansion (using REDUCE):
j) for system (7a):
2(t) = (3782 + 2108, — 10542 + 1575)/4725
OV ™\ (52 + 1052 + 3990872 + 22050 + 2205+2)/33075 ) °
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k) for system (7b):

23(t,) = 1e(262 + 428; — 2192 + 315)/945
° (82 + 2182 + 42872 + 4418, + 44142) /6615 ) *

1) for system (7c)

) = (., 720+ 426 = 2192 +315)/945
ot (83 — 1502 — 30872 — 3158, — 315+2)/4725 )’

where Zi(t;) is the vector of components y;(¢1) and y»(t1) defining the nonlinear
electric polarization and birefringence to zeroth order of . Here, the superscript
i indicates the number of set of differential cquations taken account of in solving
Egs. (18).

The best way to appreciate the truncature eflect is to evaluate the diflerence
vector of these solutions. This operation gives, defining by three vectors (Zg(t1) —
Z3(t1)), (Z3(t1) — Z3(t1)), (Za(t1) ~ Z3(L1)), arranged as the columns of a 2 x 3
matrix AZ:

AZ = 0 —p27e/175 —B27e/175
- A3 _ 2 o 2 2 :
463/11025 —P.92/175 —p.(4B2% + 63+2)/11025

In the case of very small molecular rcorientation energy related to the agita-
tion thermal energy kT, B and 7. € 1, AZ reduces to a zero matrix 0. Therefore,
ZZ(t,) is a good approximation to describe nonlinear Kerr effect relaxations.

Tn the following, we will consider only the system (7a). For simplification,
we will denote all solutions by Z;, j being the order of perturbation.

To the first order of €, we have

ﬂd_zti = [A0]Z1 + [41) 0 + 1 = [4]2: + (coswt)¥, (19a)
where

¥ = —[a1][4d)" Fo + f;. (19b)
A particular solution can be written (d& /d( = O):

pcos(w'ty + 6), (19¢)

where 6 represents a certain phase angle. Exploiting Egs. (19) and elementary
trigonometric relations, we obtain

—w'cos b - p = —[Ag]psiné, (20a)

—w'siné - = —[Ag)pcos§+ V. (20b) '
Equation (20a) leads to

[Ao]ep = w'cotd - . : (20¢)

Equation (20c) shows that ¢ is an eigenvector of [4g] corresponding to the cigen-
value A (A = Ay, A = Ap) as follows:

A = w'cotd.
The value 6§ (8 = 61, 6 = 62) is thus determined, since A is well known. In addition,
the vector ¥ is defined by Eq. (19b). Thercfore, the norms of the eigenvectors

=01, (A=X) and @=1,, (A=)
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are determined by Egs. (20b) and (20c) and the general solution Z; ({;) is entirely
defined by the superposition of the particular solutions as follows:
Z\(t1) = ¢y cos(W'ty + 81) + ¢y cos(w'ly + 87).

This vector solution only depends on ac field harmonics and eigenvectors expressed
in terms of molecular parameters.

We now examine the solution to the second order of €. We have

dZ, |
—HTZ =[A0]Z> + [A2]Z0 + [A1)Z) + Fy — [A0) Z; — [A2)[Ao] ™1 Fy
+Fy + cos(w'ty + 61)[A1]e; + cos(w'ty + 62)[A1]p,. (21a)
We can also write as steady oscillating and constant solutions
Zy = ¢ cos(2w'ty + A) + X, (—(—]d%( = O) ; (21b)

x= 97 (alag) 1 o - )

_[A0]™!

