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We discuss the most general form of the Lorentz transformation in 141 dimensional spacetime, focusing
mainly on its superluminal branch. For this purpose, we introduce the 2-velocity of a reference frame
and the clockwork postulate. Basic special relativity effects are discussed in the proposed framework.
Different forms of the superluminal Lorentz transformation, which were studied in the literature, are
critically examined from the perspective of our formalism. Counterintuitive features of the superluminal
Lorentz transformation are identified both in our approach and in earlier studies.
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1. Introduction

The topic of superluminal particles, which are
nowadays called tachyons (a term coined by Fein-
berg [1]), remains controversial among physicists for
two reasons. The first one is that the existence of
tachyons carrying information is commonly believed
to lead to violations of causality [2]. The second one
is that no experimental evidence has been found
for their existence. On the theoretical side, differ-
ent attempts to construct a legitimate theory were
made. However, none of them was accepted by the
whole community. On the experimental side, some
physicists claimed that they registered tachyons,
but either the result of their experiment was not
repeatable or it was later shown that a mistake was
made in the measurement process (see [3] for a re-
view of such efforts).

The recent publication of Dragan and Ekert [4]
has once again renewed interest in tachyon-related
physics. In their work, they proposed that the
theory of relativity and quantum mechanics are
deeply connected. They argued that the violations
of causality associated with tachyons explain the
probabilistic nature of quantum effects. According
to them, the presence of tachyons in the theory does
not lead to causal paradoxes as in [2], but rather
changes our notion of causality. Their novel ideas
triggered a heated debate in the scientific commu-
nity [5—11].
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In traditional relativity, where only subluminal
reference frames are considered, a tachyon is a par-
ticle that is never at rest. Thereby, various authors
considered the concept of superluminal reference
frames. Such studies date back at least to the work
of Parker [12], where the Lorentz transformation has
the following form

!
<1 t' = v(u)(t—uz),

v’ =v(u)(z—ut),

{ t' = —sgn(u) y(u)(t—uz),
lu| > 1:

o’ = —sgn(u) y(u) (z—ut), (1)
and the —sgn (u) — sgn(u) version of (1) is said to
lead to the same physics (sgn(x) = 0, %1 is the sign
function). According to these equations, the primed
reference frame moves with the dimensionless ve-
locity u relative to the unprimed one (the velocity
is measured in the units of the speed of light) and
v(u) = 1/]1—u?|"/2. We say that the velocity u is
subluminal for |u| < 1 and superluminal for |u| > 1.

Besides (1), there are other versions of the
Lorentz transformation present in the literature,
such as

2’ =(u)(z—ut), @)

or its y(u) — sgn(l — u?)y(u) version (see, for
example, [13, 14] or references cited in [15]). How-
ever, it can be shown that none of them is actually
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Fig. 1.

(a—d) The schematic illustration of four possibilities for the orientation of the axes of the superluminal

reference frames. The red arrows display 2-velocities Uag = (ay(u), 8v(u)|u|), where o, 8 = & and |u| > 1.

The light cones are plotted with blue dashed lines.

acceptable [15], which illustrates the fact that ex-
tending the standard Lorentz transformation to the
superluminal regime involves some subtle issues.
In this work, we will introduce the 2-velocity of
a reference frame and the clockwork postulate in
Sect. 2, which will allow us to present superlumi-
nal Lorentz transformations from a different angle.
We will examine in Sects. 3 and 4 the new formal-
ism in the context of basic special relativity effects.
The discussion of (1) and (2) from the perspective
of our formalism will be presented in Sect. 5. The
summary of our work will be given in Sect. 6.

2. The 2-velocity of the reference frame

When one thinks about the Lorentz transforma-
tion in 1 + 1 dimensional spacetime, one considers
two reference frames moving relative to each other
with some velocity, say u. Then, one uses such a
velocity to parametrize the coefficients in the trans-
formation relating the spacetime coordinates in the
two reference frames. Such coefficients take the form

£y(u), =y (ulul, 3)
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where the signs in both expressions are chosen inde-
pendently. While in principle there is nothing wrong
with such a procedure, we find it hardly satisfactory
for the following reason. Namely, the special theory
of relativity is about physics happening in space-
time, where time-like and space-like features appear
on equal footing in different contexts. Thereby, it is
our opinion that it would be more natural to use the
2-velocity to characterize the relation between the
spacetime coordinates in the two reference frames.
Such an observation also naturally follows from (3),
which suggests the consideration of the 2-vector

U= (£7(u), £v(u) u]), (4)

which is reminiscent of the 2-velocity of a relativis-
tic particle. The basic property of (4) is that

U-U = (U - (U’

{

regardless of the choice of signs in (4) (all dot prod-
ucts are defined in this work with the metric ten-
sor diag(1, —1); the signs in (4) are chosen indepen-
dently so that there are four expressions encoded in
such an equation).

