Vol. 79 (1991) ACTA PHYSICA POLONICA A No 4

THE SYMMETRY AND OPTICAL PHENOMENA
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The explicit forms of the broken (by a electric field F, magnetic field H
and spatial dispersion of wave vector k) point symmetry groups of a crys-
tal are given. For these groups the dielectric permeability tensors: €;;(w, F),
eij(w, H) and ¢€;;j(w, k) — the particular cases of ¢;;(w, E, H, k) — are writ-
ten out (the susceptibility tensors xi;(w, E), xij(w, H) and xij(w, k) take
the same forms). In order to illustrate the results obtained the electrooptical
phenomena (connected with the tensors €;j(w, E)) are discussed.

PACS numbers: 75.30.Cr, 78.20.Bh, 78.20.Jq

1. Introduction

The electrooptical phenomena obey the same group-theoretical rules as the
previously discussed magnetooptic ones [1] and as the phenomena related to the
spatial dispersion of the wave vector k [2, 3].

The aim of this paper is to present the complete results allowing us to describe
the electrooptic phenomena (the optical properties of medium in the external
electric field E), the magnetooptic ones (the optical properties of medium in the
external magnetic field H) as well as the optical properties of the medium in which
there is a spontaneous dispersion of wave vector k. In Table I the broken symmetry
groups K(F) for fields F = E, H, k are given for all point groups K and all
orientalions of the fields F with respect to the symmetry elements of the crystals.
In Table II the explicit forms of the groups K(F) = J(F) + bJ(F) are given, where
J(F) denotes the subgroup consisting of the elements preserving the direction of the
field F (J(F): F—F), while bJ(F) is a set of elements of the group K which reverse
the direction of the field F (bJJ(F) : F— —F). For each group K(F) — the number
is given, which shows where, in Table III one can read off the explicit form of the
real part of tensor &;;, or, more precisely, its even part €§; (5; (w, F) = €f;(w, —F))
and odd part &; (E?J (w,F)= —€§; (w, —F)). The imaginary parts e’fj and e’:-’j have
exactly the same forms as ¢€f; and €f}, respectively; the Kramers—Kronig relations
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say that if e.g. €5, # 0 then also '], # 0 but it does not imply that e$, = ¢'7,. In
Table III we give also the form of the real part of the tensor €;; for all 122 point
groups (cp. Table I). They are written out in the crystalographic frame of axes. If
we need to determine the difference &;j(w, F) — €;;, we must transform the latter
tensor to the local frame of axes in which the tensor &;;(w, F) is written out.

The susceptibility tensor ¥;; satisfies exactly the same Onsager relation [4]:

)Z.-j(w, E H, k) = ij;(w, FE,—-H, -k) (1)
as the dielectric parmeability tensor:
Eij(w,E, H, k) = 5,’;((—0, E,-H,—k). (2)

Therefore, the tensor ¥;; has exactly the same form as &;;. The identity of the
forms of tensors j¥;; and &;; does not mean their equivalence which would imply
that for each two arbitrarily chosen components the conditions ¢;;/ex1 = Xij /X1
had to be fulfilled. So, as far as the forms are concerned, the Tables I-III can be
also referred to the Xi;j(w, E, H, k) tensors. The analogies in the behaviour of the
tensors €;; and x;; in the most essential aspects of our theory (i.e. in the vicinity
of the Néel, Curie temperatures and the point where the group K is broken to
K(F) group) are depicted in elegant form on Figs. 2 and 3 of the paper [5]. On the
figures the angle of rotation of polarization plane of the light and the magnetic
susceptibility are plotted as functions of the magnetic field.

We can obtain the information about the transport properties of the crystal
also by measuring the x;; tensor [6]. In the paper [6] the tensors x;; are measured
on the left- and right-hand side of Néel points. A different behaviour has been
obtained. It is obvious that for two different point groups K we obtain the different
K(H) groups (see: Table I and Table IT) and consequently the different tensors ¥;;
(and similar €7;) are measured.

The investigations of the phase transitions by parallel optical and magnetical
methods have been announced for some time {7, 8].There is a great deal of hope
that the Tables I-III will appear useful in such experiments.

Each medium is less or more dispersive. Therefore, while discussing for ex-
ample the electrooptical effects it won’t do any harm to treat the gyration tensor,
€ij(w, k), as the correction to the &;;(w, E) tensor [9]. Table II allows to discuss
these and similar effects as magnetoelectric optical effects [5, 7, 8, 10], the mag-
netooptical effects in dispersive medium, and so on. The theoretical analyses [9,
11] and the interpretations of experimental data given by experimenters [5, 12, 13]
have been based up to the present on the tables given in the monographs [14] (see:
Refs. [9, 11-13]) and [15] (see: Ref. [5]).

In this paper we will discuss only the electrooptical effects. The discussion
will be short as we have some analogies with previously discussed magnetooptical
effects [1] and the effects following from the dispersion of wave vector k in medium
[2, 3]. Since the time the papers [1, 2] have appeared, there have been no new
theoretical and experimental ideas, so there is no need to supplement the previous
discussions [1, 2].
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2. The electrooptical effects

The tensors &;j(w, E) (i.e. £§;(w, E) and &f; (w, E) — the particular cases of the
tensor (2) — are obtained in exactly the same way as the tensor &;;(w, H) [1] and
€ij(w, k) [2]. When adopting the previously described group-theoretical procedure
we must remember that the field E is invariant under the action of the following
groups J(E)= 1,2, m,mm2,3,3m,4,4mm, 6,6mm, 11/, 21', m1’, mm21’, 31’, 3m1’,
41',4mml’,61',6mml’, 2", m',m'm2', m'm’2,3m’, 4/, 4'mm’ , 4m'm’, 6/, 6'mm’,
6m'm’. The results obtained in this way are not in contradiction to experimental
data [5-8, 10, 12, 13, 16, 17].

