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Recent advancements in ultra-short intense pulse technology have made it possible to generate electron�
positron plasma in a laboratory. When intense lasers interact with this plasma, various non-linear e�ects
occur, such as self-focusing. This research aimed to investigate how self-focusing is impacted by the
primary frequencies of lasers and plasmas. The study developed a speci�c model that describes the
non-linear relationship between self-focusing and angular frequencies of the laser and plasma. Plasma is
characterized by the Langmuir angular frequency of all components and the electron cyclotron frequency.
The presented results indicate that without an external magnetic �eld, the beam focusing at di�erent
frequencies is similar for both right-handed and left-handed polarizations. However, in the presence of
an external magnetic �eld, a signi�cant di�erence in the behaviour of right-handed and left-handed
polarization is observed. The model also predicts the precise non-linear correlation between the beam
width and the angular frequencies of the lasers and plasma.
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1. Introduction

Electron�positron plasma is a large class of paired
plasmas of the same mass and charge (with the
opposite sign) that exist in the early structure of
the universe, pulsars, galactic nuclei, and gamma-
ray decay. Experiments have shown that it is possi-
ble to create electron�positron plasma in laborato-
ries and fusion devices. Moreover, numerous studies
have investigated the creation of electron�positron�
ion plasma in laboratories, as well as in gamma-
ray generator meteors and solar radiation [1, 2].
The direct production of electron�positron pairs
in the collision of two photons is one of the basic
processes. Although this process has not been ob-
served in the laboratory due to the lack of intense
sources of gamma rays, the emission of synchrotron
sources caused by lasers has allowed this process
to be observed for the �rst time. Pair generation
during the multi-photon process has been observed
in the laboratory at the Stanford Linear Accelera-
tor Center (SLAC), in the collision of a high-energy
electron beam with a laser pulse with the power
of 1012 W/cm2 [3].
The SLAC experiment was carried out by collid-

ing a beam of electrons with an energy of 46.6 GeV
with a high-intensity laser pulse. Interaction of
relativistic electrons with heavy nuclei (such as
gold) also provides the possibility of producing an
electron�positron pairs. Electron�positron plasma

is the only type of plasma that makes it possi-
ble to study the physics of plasmas with equal
masses, and it is currently made in a laboratory.
In 2015, the �rst experimental evidence from the
generation of neutral and dense electron�positron
plasma was reported in the laboratory [3, 4]. Elec-
tromagnetic waves demonstrate notable distinctions
in the propagation characteristics when travelling
through electron�ion plasma compared to electron�
positron�ion plasma. Rizato [5] investigated the
propagation of circularly polarized electromagnetic
waves in a cold plasma, including electrons and
positrons with stationary ions, and concluded that
this three-component plasma, which is used to
accelerate particles, can amplify electromagnetic
waves [5]. Self-focusing is one of the most impor-
tant nonlinear e�ects that occur when electromag-
netic radiation passes through the plasma.
The self-focusing phenomenon allows the beam to

travel several Rayleigh lengths and have a smaller
spot diameter compared to its initial size. This
phenomenon in electron�ion plasma has been the
subject of many researches [6�13]. The amount of
focusing and the impact of laser and plasma pa-
rameters on the beam-width reduction have also
been investigated in many studies [14�19]. The
e�ect of beam polarization on the self-focusing
of a laser beam in magnetized electron�ion (e-i)
plasma has also been studied by Sepehri-Javan
et al. [20]. In another research by Sepehri-Javan
et al. [21], the changes in the spot diameter of the
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ion�electron�positron (i-e-p) plasma were studied
using a two-�uid model. The results of these re-
search indicate that for the right-handed polariza-
tion, the e�ect of the external magnetic �eld and
electron temperature on the self-focusing beam is
greater than for the left-handed polarization. How-
ever, due to the complexity and non-linearity of the
dependence of self-focusing on the initial laser and
plasma frequencies, the impact of these parameters
on the self-focusing has not been studied so far. In
this study, the e�ect of the plasma and laser fre-
quencies on the beam-width reduction is investi-
gated in the presence of an external magnetic �eld,
considering both the right- and left-handed polar-
ization.