=sgn(l —u?) =
+1 for u subluminal,

(5)

—1 for u superluminal,
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We propose the following parametrization of the The remark formulated below (7), along with the
Lorentz transformation clockwork postulate, leads to the conclusion that U
t=U-U (Uot _ le), is the relativistic 2-velocity of the primed reference

frame relative to the unprimed one. Thereby, the
¥ =UU (on — Ult), (6) four options displayed in Fig. 1 come from the fact

. L. . that the primed reference frame can move either
which leads to the following inverse transformation forwards (U° > 0) or backwards (U° < 0) in

after the employment of (5) time ¢ and either in the positive (U! > 0) or in

t=U%+U', the negative (U' < 0) direction of the z axis. In
other words, all spacetime options for the motion of

/ /

v=U%" + U (7) the reference frame are encoded in U. Finally, we

To give physical meaning to U, we remark that  note that reference frames moving either forwards
the orientation of the ¢ axis on the spacetime dia-  Or backwards in time and in different directions in
gram (¢, z) is given by U. Such an observation fol-  space were considered in 1+1 (1+3) dimensional
lows from the 2’ = 0 version of (7). The four super- ~ Spacetime in the paper of Viera [17] (Sutherland
luminal options resulting from different sign choices ~ and Shepanski [18]). However, the above-introduced
in (4) are illustrated in Fig. 1. U-parametrization of these transformations was not

Clockwork postulate. In order to add meaning to explored in [17, 18].
the four possible orientations of the ¢’ axis, we intro-
duce the clockwork postulate according to which the 3. Properties of the U-parametrized
proper time of an inertial observer always increases. transformation
In other words, an observer always becomes older
(never younger) in his own rest frame, which nicely

fits the basic assumption of special relativity that all We begin the discussion here with the deriva-
inertial observers and /or reference frames are equiv- ~ tion of the addition law for 2-velocities. We con-
alent. This postulate implies that the stationary ob-  sider three inertial reference frames O, 0’, and O".
server in the primed reference frame always moves We assume that O' is moving with the 2-velocity V
in the positive direction of the ¢’ axis. The above- relative to O, O” is moving with the 2-velocity U

stated clockwork postulate should not be confused  relative to O and U’ relative to O'. To determine U,
with the clock postulate (also known as the clock ~ we note that such a 2-velocity is defined via
hypothesis), which is based on the assumption that " Uno o

the rate of operation of the ideal clock in motion de- < ,> = <U'1 U’0> ( ,) (8)

/
pends only on its instantaneous velocity (see [16] for “ *

a recent critical discussion of the clock postulate). that can be compared to
J
Y VOUO _ VlUl VOUl _ VlUO o
=V 4 (9)
z vout —vigt vopl —vigt) \=
[
which is obtained via the transformation O’ — O Alternatively, one may obtain (10) by the
followed by the O — O” transformation.t! This Lorentz transformation of the 2-velocity U. This
leads to the identification is achieved by the following replacements imposed
0 771

— ) wyry 1 on (6): U — V followed by (¢t,z) — (U°,U') and
U=V (V-UeuV"U"), (10) (t',2") — (U°,U""). Moving on, we note that (10)
where €, = —€,, €01 = +1. results in

J

+1 for U and V subluminal,
U'-U' = ((V-V)(UU)={ +1 for U and V superluminal, (11)

—1 otherwise.

(

Thereby, the relative velocity of two reference

frames is always superluminal when, relative to

some other reference frame, one of them is super-

1By the transformation O’ — O, we understand here the ~ 1uminal, the other one is subluminal. Otherwise,
transformation (6) subjected to the replacement U — V. the discussed relative velocity is subluminal, which

24
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we find interesting (obvious) when both reference
frames are superluminal (subluminal) with respect
to some other reference frame.