The nonreciprocal rotation of the plane of light polarization discussed in
the papers [5, 7, 8, 10], which is induced by electric field in Cr,O3 crystal (the
symmetry group K= 3'm’) for geometry k || E || z (then K(E)= 3'm') can be
observed not only for K(E)= 3'm’ but also when K(E) =3 32, 3w/, 4/m’, 422,
4/m’'m’'m’, 6’, 6/m’, 622, 'm'2, 6/m’m’m’; the reciprocal rotation can be observed
for K(E)=13, 32, Im/, 4/m,42'?', 4/mm'm’, 6, 6/m, 62'2', 62'm’, 6/mm'm’. In
the former case the angle of rotation of polarization plane satysfies the condition:

o(B)=—¢(-E),  ie. (E)~|Elsign(P), 3)
while in the latter case — the condition
o(B)=p(~B), e p(E)~E (4

The remark: for nonreciprocal rotation the relation (4) but not (3) should be valid,
while for reciprocal one — vice versa, i.e. the relation (3) but not (4) is valid; note
that if the left-hand side of the relations (3) and (4) corresponds to the geometry
+k|| E|| z then the right-hand side of this relations corresponds to the geometry
4k || —E || 2. In turn, the experimental definitions are based on the geometries
+k || E|| z and Fk || E || 2, respectively. We see that the common elements of
theoretical sugestion and experimental definitions are the mutual relation between
the vector k and E.

It follows from our results that the nonreciprocal rotation in YzFes0;2 for
the geometry k | E || H || z, observed in experiments [5, 7, 8], is generated
by the magnetic field H and not by the electric one E. Remark: it follows from
theoretical definition of nonreciprocal and reciprocal rotations of the plane of light
polarization that the external magnetic field H can only generate the reciprocal
rotation, while the electric field E and the spatial dispersion of wave vector k can
generate both rotations, i.e. the nonreciprocal and reciprocal ones (cp. Table II
and III).

For groups K(E) different from the above mentioned ones (e.g. K(E) =
m'm'm, m'mm!, mm'm’, m'm'm’, mm'm, m'mm, and so on) or for k}| E we are
dealing with more complicated functions for ¢(F) than those given by formulae
(3) and (4); however, also for them the first term of power series can sometimes
take the form (3) or (4). The form of the above function depends not only on
the symmetry but also on the relations between the components of the tensor
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&ij(w, E). For the same group K(F) and two media we can obtain two diflerent
functions (FE). It is not useful to discuss the all possible relations between the
elements of &;;(w, E). It is more easy to interpretate the experimental data than to
predict them. The group-theoretical method does not allow us to estimate which
of the two functions allowed by the symmetry is more likely to be a proper one.

If J(F) =3m, 4mm, 6mm, 31/, 3ml’, 41/, 4mml’, 61’, 6mml’, 4', ¢,
4'mm/, 6'mm’ or K(E) = Im, 4/mmm, 6/mmm, 62m, 31', 321/, 3ml’,
4/ml', 4221, 4/mmml’, 61, 6/m1’, 6221', 62m1’, 6/mmm1’, Tm, 4'/m, 4'/m',
422, 4/m'mm, 4 /mmm’, 4 /m'm'm, 6'/m!, 6'/m, 6/22', §m2’, 6/m'mm,
6'/mmm’, 6'/m'm’m then the z-axis is, similarly as in the case E = 0, the optical
axis; it means that birefringence An = n; — n, equals zero:

An=0. (5)
If kf|E then we have
An = f(E?); (6)
and the first term of power series can take the form
An ~ |E| (7
or
An~ B (8)

For the groups K(E) = 2;/my, 2;/m}, 2:/mz1’, 2y/my, 2 [m}, 2y /my 1", 2, /m,,
2,/m}, 2;/m,1, mmm, mmm', mmml’ the function (6), and consequently (7)
or (8) will also appear for any geometry of vector k with respect to the field E.
The quadratic [16, 17] and linear [12, 13] dependences of the field E belong to the
most frequently measured.
The first term of power series for K(E) = 4, 4', 41/, 42m, 22m1’,42'm’, T 2m/,
Z'm2’ takes the form
An ~ |E|sign(E) 9

for kL E|| z, but in the case K(E) = ¥'m2' — also for k|| E || z.

In the case of other groups K(E) or for arbitrary geometry of the vector
k with respect to the field E the form of the function An(E) is determined not
only by symmetry but also by the material constants. These functions are more
complicated than (7), (8) or (9). For such a case it is more easy to consider the
concrete experimental data than to discuss it in general form.
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TABLE I

The symmetry group K(F) broken by a field F, where F stands for electric field
(E), magnetic field (H) or spatial dispersion of the wave vector (k) for all
directions: parailel (|[), perpendicular (1) and arbitrarily oriented (a.o.) relative
to the axes and planes of the K-symmetric crystal. For these K groups the
explicit expressions of dielectric permittivity tensors €;; are also given
(details in Table III).

Theindices m=1=z, y, z;r=2, y;8=a, b;i=1,2,3;j=1,2,3,4and p=a,
b, ¢, d, e, f. The © is the element if the time inversion. The symbol || Cay, is
equivalent to: F || Co; or F || Cay or F|| C2,. The similar abbreviations are used
in other cases. The number put in the column (3) enables us to reconstruct the
explicit form of ¢;; (via Table IIT). The groups K(F) are always written in the
local frame of axes such that z || F.