5 {cos §1[a1)ep, + cosba[ai]e,}. (21¢)

Analogously to the case of the first-order calculation, exploiting Eqgs. (21) and

elementary trigonometric transformations, we define Z, by the following relations:
1
—@2w'sin A = [Ag]¢pcos A + §{cos 81[a1]e + cosbalai), + w3},  (22a)
where
3 = —{[a2][4o] " Fo — o},
. 1,. .
—¢2w' cos A = —[Ao]¢psin A — §{sm 81[a1]py + sin 82[a1],}. (22b)

Let us put ¢ = ¢, + ¢, + ¢3, where ¢, is a solution of Egs. (22a) and (22b),
¢, = ¢, = 0 and by analogy in a circular way for ¢, and ¢;. We obtain

cos Ab sin Al sin At cos Al
i j = 9! j J . 29
( cos &; sin &; ) [40]¢: 2w (cos 6; + sin &; ) ¢i (22¢)
and
[Ao)eps = Ww'cot A2y (i=1,2 j=1, 2). (22d)

Equations (22c) and (22d) show again that ¢; (normalized by Egs. (22a) and
(22D)) is an eigenvector of [A4] which corresponds to eigenvalue A;:

cos(Ai — &) . .

L= 2T o, 9 i=1, 2), o 29

J SlIl(A; + 6,) (.7 l ) ‘ ( )

X =2wleotA? (=1, 2). (22f)
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Thus, the vector Zs is entirely defined by the superposition of solutions:
constant X and ¢; (i = 1, 2, 3) for each eigenvalue \; of [Ag] and therefore to
second-order perturbation, the steady solution of the vector Eq. (9) is given by

Z(t]_) = Zo(tl) + EZl(ll) + EQZQ(ll).

Thus, the second-order steady-state perturbation solutions of electric polar-
ization and birefringence are expressed as functions of single and double ac field
harmonics and molecular parameters.

4. The Sack formalism

Starting from the Smoluchowski equation of rotational Brownian motion as
- modified by Sack for the angular distribution function f(8,t) [22, 30-32] and us-
ing the same standard development based on the mean value of the n-th Legendre
polynomial [1, 3-6, 16, 17], we obtain a set of equations in which the two first Leg-
endre polynomials are directly related and proportional to the electric polarization
and birefringence, respectively [22, 30-32]. Using the above-mentioned perturba-
tion formalism, we obtain
sz(t],é') dY(ll,E)
N—r— *—a

=0, » (23)

where all the quantities keep the values expressed in Sec. 3, point (a) and

y = U1 dY(ll,E) _ dyl/dt . dZY(tlye) _ dzyl/(‘u2
yz dt T \dye/dt )’ diz T\ d%yp/dt? )’

= [A(t1,€)] ¥(t1,€) + F(t1,€),

[ = W[I] = all).
I is the moment of the inertia about the transverse axis of the molecule.
The perturbation expansion leads to

[7] djt’;" + = dYO = [40] Yo + Fy, (24a)
[J] dj}; + d—:% [Ao] Y1 + [41] Yo + Fy, (24b)
[7] ddtI;2 % = [A0] Y2 + [41] Y1 + [A2] Yo + Fo, (24c¢)
[-7]51(1712rl +— dY,, =[A0] Yy +[A1] Vo1 + [42) Yooy (n>2), (24d)
Y,(0,¢) = d—Y':i(—tO’—a—)zo, n=01,2...

We can determine the reduced characteristic time 7, at the end of which the
transient regime vanishes, by solving the homogeneous part of Eq. (23) including
only the dominant eigenvalues of [A]. This operation gives 7 = 0.5.
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In the following, we are interested in the steady-state solutions of Eq. (23)
and denote it Z,(t,) where n corresponds to the order of perturbation. To the
zeroth order of perturbation (Eq. (24a)), it is straightforward to find

Zy(t1) = —[Ao] "L Fy, (25)

Fy is well known. Hence, the vector Zj is entirely defined by Eq. (25). To the first
order of perturbation, substituting a particular solution,

Z), = pcos(w'ty + 6),
where § represents a certain phase angle, Eq. (24b) leads to
w2[J]psiné — w'cos b - p = —[Ag]epsin, (26a)

w2[J)pcosd —w'siné - = —[Ag]pcos b+ & (26b)
with
@ = —[a)][Ao)" Fo + f,.
From Eq. (26a) we obtain
 ([Ao] + w?[I)e = w'cots - o, (26¢)

which shows that ¢ is an eigenvector of the master matrix ([4o] + w'2[J]) corre-
sponding to its eigenvalue o (0 = 01, o = 03) as follows:

o = w'coté.