Equation (10) can be cast into the following, more
familiar form. With every 2-vector U, we associate
the velocity u via

Ul
= 7o
Such a definition follows from the z/ = 0 version
of (7) and leads to the following U-parametrization
U = (U°U%) = +(y(u),y(u)u). Combining (10)
and (12), we arrive at
;L VOUl _ Vl UO

T yoyo — iyl
which is antisymmetric with respect to the U <+ V'
transformation in accordance with standard expec-
tations. We find it curious that (10) does not exhibit
such a symmetry. We note that whenever V ~ (1, v)
and U ~ (1,u), (13) leads to the standard formula
(see, e.g., [19, 20])

,  uU—v

u (12)

u (13)

U (14)

T1-w
Keeping in mind that V° = sgn (V°)y(v), V1
sgn (V9)y(v)v, etc., we arrive at another represen-
tation of (10)

VU#0: U =V-Vsgn(V-U) ('y(u'),’y(u')u’),
(15)

V.U=0: U =(0,sgn(V°UY)).
( )

Two remarks are in order now.

Firstly, we note that V-U = 0 is satisfied by
V =£(U U or equivalently U = +£(V1,V9),
which can be easily visualized on spacetime dia-
grams such as the ones depicted in Fig. 1. In the
traditional nomenclature, V-U = (0 amounts to the
well-known condition uwv = 1 for |[u/| = oo (see,
e.g., [19, 20]), where u and v are defined as in (12).
We would like to stress that the condition V-U = 0,
unlike uv = 1, has a clear geometrical meaning in
Minkowski spacetime. We also note that the right-
hand side of (16) implies |u/| = oco.

Secondly, (15) can be used to argue that
reference frames propagating backwards in time
inevitably appear in our formalism when super-
luminal velocities are considered, which is coun-
terintuitive. Indeed, taking V=(y(v),v(v)v) and
U=(y(u),y(v)u), where V-U # 0 and both
2-velocities describe reference frames moving for-
wards in time ¢, we see from (15) that U’ describes
propagation backwards in time ¢’ when?

(16)

sgn (1—v?) sgn (1—uv) = —1, (17)

which can be satisfied when at least one of the ve-
locities is superluminal.

2S¢rictly speaking, from the perspective of the reference
frame O’, the reference frame O’ propagates backwards in
time ¢/ when (17) holds.
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Finally, we mention that the transformation

(t,z) < (t',2") (18)
is induced by
(U, ")y = U-Uu(U°,-U"), (19)

which can be seen as velocity reciprocity in our
formalism (see [21] for the recent comprehen-
sive discussion of velocity reciprocity in relativ-
ity theories). For subluminal U, (19) reduces to
(UO,UI) — (UU,fUl); then, the spatial compo-
nent of the 2-velocity gets flipped. For superlumi-
nal U, (19) reads (U°,U') — (—U°,U"); then, the
temporal component of the 2-velocity gets flipped.
We mention in passing that (18) is enforced by the
flip of the velocity, i.e., © — —u, in subluminal and
superluminal transformations (1). This is not the
case in our formalism in the superluminal case.

4. Length “contraction” and time “dilation”

We discuss here further properties of transforma-
tion (6) and its inverse (7), i.e., we again assume
that the primed reference frame moves with the
2-velocity U with respect to the unprimed reference
frame.

Length “contraction”. Measuring the length of a
rod requires an observer, in his own reference frame,
to simultaneously determine the spatial positions of
the rod’s endpoints. We consider the rod whose end-
points are located at A = (¢4, 2',) and B = (5, 2p)
in the primed reference frame and at C = (t¢, z¢)
and D = (tp,zp) in the unprimed reference frame,
respectively. We assume that the rod is at rest in the
primed reference frame and so its proper length ¢/
is given by |2’y — 25| even when the events A and B
are not simultaneous in the primed reference frame.
The rod’s length in the unprimed reference frame is
¢ = |xe — zp| as long as t¢ = tp. It follows from
(6) that the spatial coordinates of the events C' and
D, as observed in the primed reference frame, are