DI ® @ ®
No | Group K | Tensor ¢;; | Directions of F | Broken symmetry
group K(F)
1 1 78 a.o. 1
2 |1 78 a.o. 1
3 2 79 || Ca- 2,
1 C2z 2r !
a.o. 1
4 m 79 lo, m,
o m,
a.o. 1
5 2/m 79 ” Ca: 2z/mz
J-CZz 2r/ my
a.o. 1
6 222 80 | Com 222
-I—C2m 21-
a.o. 1
7 | mm2 80 || Caz mm?2
1Cs; 2,
1o, m2m, 2mm
| o- My
a.o. 1
8 | mmm 80 | Cam mmm
v LCam _2_r/ my
a.o. 1
9 4 81 || Caz 4
1C4; 2,
a.o. 1
10 |6 81 Il Cé: 6
-LCGz 2r
a.o. 1
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TABLE I cont.

M1 16)[@W (8)

11 [ 4 81 | || Sa: 4
J-s4z 2r
a.o. 1

12 8 |81 || Ca §
1Ca, my
a.o. 1

13 | 4/m |81 | || C4, 4/m
1Cy, gr/mr
a.o. 1

14 [ 6/m |81 ||| Ce. 6/m
LCs: gr/mr
a.o. 1

15 | 422 82 | || Cas 422
J-Cst CZa 2,
|| Cas, Cor 222
a.o. 1

16 | 622 82 | || Cez 622
-LCSZ: Clzi; ,2';’ 2"
1Ch, Cf | 222
a.o. 1

17 | 4mm | 82 | || C4, 4mm
-LC4z 2r
Loy, o4 m2m, 2mm
” Ory Ods my
a.o. 1

18 | 6mm | 82 | || Ce, 6mm

! -LCGz 27‘
Loy, oa m2m, 2mm
|| ovi, oai m,
a.o. 1

19 [42m | 82 ||| S4. 42m
-LC2m 21‘
|| Car 222
Logs m2m, 2mm
” Ods my
a.o. 1

20 [62m | 82 || Ca, 62m
J-CSz; ” Oyi my
|| Ch,y mm?2
LCY; 2,
Loy | m2m, 2mm
a.o. 1
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TABLE I cont.

OREO) (OREQ) (5)

21 [4/mm |82 || Cq 4/mmm
LCom, Cas 2r/mr
” Car, Ca, mmm
a.o. 1

22 | 6/mmm | 82 ||| Cs, 6/mmm
1Cs;, Ch;, C4; | 20 /m,
Il Ca, C3; mmm
a.o0. 1

23 |3 81 | |} Cs. 3
1Cs,; or a.o. 1

24 |3 81 || Ca: 3
1Cs;; or a.o. 1

25 | 32 82 || Cs: 32
1C3;; or a.o. 1
|| Cos 2
1Cy; 2,

26 | 3m 82 | || Cs. 3m
1Cjg;; or a.o. 1
Loy m,
|| oai my

27 | 3m 82 | || Cas sm
1Cj,; or a.o. 1
|| Ch: 2;/m,
_LCIZ’ 21‘ /mr

28 |23 83 ||| Cam 222
.LCZm 21'
l| Csj 3
1GCs;j; or a.o. 1

29 | m3 83 | |l Com mmm
1Copm gr/mr
l| Csj 3
L Czj; or a.o. 1

30 | 432 83 | || Cam 422
1Csm, Czp 2,
|| Cap 222
Il Cs; 32
1Cg;; or a.o. 1

31 | 43m 83 | || S4. 42m
.LS4z 21‘
l| Cs; 3m
1GCs;; or a.o. 1
Logp m2m, 2mm
| oap 2

571



572

S. Malinowski

TABLE I cont.

OICERIOIG ©)

32 | m3m 83 | |l Cam 4/mmm
LCym, ch 2r/mr
|| Cep | mmm
|| Cs; 3m
1GCsj;oran. |1

33 | T 84 | a.o. T

34 | 2 85 | || ©Ca, 2!
16C,; 2
a.o. 1

35 | m 85 | LO¢, m!,
Il ©c my
a.o. 1

36 | 2/m 86 | || Caz 2,/m!,
J_sz 2,-/m;.
a.o. T

37 | 2'/m 86 | || ©Ca, 2! m,
106C,; 2. /m,
a.0. T

38 | 2'/m’ 85 | || ©Cs, 2 /m.,
16C,, g{./m{.
a.o. 1

39 | 222 87 | || Ca2z 2/2/2
-LC2z 21‘
|| ©Car 22'2', 2122
16C,, 2
a.o. 1

40 | m'm'2 | 87 ||| Cas m'm’2
J-C2z 2,
100, m'2m’, 2m'm’
| ©c ml.
a.o. 1

41 | m'm?2’ 88 | || ©Cs. m'm2’
10C,, 2!
100, m2'm’
Loy 2'm'm
|| ©02 m!.
Il oy My

' a.o. 1

42 | m'm'm’ | 80 ||| Com m'm/m’
1Com 2, /m.
a.0. T
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TABLE I cont.

1) (2 (3) | (4) (%)
43 | mmm’ | 80 ||| Ca; mmm/
J.sz 2,/m’
10C,, 2! /m,
|| ©Caf m'mm, mm'm
a.o. T
44 | m'm'm | 87 | || Ca, m'm'm
1Cs; 2r/mr
|| ©Car m'mm’, mm’'m/
10GC,, 2L /m!.
a.o.
45 | 4 82 | || ©Cas: 4
106C,, 2,
a.0. 1
46 | ¢’ 82 | || €Ce. 6.
-LGCSz 2:'
a.o. 1
41 | 7 82 | || ©S4, 7
_L@S:;z 27'
a.o. 1
48 |8 82 | || ©Ss. (i§
1083, ml,
a.o. 1
49 | 422 81 | || Cus 422!
1Cy, 2,
|| ©Czr, ©Cy, | 222, 222
-L@C2r7 6025 2;'
a.o. 1
50 | 6272/ 81 | || Ce. 62/2/
1.Cs. 2,
|| ©C%;, ©Cy; | 2'22', 22'2'
10Cy,;, 6Cy; | 2
a.0. 1
51 {422 82 | || ©C4; 422/
1Cam 2,
|| Car 222
|| ©C2s 222!, 22'2!
16C,, 2!
a.0. 1
52 | 6722 82 | || ©Cs: 622
. 10C,,, 6CY; | 2,
|| ©C%; 2122/, 22/2!
Icy 222
1CY; 2,
a.o. 1
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TABLE I cont.