The norms of these eigenvectors are determined by Egs. (26b) and (26¢) and
the general solution to the first order of perturbation is entirely defined by the
superposition of particular solutions as follows:

2
Z\(t1) = E(p,- cos(w'ty + 6;).

To the second ozr=dler of e, writing a particular solutlion as
Zy = ¢eos(2w'ty + A)+ X (% = 0) , (27a)
where
x:-[i‘;]—“—l{icosai[aﬂ-saim}, (21b)
i=1

p3 = fo — [a2][Ad] ™" Fo,
A is a certain phase argle.
The use of elemeantary trigonometric transformations in Eq. (24c) leads to

([Ao] + 4w’ [J))p = —2w'tand - ¢
2
~3 cjsA {mzl cos 6;[a;] - ; + <p3} , (27¢)

2
([Ao] + 4w'?{J))p = 2w'cot A - ¢ — 25;1 3 {Zsin 0;[a1] - ; + Lp;,} . (27d)
i=1
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Let us put ¢ = Z?=1 ¢;, where ¢; is a solution of Egs. (27¢) and (27d) when
¢; = 0, j = i and by analogy in circular way for each ¢;. We obtain

(cosAj- smA‘) ([4o] + 4T = (sinA} cos Al

- m sin 6;
([Ao] + 4w [I)) 5 = 2w'cotA_‘;-’ ¢y (i=1,2,5=1,2).
Equations (28) show again that ¢; (normalized by Egs. (27)) is an eigenvector of
([Ao] + 4w2[J]) which corresponds to eigenvalue o;:
/cos(A;'- — &)
sin(A;: + 6;)
o; = w'eotA?  (j=1, 2). (29b)

cos &; sin

) ¢1’ (28)

o; = —

(G=1,2;,i=1, 2), (29a)

Thus, the vector Z3 is entirely defined by the superposition of solutions:
constant X and ¢; (i = 1, 2, 3) for ecach cigenvalue o; of ([4o] + 4w?[J]) and
therefore to the second-order perturbation, the steady-state solution of the vector
Eq. (23) is given by

Z(tl) = Zo(tl) + 6Z1(t1) + €2Z2(l1).

The results obtained agree essentially with those of our previous analysis
on the nonlinear Kerr effect [17]: the inertial effects generate an additional con-
tribution within the expression of the master matrix characterizing the nonlinear
electric polarization and birefringence. This new term is proportional to the square
of the frequency multiplied by the order of perturbation. To the zeroth-order per-
turbation, this term is equal to zero; to the first order its value is w’2[J] and to
the second order of perturbation, the inertia matrix takes the value 4w'2[J] (2w’
corresponding to the frequency of the second order of perturbation).

It is easy to obtain the solution of Eq. (24d) to any order in ¢ taking into
account, as shown in Eq. (23), that [4] and [F] contain at most quadratic terms
in €. Iteratively, we see immediately that the solulion to order n in ¢ contains only
frequencies up to nw'.

For small inertial coefﬁcxent a, it is also possible to expand the eigenvectors
and eigenvalues of ([Ao] 4 w'2[J]) in terms of [4¢] (given in a previous work [29])
and to compare solutions with and without inertia, keeping the same physical
constants Aa, y,w

With the inertial effects neglected, our results reduce to those of the well-
-known relaxation theory of the Kerr eflect.