2o =UU (Uzc — U'tc),

/o A 0 _ 1
JL‘D—UU(U Tp UtD). (20)
Subtracting these two equations from each other,
and keeping in mind that =, = /4, 2, = 2’5, and
tc = tp, we obtain

v v
(U- D)UY ~(u) ()
via (4). These considerations are illustrated

in Fig. 2, where we set t/, = t); and consider the
primed reference frame moving either forwards or
backwards in time with a superluminal velocity.
Time “dilation”. We consider a clock at rest in
the primed reference frame. This clock measures the
time interval At'yz = t); —t/, between events A =
(ty,2"y) and B = (t3,2’5) occurring at z’y = z'g.
As measured by the clock resting in the unprimed
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/

X

The schematic plot illustrating the discussion of length “contraction” (see Sect. 4 for the definition of

the events A, B, C, and D). The rod is depicted via the thick green line. Its endpoints are marked by blue and
red dots (worldlines of the rod’s ends are shown in the same colors). While panels (a) and (b) are prepared for
the same U'/U° = u > 1, U° is larger (smaller) than zero in panel (a) (panel (b)). The rod is simultaneously
at rest in both primed reference frames. Its appearance in the unprimed reference frame does not depend on
whether the primed reference frame moves forwards or backwards in time.

reference frame, the time interval separating these
events is

Atap =tp —ta =UAt)p = sgn(U°)y(u)At)yp

(22)
according to (7) and (4). It is clear from (22) that
the sequence of events A and B is swapped when
sen (UY) —1, i.e., when the primed reference
frame is moving backwards in time ¢. Such a con-
clusion can be easily visualized with the help of the
diagrams in Fig. 1 (one may assume for simplicity
that the events in the primed reference frame take
place on the t' axis).

Finally, we note that for |u| >/2, £>¢' (contrac-
tion is not always seen) and |Atap| <|At), 5| (dila-
tion is not always seen). These remarks explain our
use of quotation marks around the words contrac-
tion and dilation. We remark that the special role of
u = v/2 in the context of length “contraction” and
time “dilation” was noted in [22].

5. Restricted transformations

We discuss here transformations restricted to
only two (out of four possible) spacetime orienta-
tions of the 2-velocity U. On the one hand, this will
give us another opportunity to illustrate how our
U-parametrization works in practice. On the other
hand, it will allow us to discuss from a different an-
gle the superluminal Lorentz transformations that
were studied in the literature.
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We begin the discussion of such transformations
from (2), which looks like a natural extension of
the standard Lorentz transformation to superlumi-
nal velocities. In our U-parametrization, (2) reads

ueR\{1,—1}: U = sgn(1—u?) (y(u), y(w)u).

(23)
Transformations having such a structure, however,
do not form a group, which can be shown with
the help of (15). Namely, we choose u and v such
that wv # 1, which allows us to put (23) and
V = sgn(1-v?) (v(v),7(v)v) into (15). This leads
to

U' = sgn(1-u?) sgn (1—uv) (y(u'), y(u')u')

sgn (1—v?)sgn (1—uw)sgn (1—u'?) (fy(u’), v(u’)u’),
(24)

where the last equality follows from
sgn (1 — u'?) = sgn (1 —v?) sgn (1 — u?) (25)
obtained from (14). The result (24) does not agree

with the u — u’ version of (23) when (17) holds. If
both u and v are subluminal, then (17) cannot be
satisfied, which is expected because we deal in such
a case with the standard Lorentz transformation.
However, when at least one of these velocities is su-
perluminal, then the other can always be chosen so
as to satisfy (17). The very same problem appears
when one uses the y(u) — sgn(1—u?)y(u) version
of (2), where

u € R\ {17 _1} U= (’Y(U)W(U)u) (26)

Thereby, (2) and its y(u) — sgn(1—u?)y(u) ver-
sion break the group property that any Lorentz
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transformation should satisfy, which was noted
in [15]. In our formalism, the clockwork principle
leads to the conclusion that the superluminal (23)
[(26)] describes reference frames moving only back-
wards [forwards] in time ¢ and either in the pos-
itive or negative direction of the z axis; this is
evident from the fact that the superluminal U rep-
resenting (23) [(26)] is depicted in Fig. lc and d
[Fig. 1a and b)]. This observation shows that the
restriction to reference frames, which according to
our formalism propagate in a fixed direction in
time, is insufficient when superluminal velocities are
considered.