Ml 00 ©)
53 [ 4/m’' | 82 [||Cas 4/m’
_LC4; 2r/m;.
a.o. iy
54 | 6/m' |82 ||| Cs, 6/m’'
-I-Cﬁz _2_:‘/m;'
a.o. 1
55 | 4'/m' |82 || ©Ca. 4 [m!
10C,, Z'r/m;.
a.o. 1
56 | 6//m | 82 || ©Cs, 6'/m
106Cs, g;./m,
a.o. 1
57 | 4/m 82 | || ©C4. 4'/m
10Cy, 2r/mr
a.o. 1
58 | 6'/m' | 82 ||| ©Ce. 6'/m’
106Cs, g’,/m’,
a.o. 1
59 | 4m'm’ [ 81 | || C4, 4m'm’
J-C4z 2r
|| ©0r, Ocgs | m]
100,, Oogs | m2m!, 2m'm/
a.o. 1
60 | 6m'm’ | 81 | || Ce. 6m'm’
-LCS;: 21'
|| ©cvi, Ocai | m!
100,i, Ocg; | m'2m’, 2m'm’
a.o. 1
61 | 4mm’ | 82 | || ©Ca. 4'mm’
16C,, 2,
|| or my
Lo, 2mm, m2m
” O, m;
1004, m'2m/, 2m'm’
a.o. 1
62 | 6'm'm | 82 | || ©Cs. 6'm'm
|| oai my
Log 2m'm, m'2'm
|| ©0: my
100y; 2'mm’, m2'm’

a.n.

1
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TABLE I cont.

OIIORNIONEC) ®
63 | 42'm’ | 81 ||| Sq, 42'm/
J—S4z 2r
| ©Car 2122/, 22/
10OC,, 2
” ST m:'
100y, 2m'm/, m'2m’
a.o. 1
64 [ 6m'2" | 81 | || Sa: 6m'2’
1S3, m,
|| ©C%; mm'2, m'm2’
10CY, 2!
” Ooy; m;'
1060y 2'mm’, m2'm’
a.o. 1
65 | 72m’ | 82 | || ©S4, Tom!
..LCZm 21‘
[| Car 222
” O04, m:'
1004, m'2m/, 2m'm’
a.o. 1
66 | 6m'2 | 82 | || ©Sa, 8'm'2
108Ss;; || ©oy; | mL
|| Ch; m'm’2
1060,; 2m'm', m/2m’
1Cy; 2,
a.o. 1
=
67 | ¥m2 | 82 | || ©S4, 4m?
les4z 21’
|| 9Ca 222!, 22'%/
-1-6027' 2;'
Il 74s my
oy, 2mm, m2m
: a.o. 1
68 | &m2’ | 82 | || ©Ss, 6'm2’
.L@Ss; m;'
|| ©C4; mm'2', m'm2'
100y 2,
l| ovi mr
Loy; m'2'm, 2'm'm

a.0.

1
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TABLE I cont.

(1) | (2 3) | (4) (3)

69 [ 4/m'm'm' | 82 | || C4s 4/m'm'm/
LCom, Cos 2r/m;'
[| C2r, Cas m'm'm’
a.o. T

70 | 6/m'm'm’ | 82 | || Ce: 6/m'm'm’
LCe:, Cy, C%; | 20/my
1O G| mimi
a.o. T

71 {4/m'mm | 82 ||| C4s 4/m'mm
..LC4Z 2r/m’,
| ©Cay, ©C2s | mm'm, m'mm
10C,,, ©Cy, | 2./m,
a.o. T

72 | 6/m'mm | 82 | || Ce: 6/m'mm
J_Ce,, 2,-/m;.
|| ©Ch;, ©CY; | mm'm, m'mm
16Ch;, ©C%; | 2/m,
a.o. T

73 | 4//m'm'm | 82 | || ©C4; 4'/m'm'm
1Com 2, /m.
I} Car m'm'm/
|| ©Ca;, mm'm, m'mm
_Le(;‘z, 2:./771,-
a.o. T

74 | 6'/mmm’ | 82 | || ©Se. 6'/mmm/
106Ss,, 0CY; | 2./m,
|| ©Cy; mm'm, m'mm
I Gt !
LGy 2, /m,
a.o. T

75 | 4/mmm’ | 82 | || ©C4. 4’ [mmm/
1Com 2r/mr
|| Car mmm
|| ©C2s, m'mm/, mm'm’
10Cs, 2. /m;.
a.0. - 1

76 | 6//m'm'm | 82 | || ©Cs. 6'/m'm'm
106Cs,, ©CY; | 2./m!,
[l ©C4; m'mm’, mm'm/
I mim'm
LG _2_,-/m,
a.o. 1
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TABLE I cont.

(OREC) (3) | (4) (5)

77 | 4/mm'm’ | 81 | || C4. 4/mm'm’
LCq; 2r/mr
| ©Csr, ©Cay | m'mm/, mm/m’
_L(")Cz,-, @Cz, _2_’,/m;.
a.o. 1

78 | 6/mm'm’ | 81 | || Ce. 6/mm'm’
1Cs., 2r/mr
Il ©Ch, ©CY; | m'mm’/, mm'm/
10Cy;, 6Cy | 2, /m.
a.0.