The conditions for which inertial eflects have to be taken into considera-
tion in relaxation phenomena were discussed by Gross [33]. Sack [32] proposed the
modified Smoluchowski equation of rotational Brownian motion of molecules in
liquids, and determined the conditions of its validity. This equation, which holds
for small inertial effects, was applied by Cofley [34] to calculate the orientational
autocorrelation functions of spherically symmetric bodies with a moment inertia
and a permanent dipole moment, and [35] to study the influence of dipole-dipole
coupling on dielectric and Kerr relaxation. The same equation is also successfully
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used recently by Alexiewicz [36, 37] Lo treat the molecular Kerr relaxation theory
for liquids in reorienting pulse fields and to take into account the small inertial
effects in the time transients of nonlinear electric polarization in liquids. For prac-
tical purposes [35] the inertial effects will only start to come into prominence when
Brownian movement is used to model high-frequency relaxation processes such as
dielectric relaxation and Kerr-effect relaxation.

In the general case, taking into account inertial effects would involve the
use of an angular velocity-dependent statistical molecular orientation distribution
function; this, in turn, would require the solving of the generalized Liouville equa-
tion or Kramers (Fokker-Planck-Kramers) equation for the rotational Brownian
motions of the molecules in the liquid [38]. An account of the modern techniques
of solving the Kramers equations is to be found in the monograph [39]..Some of
these techniques are recently used by Cofley [40] and Déjardin [41]. Nonetheless,
the complete analytical solution of the problem is still lacking.

We now analyse the mathematical difficulties arising from these techniques
in order to propose [42] an exact analytical solution for the Kerr effect relaxations.

5. Conclusions

In the present state of the theoretical development of the Kerr relaxation
processes in coupled ac and dc fields, we were unable to find in the literature exact
results concerning the electric birefringence taking into account nonlinear effects.

Indeed, the system of equations giving the electric polarization and bire-
fringence are very difficult to solve analytically when both ac and dc pertur-
bations are present. Some authors proposed approximate solutions in the linear
regimes [6-8, 11, 21]. However, to solve these complex systems account must be
taken of the nonlinear effects of specics in a given physical medium. Numerical
methods have been used in recent works [20, 22, 26] to solve this problem. Ap-
proximate analytical solutions to this problem were also obtained by means of
tedious Laplace transforms [21, 28, 29], but the resulting expressions are not sim-
ple to exploit.

The main purpose of this paper was to find another approach to solve this
problem: the steady-state nonlinear electric polarization and birefringence in cou-
pled ac and dc fields are expressed explicitly in terms of molecular parameters
and ac field harmonics. To take this into account, we applied a second-order per-
turbation theory which turns out to be suflicient to produce the fundamental
" harmonics of KEB when the fluid under investigation is perturbed by an alternat-
ing field [4-8, 11, 12, 22, 26, 29]. This perturbation theory is very general and we
extended its solution to any desired order in €. In particular, we proved that the
effects of higher harmonics in these fields (but less relevant experimentally [8]) are
easily obtained by a simple recurrence procedure, even when the inertial effects
are included. Prior to any calculations, we justified the degree of truncature, in
the infinite set of differential equations, necessary to obtain the essential molecular
informations.
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Although all these results are purely theoretical, they provide a basic for-
malism for the interpretation of experiments on the nonlinear dynamic molecular
relaxation processes in coupled ac and dc fields.

Using the experimental values of s and A, and choosing the appropnate ac
and dc fields, the curves of electric polarization and birefringence can be drawn and
compared to the steady experimental data. Conversely, the molecular parameters
1 and Ac could be easily extracted [rom the steady solutions obtained here.

However, the inexistence of experimental data of steady-state time evolu-
tion of nonlinear KEB in ac and dc superimposed fields does not permit such
comparisons today.

Analysing the results obtained, we also notice the appearance of a single
frequency for the first-order solution, whereas the second-order solution leads to
double frequency as the fundamental harmonics of KEB. This agrees well with the
numerical calculations [22, 26]. '

These general steady-state theoretical expressions provide the basis for dis-
cussion of the steady-state harmonic variations in the phenomena of electric po-
larization and birefringence.
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