Then, we take a close look at the transforma-
tion (1) employed in [4, 12, 15, 22]. Transforma-
tions having such a structure form a group (see,
e.g., [4] for a recent insight into this issue, as well
as [15]). This is seen in our formalism as follows.
The U-parametrization of (1) is

ul<1: U=((w).r(wu).

ul > 1+ U =(sgn(w)y(u),v(u)lul), (27)

which can be equivalently written as

uweR\{l,-1}: U = sgn(l+u) (v(u), y(u)u)
(28)

thanks to the compact representation of (1)

proposed in [6]. We choose u and v such
that wv # 1, and substitute (28) and V

sgn (1+v) (y(v),7(v)v) into (15), getting
U' = sgn(1—v)sgn(1+u)sgn (1—uv)

< (v(u), v (u)u') = sgn(1+u') (v(w), y(w)'),
(29)

where the last equality is obtained from (14). The
result (29) proves that U’ is given by the u — v’ ver-
sion of (28) when uv # 1. For uv = 1, one may easily
arrive at the same conclusion by using (16) instead
of (15). Moreover, following the same line of rea-
soning, one may show that the —sgn(u) — sgn(u)
version of (1), which is U-parametrized as

weR\{l,-1}: U =sgn(l—u) (v(u),v(u)v)
ul <1: U = (v(u),y(u)u),

u| >1: U= —(sgn(u)y(u),v(u)lul),

|ul (sgn (uw)y(u), y(w)lul) (30)
also satisfies the group property. Proceeding as
above, we note that the clockwork principle leads
to the observation that the superluminal (28) [(30)]
describes reference frames moving in the positive
[negative] direction of the x axis and either forwards
or backwards in time ¢; U corresponding to the su-
perluminal (28) [(30)] is shown in Fig. la and d
[Fig. 1b and c].

To fix such problematic one-directional move-
ment in space, one is forced to use the reinter-
pretation principle, which states that motion back-
wards in time ¢ in the positive (negative) direction
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of the = axis represents motion forwards in time
t in the negative (positive) direction of the x
axis [23]. Therefore, the reinterpretation principle
allows one to work with only two orientations of
spacetime axes, as in Fig. 1la and d or Fig. 1b and ¢
(instead of four, as in Figs. la—d). However, one
should be aware of the fact that by choosing (1) as
in [4, 12, 15, 22|, one deals with the situation, where
the superluminal observer moving in the positive
(negative) direction of the x axis uses a clock with
a normal (inverted) mechanism — the hands of the
clock are moving clockwise (counterclockwise) in
these two cases, so to speak. Similarly, by using (1)
subjected to the —sgn(u) — sgn(u) replacement,
one assumes that the superluminal observer uses a
clock with a normal (inverted) mechanism when it
moves in the negative (positive) direction of the x
axis. We see such dependence of the clock’s mecha-
nism on the direction of motion as a counterintuitive
feature.

6. Conclusions

In the spirit of the theory of relativity, we have
considered reference frames moving in all possible
directions in space and time. In particular, this
implies that we have taken into account reference
frames moving both forwards and backwards in
time. While the exploration of both options does
not seem to be necessary in the subluminal con-
text, the situation is far less clear in the super-
luminal context, where one is bound to encounter
counterintuitive features and a lack of experimen-
tal data leaves various possibilities open. We hope
that our work will stimulate discussion on this
issue.

In our formalism, we have parametrized the
Lorentz transformations via the 2-velocity of a refer-
ence frame and introduced the clockwork principle
to give physical meaning to this quantity. We have
then studied the group property of such transforma-
tions and re-examined basic effects such as length
“contraction” and time “dilation”. The new formal-
ism has then been compared to the standard ap-
proach discussed in [4, 12, 15, 22]|. In the course
of these studies, we have identified counterintuitive
features both in our formalism and in the above-
mentioned standard approach (see the discussion
around (17) and at the end of Sect. 5). In fact,
we believe that any approach to superluminal sys-
tems is going to encounter some conceptual difficul-
ties that require detailed discussion. Such a remark
partly motivates the research pursuits discussed in
this work, which gives a non-standard perspective
on superluminal physics. Finally, we note that it is
of interest to extend the formalism presented in
this work to higher-dimensional spacetimes, partic-
ularly in light of the recent developments presented
in [24].
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