79 | 32 81 | || Cs. 32
1.Cs;; or a.o. 1
| 6C, 2
1OCY,; 2!

80 | 3m/ 81 ||| Cs: 3m’
1Cj;; or a.o. 1
| ©ca4 my
1O04; _7_7/12

81 | ¥ 82 | || ©Se. 3
10OSg;;0r a0, | 1

82 | 3m/ 81 | || Se: 3m
1Ss,; or a.o. 1
|| ©C5; 2, /m;
1ec, 2 fme

83 | Im 82 | || ©Se: 3Im
16Sg,;0ra.0. | T
| ©Cs; 2, /m;
.L@C,z, 2;/mr

84 | Im/ 82 | || ©Se. Im
108Ss;; or a.0 T
Il Co 2, /m;
J_CIZ, 21‘/m:'

85 | m'3 83 | || Cam m'/m "
-Lc?.m 27‘ m,
|| ©Se; '3:
10OSg;; or a.o. Tl

86 | 73m’ 83 | || ©Ssm 42m
.L@S4m 21’
|| Cs; 3m’
1 Csj; or a.o. 1
| ©cap m,

1004
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TABLE I cont.

[OREV) [ORIC) (%)
87 | 432 83 | || €Cam 4722’
.L@C4m 2'-
l| Cs; 32
1Csj;ora.o. |1
| ©Csp 9219 919
10C, 2!
88 | m'3m’ | 83 ||| Cam 4/m'm'm/
‘-;-84m, C2p 21"/"};- ,
2p mmm
I Caj T
1Cg;; or a.0. T
89 | m'3m | 83 ||| Sam 4 [m'm'm
1S4m ?_r/mﬁ.
I Caj 3m
1Cgj; or a.o. T
Il oap m'mm, mm'm
logp 2! /m,
90 | m3m' |83 ||| ©Cam 4' /mmm/
_L@C4m 2, /mr
|| Csj 3m/
1Csj;oraon. |1
|| ©Cap m/'mm’, mm'm’
" 10C,, iﬁ. ,/ m!.
9 84 | a.0 1
92 | TI/ 84 | a.o. 1v
93 | 21/ 86 | || Cas 2,1/
.Lsz 21- 1,
a.o. 11’
94 | ml/ 86 | Lo, m,1’
|| o2 m,1’
a.o. 11/
95 | 2/m1’ | 86 ||| Ca. 2, /m, 1’
_chz zr /mr 1’
a.o. 1V
96 | 2221 80 ||| Com 2221’
.LCZm 2r 1,
a.0. 1
97 | mm21’ | 80 | || Ca. mm21’
-1._02; 2,‘ 1’
lo, m2ml’, 2mml’
Il or m,1'
a.o. 11
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TABLE I cont.

(1) 12 () | 4 (5)
98 [ mmml’ |80 [|[Com mmm1’
1Cop 2,/m,1’
a.o. 11/
99 | 41 82 | || Cas 41’
1Cy, 2.1
a.o. 1V
100 | 61/ 82 ||| Ce, 61’
1Cs, 2,1
a.o. 11
101 | 4V 82 | || S4z 41’
1S, 2.1
a.o. 11/
102 | 61 82 | || Cs, 61’
J.Ca; m,l’
a.o. 11/
103 | 4/m1’ 82 | || Cy, 4/ml’
1Cy; 2,-/7’71,-1'
a.o. v
104 | 6/m1’ 82 | || Ce. 6/ml’
1Cs, 2, /m,1'
a.o0. 11’
105 | 4221/ 82 | || Casz 4221/
—J-C2m; Czs 2r1,
I Car, Cos 9221’
a.o. 1
106 | 6221’ | 82 ||| Ce, 6221/
1Ce;, Cy;, CF; | 2,1
Il Co» C%; 2221
a.o. 1V
107 | 4mm1’ [ 82 | || Cq. 4mm1’
1Cy, 2,1
Loy, 044 m2ml’, 2mml’
” Or, Ods m,1’
a.o. v
108 } 6mml’ [ 82 [ || Ce, 6mml’
1Cs, 2.1
Loy, o4 m2ml’, 2mml’
| ovi, oai m, 1’
a.o. 1V
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(ORI (314 (5

109 | 42ml’ 82 | || S4z 42ml’
1Com 2,1
|| oar m2ml’, 2mml’
Logr m,1’
|| Car 2221/
a.0. 11/

110 | 62ml’ 82 | || Ca: 62ml’
1Cs;; " Oyi m, 1’
|| C5; mm21’
1CY, 2,1
Loy m2ml’, 2mml’
a.o. 11/

111 | 4/mmml’ | 82 | || Cas: 4/mmml’
1Cam, Cos 2,-/771,-1’
|| C2r, Cas mmml’

: a.o. 11’

112 | 6/mmml’ | 82 | || Ce: 6/mmml’
1Cez, Ch;, C 2, /m.1'
| Chi, Ci mmm1’

v a.0. 11

113 | 31/ 82 | || Cs. 31/
1C3,; or a.o. 11/

114 | 31 82 | || Cas 31’

: | LCa.; or a.o. 11’

115 | 321° 82 | || Cas 321’
1.C3;; or a.o. 11/
I1Che 2,1
1Cy; 2.1

116 | 3m1’ |82 ||| Cs: 3ml’
1Cg;; or a.o. 11/

” Odi my 1’
Log; m,1’

117 | 3ml/ 82 | || Cs. Iml!
LCs;; or a.o. 11
Il Co 2;/m. 1
1CY; 2, /m,1’

118 § 23V 83 | || Com 2221/
1Com 2.1
|| Csj 3
1 Caj; or a.o. 11

119 | m31 83 | |l Com mmml’
1Com 2, /m,1
|| Ca; 31
1Cgj; or a.o. v
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120 | 4321 83 | || Cam 4221
1Cym, Cop | 2,1
|| Cop 2221
Il Cs; 321
1Cs;; or a0, | 11/

121 [ 43m1’ | 83 | || Sum 42m1’
LSim 2,1
|| Cs; 3ml’
1Caj; or a.o. | 11/
Lo m2ml’, 2mml’
| oa m, 1

122 { m3ml’ | 83 | || Cam 4/mmml’
L Cym, CZp 2r/mrll
|| Cop mmml’
| Cas Im1’
1Cgj; or a.0. | 11
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‘ TABLE II
The explicit form of the broken groups K(F)=J(F)+b(F)J(F)
for F = E, k, H, where J(F) contains the elements preserving
field direction F, F — F, and b(F) J(F)
reversing the field F to opposite, F— —F.
For each group K(F) the forms of the tensors &5
and e are also given (via table III).

(1) 2 [@) @G [6) [ @) ®) (9) [ (10)
K(¥) J(E) | &(E) | e |[I(k) |b(k) |es || J(H) | b(H) | &
1 1 - 1 1 - 1 1 - 1
1 1 I 18 || 1 I 18 || T - 1
2, 1 Coe |19 || 1 Cor 119 1 Cog 19
2y 1 Cay [20 |1 Coy 120 {I 1 Coy |20
2, 2, - 2 2, - 2 2, - 2
Mg mg - 3 mg - 3 1 Or 19
my my - 4 my - 4 1 oy 20
m, 1 o, 21 1 o, 21 m, - 2
%/ms | ms |1 22 Ilme |1 |22 |1 Cae |19
%/my |my [T |28 |m |1 [23]T Cay |20
%/ m; |2, |1 24 (|2, |1 |24 | 2./m. |- 2
222 2, Cor | 25 2, Caor | 25 2, Coz 25
mm2 mm2 | - 5 mm2 | — 5 2, oz 25
m2m my o, 26 || mg o, 26 || m, Cay |25
2mm my g, 27 || my o 27 || m, Cor | 25
mmm mm2 | I 28 || mm2 | I 28 || 2./m; | Car | 25
3 3 - 6 3 - 6 3 - 6
3 3 I 29 [ 3 I 20 {13 - 6
32 3 Cor |30 || 3 Cor |30 |3 Co: | 30
Im Im - 7 3m - 7 3 Oy 30
3m 3m I 31 || 3m I 31 |3 oz 30
4 4 - 6 4 - 6 4 - 6
1 2, Si: |32 | 2, Se: |32 || 4 - 6
4/m 4 I |29 |4 1 |29 |[4/m |- |6
422 4 Cor |30 || 4 Cor |30 || 4 Cor | 30
4mm 4dmm | - 7 4dmm | - 7 4 Oy 30
2m mm2 | Sq; [33 || mm2 [Ss, |33 || 2 Co: | 30
4/mmm | dmm | 1 31 || 4mm | I 31 || 4/m Co: | 30
6 6 - 6 6 - 6 6 - 6
6 3 o, 29 || 3 o, 29 || 6 - 6
6/m 6 I 29 [ 6 I 29 [ 6/m - 6
622 6 Cor |30 || 6 Cor {30 || 6 Car | 30
6mm 6mm | - 7 6mm | - 7 6 oz 30
62m 3m o, 31 || 3m Coz |31 || 6 Cor | 30
6/mmm | 6mm | I 31 || 6mm |1 31 |K6/m Cy: |30
11 11’ - 8 1 5] 41 || 1 © 41
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(1) (2) @) @15 ) (M [[(8) 9 | (10)
11 11 I 40 (I T © (40 [T e |4
P 11 Cor |42 (| 2, o] 54 || 22 e 54
2,1’ 11/ Coy |43 || 2 o |55 |2 e |55
2,1 2 - 9 2, o 56 || 2, ] 56
mgl’ mgl’ - 10 || mg, 0 57 || m C] 54
myl’ myl" |- 11 || my © (58 | m © |55
m,1’ 1 o, |44 || m, o 59 || m, o 56
2;/mg1 mg 1’ I 47 || 24/ m; ] 47 | 20 /ml ] 54
2y /m'y 1 my1’ I 46 || 2,/my e 46 || 2,/m; S 55
2,/m,1’ 2,1 I 45 || 2,/m/, ] 45 || 2,/m, © 56
2221/ 2.1 Cor | 48 }} 2/2'2 e 72 || 2722 <] 72
mm21’ mm2l’ | - 5 mm?2 © 28 || m'm’2 © 72
m2ml’ my1' Coy | 49 || m2'm/ O |73 || mM2m © |72
2mml’ myl’ | Coz | 50 | 2'mm’ ¢S] 74 || 2'm'm C] 72
mmml’ mm2l’ [ 1 28 || mmm/ C] 28 || m'm'm <] 72
3 31 - 7 3 ] 30 || 3 o 30
3 31’ I |31 (|3 @ (313 © |30
321 31 Cqr | 31 || 32 o] 30 || 32 ] 30
3ml’ 3m1’ - 7 3m o] 31 || 3m/ © 30
Iml’ 3ml! (I |31 ||3m © |31 | 3m e |30
41’ 41 - 7 4 C) 30 || 4 © 30
v 2,1/ Sy, |34 || 7 © 3117 © |30
4/m1’ A1/ 1 |31 | 4/m o |31 | 4/m o |30
4221/ 41/ Coz | 31 422 S] 30 || 42’2 S] 30
4mml’ 4mml’ | - 7 4dmm o 31 || 4m'm’ S] 30
2mr mm2l' [ Sy, [33 || T2'm © |31 | Z2m © |30
4/mmml’ | 4mml’ | 1 31 || 4/m'mm | © 31 || 4/mm'm’' | © 30
61’ 61/ - 7 6 ¢S] 30 6 &) 30
3% 31/ o, |31 |6 © |31 |56 © |30
6/ml’ 61’ I 31 || 6/m’ o] 31 || 6/m e 30
6221/ 61’ Csr | 31 || 6272 o 30 || 622 © 30
6mml’ 6mml’ | - 7 6mm o 31 || 6m'm/ o 30
62ml’ 3ml’ |o, |31 [[§2m |© |31 ||62'm’ © |30
6/mmml’ | 6mml’ |1 31 || 6/m'mm [© |31 || 6/mm'm' |© |30
T 1 r (a1 | 7T - |8 |1 I |41
2! 1 % | 91 || 2 - 13 2% - 13
2 1 b | 52 1 2 - | |2 - |14
2! 2! - 12 || 1 he | 53 [ 1 5, | 53
m/, my - 13 |1 o, |51 [l m] - |13
m, m, - 14 || 1 oy |92 || my - 14
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- TABLE Il ¢
ﬁn ,) (12) (?;) ) 1| (5 6) [ (M) (&) 9 o
z : o, 53 || m} - 12 || 1 &) 10
2:/ml, | ml, Cor [54 || T ol
5 /ml z T 1 Cz,,- 42 m' T
JJm, | m | Oy |55 | T c r ‘5
a/m |2 |o |5 B A T P
% /mg | m B 7Sl b A
5 © % | 87 20 /m, | - 10 2! /
y/ my my : 58 | 2, r ! -
2, /m o i J/my - 1 2 |58
,‘ 27 /mf "':/ o, 59 |11 o, 44 || m, I 56
2f/mf mf I 60 | 2% 1 60 | 2o/m. | - 1
Zfmy (w161 )% Tl o fm! )
2 /m | % I |62 || m I |62 Iy/my & | 53
22 |2 163 || 222 |- 2 | %3
e o o 15 21272 - 15
99191 7 2y 640 2% Co. | 66 :

2 2 Cy. | 65 | 2 ’ o 2 | 98
m'm'2 "‘:/ m2 | - h 2y Cy. | 67 | 2 A 67
m'om' | m 15 1 2 op | 63 mm'2 | - ” 1
o - Cay | 66 || m, Cqy | 64 d ’

m'm m} C 67 ! . i e
m'2'm my o - 68 ",lz ol b mly i o
omtm | m e |69 2 o |60 | mom |- |15
m'm2’ mi’m2, _z 16 o & kol R o
2'mm’ m ol ";‘y oo | T e 2 | 00
m2'm’ y 7 70 | Zmm' | - 16 1 2 2

1o My o |71} m2'm' | - 17 ; 7 6
mm'2 mm'2 | - 17 % |
m'm'm' { m'm'2 | T 72 0 Co | 71 || my 2 | 67
, o fm! | Con | 48 || mim2 |1
mmm mm2 |4 o r
: 28 || mmm' | - 5 929! 4
mm'm mm'2 | 1 73 | 2 ; I s
o i it f/m, Czy 49 2'm'm iU 72
T e | 1 Qy/my Coz | 50 m2%m | T 79
m'mm’ | mm2' | 1 ;g 2:212 . G B o
[
mm'm’ | mm/’2' |1 7 2 n}m ! 76 | 2/ 2 | 66
: : , 7 T2 m |1 77 || 2, /m! . 67
32l I 30 3 B 7 3.'/ Yy , 2z

/ 3 he | 29 || 32 - / ! 2
3m 3m' |- |6 |3 . {9 [ 50 1
Im! e |1 |20 |3 |1 pol A B
¥ I 29 Il 3m! -

m 3m r |31 {73 :
o ’ Im - 7 32 4

m 3m T 30 || 3 : 5
o 4’ ! ; g ol |31 | 3m/ T 30
b z 4. 135 41 2 /

4/m! Bl B T Bl P Y . ?,,?,
Z
30 Il a/m |- |7 |4 | 30
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(1) 2) @) | (4) | (5) (6) [ (7) [ (8) (9) | (10)
4'/m 4 T T I |31 [ 2./m, e | 35
4’ 8 ro|st | 2./m |c, |3 |3 T |30
422 4 0o 120 || 42 - |6 | a2 - s
499/ & Coe | 31 || 222 1. |36 || 2122 MK
dm’'m! dm'm’ | - 6 4 ol |29 || 4m'm’ - 6
4'mm! mm’ | - 7 mm?2 4z | 38 || mim} 4z | 36
42'm’' m'm'2 | Sy, | 37 || 2'22 Ss {39 || 42'm’ - 6
Tom/ mm'2 S, [36 || 7 Caz | 31 || mim}2 ' | 36
I'm2’ mm2 |S,, |38 | ¥m2 - |7 | 2,242 ‘. | 36
4/m'm'm' | 4m'm’ | T 30 | 4/m’ Coz | 31 || 4m'm/ r 30
4/m'mm | 4mm | T 31 || 4/m'mm | - 7 422! I 30
4 /mmm’ | Ymm’ |1 31 || Tm2/ I 31 | mgmym . | 36
4 /m'm'm | Ymm’ | T 31 || mgmpm’ | Sq; | 33 || 42'm/ I 30
4/mm'm' | dm'm’ | 1 29 | 422 I 29 || 4/mm'm’ | - 6
6/ 6 - |7 |3 o130 || 3 r. 1 30
[ 3 o |30 || F - |7 |3 o, |30
6/m’ 6 r 30 |l 6/m’ - 7 9 I 30
6'/m’ 6’ I 31 | § I 31 |3 o' |30
6'/m 6’ r (31|73 o, |31 || 8 I |30
622/ 6 1| 29 || 62 - {6 | e - 16
622/ 6’ Coz | 31 || 32 he | 30 || 32/ 5, | 30
6m'm’ 6m'm’ | - 6 6 o, |29 || 6m'm/ - 6
6'mm/ 6'mm’ | - 7 3m 5 | 81 | 3m’ 52 | 30
62'm’ 3m’ o, |29 | 32 o, |29 |l 62'm' - 6
8'm2’ 3m o, |31 || Fm2 - 7 |3 o, |30
5'm'2 3m' |0 [30 ||F Cas | 31 | 3/ o, |30
6/m'm'm’ | 6m'm’' | I’ 30 || 6/m’ Cas | 31 || 6m/'m/ I: 30
6/m'mm | 6mm [T 31 || 6/m'mm | - 7 §2’2’ I 30
6'/mmm’ | 6'mm’ | I 31 | Im o, |31 | 62'm/ r 30
6/m'm'm | 6'mm’ |1 |31 [[82m |I |31 || 3w’ te | 30
6/mm'm’ | 6m'm’ |1 29 || 62'2 I 29 || 6/mm'm’' | - 6
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TABLE III
The forms of the even ¢§;(e5;(F) = €§;(—F)) and odd
€% (e3;(F) = —e%;(— F)) parts of the tensor &;j = €f; + 5; +i(e5 + i)

The forms of the imaginary parts {5 and €/5 are exactly the same as €; and e,
respectively. The components 11, 22, 33, 12, 21, 13, 31, 23, 32 are denoted by
symbols a, b, ¢, d, e, 1, g, h, i, respectively.

The numbers 78-88 refer to the tensors &; = &;; + ie!; of the groups K.

&5 &% &%) €% &fj €%
1 2 3
a d f a d f{a d 0 a d 0 a 0 0 a 0 0
e b e b e b 0 e b 0 0. b h 0 b
g i ¢c g i ¢ 0 0 ¢ 0 0 ¢ 0 i ¢ 0 i c
4 " 5 6
a 0 £ a 0 f|] a 0 0 a 0 0 a 4 0 a d 0
0 b. O 0 b o 0 b 0 0 b 0} -d a 0 -d a O
g 0 ¢ 0 0 0 ¢ O 0 ¢ 0 0 ¢ O 0 ¢
( 8 9
a 0 0 a 0 0 a d f a d {1 a d 0 a d 0
0 a 0 0 a d b h d b h|fd b 0 d b 0
0 0 ¢ 0 O f h ¢ f h ¢ 0 0 ¢ 0 0 c
10 11 12 ‘
a 0 0 a 0 0 a 0 f a 0o f a d f a d {1
0 b h 0 b h 0 b 0 0 b 0] d b h d b h
0 h ¢ 0 h ¢ f 0 c f 0 c¢c| - -h ¢ -f -h ¢
13 14 15
a d {f a d f] a d f a d4 {] a d 0 a d 0
-d b h d b h}{-d b h -d b d b 0 -d b o0
4 h ¢ 4 h ¢ f -h ¢ f -h ¢ 0 o 0 0
16 17 18
a.0 £ a 0 | a 0 O a 0 0 a d4 f 0 0 o
0 b 0 0 b 0 0 b h 0 b h e b h 0 0 o0
4 0 ¢ £ 0 ¢c| 0 -h ¢ 0 -h c| g i ¢c 0 0 0
19 20 21
a 0 0 o0 d f|] a o0 f 0 d O a d 0 o0 o f
0 b e 0 O 0 b e 0 h e b 0 0 h
0 i c g 0 0 g 0 0 i 0 0 o g 0
22 23 24
a 0 0 o0 0 O a 0 f o0 0 O a d o 0 0 O
0 b h 0 0 0 1] b 0 0 0 e b 0 0 0 0
0 i ¢ 0 0 O g 0 ¢ 0 0 O 0 0 ¢ 0 0 O
25 26 27
a 0 0 d 0 a 0 0 0 0 O a 0 0 0 o0 f
0 b 0 e 0 O 0 b 0 0 0 h 0 b 0 0 0
0 0 ¢ 0 0 O 0 0 ¢ 0 1 0 0 0 c g 0 0
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30

33

36

39

-a

-d

42

48

51

0

-h

- h ¢

54

57

= o

S S

oo

29

32

35

38

-a

41

47

50

0

53

56

28

37

-d

= O
L =

o e

46

55
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o o oo o =0 = o o oo o

oo o oo oo = o = o oo o

[~ = ~N o OrﬂO (= (=] oo o

- o v (=] - v o v 5] oo © (3] =
T Lo == L0 Qa o = T Lo M -~
gevTgevegeevgevopecopegop ey 3o
- o oo oo = o o - o o o

co s o o T oo o = oo o o

covw oo org o o oo =]

oo v = v [—J— R ) o w %) oo w © o
oo o o = ° o= o o =t ono o< <
%adom drﬂ%&ﬂﬂ% _.ﬂOﬂ 0”300” 0% % (=)
- oo oo o oo oo o o= o o

co o oo T o o o =] © o= o

cow (== odgo ..n.“f. hal oo o o

- o v = o - o v = o 9] oo v (8} [=]
on o Q= [~ -] o = o [ -y ) o «
geeTgevTgeeTgeoegeoTpecopgeoTy e



(1]
[2]
(3]
(4]

(5]

(6]
[7]
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85 ) 86 87
a d o a d o0 a d o0
d b h d b o -d b
-f -h ¢ 0 0 ¢ 0 0 ¢
88
a 0 f
0 b 0
4 0 ¢
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