2. Focusing parameter

The interaction of a high-intensity laser with a
three-component hot plasma, including an electron�
positron�ion (e-p-i) component, is considered. It
is assumed that the laser beam is propagated in
the eẑ direction and the beam has circular polar-
ization. The intended plasma is a combination of
the primary electron�ion (e-i) plasma and electron�
positron (e-p) plasma. The individual symbols �i�,
�e1�, �e2�, and �p� refer to ions, electron�positron,
electron�ion, and positrons, respectively. Exper-
imental research showed that the percentage of
positrons in almost all laboratory generated e-p-i
plasma is low � it is below 10% [22�27], and elec-
trons belonging to both e-i and e-p plasmas may
have di�erent temperatures.
If the external magnetic �eld is applied in the z

direction as B = B0 êz, assuming that the propaga-
tion of a circularly polarized wave is along the ex-
ternal magnetic �eld with a slowly changing ampli-
tude and ignoring the translational velocity of heavy
ions, the changes in electron density will be as fol-
lows [21]

nj = n0j exp

(
−1

2
|A|2 Qj

)
; j = e1, e2,p, i. (1)
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In fact, βj and α are also de�ned as βj = c2/(vTj)
2

and α = ωc/ω0, where vTj =
√
kBTj/m0 is the

thermal velocity of the particle of type j, kB is the
Boltzmann constant, m0 is the electron mass, Tj

is the temperature of the particle of type j. Here,
ωc = ±| eB0

m0c
| is the cyclotron frequency of electron

(positron), where the sign of ωc is negative for elec-
tron and positive for positron. In (2), σ = +1 in-
dicates a wave with a right-hand polarization, and
σ = −1 with a left-hand polarization. Considering
the wave equations and the relativistic �uid model,
the equation for the variation of the spot size of
laser in the quasi-neutral approximation can be ob-
tained as follows [21]
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[
1
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8c2
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)]
= 0. (4)

In (4), a0 is the amplitude of the dimensionless vec-
tor potential, f is the beam-width diameter (the
ratio of the diameter of the spot during propaga-
tion with respect to the initial diameter of the spot
at z = 0), ξ = Z

ZR
is the normalized propagation

length, ZR is the Rayleigh length, and N is as fol-
lows [21]
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In (5), ωp.j = 4πn0je
2/m0 is the Langmuir fre-

quency of j-th component, ωp = (ω2
p.e1 + ω2

p.e2 +

ω2
p.p)

1/2 is the total Langmuir frequency.
In order to solve (4), the initial boundary condi-

tions (at z = 0) are considered as df
dz = 0 and f = 1,

which are the acceptable conditions for the initial
�at wave front. Here, f represents the ratio of the
spot size of laser along the propagation to its initial
spot size.
The term within the innermost brackets in (4)

is due to di�raction and focusing e�ects, and when
the di�raction e�ect is dominant, this term will be
negative. However, if the focusing phenomena are
dominant, the term in the bracket becomes positive.
If the focusing and di�raction e�ects are equal, the
term becomes zero causing the spot size to remain
unchanged during propagation.
Equation (4) is a second order di�erential equa-

tion and has the following form

d2y

dx2
+ αyn = 0. (6)
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Fig. 1. (a) Plot of FP versus cyclotron frequency.
(b) Plot of beam-width parameter versus propaga-
tion length for di�erent cyclotron frequencies. (c)
FP versus ωc for ωp.p = 0.25ω0.

In this type of equation with α as a constant and n
as any positive or negative number, when the initial
condition is y′ = 0 and y = y0, then: if α is posi-
tive, the value of y increases beyond the initial value
of y0, while if α is negative, y will be less than y0.
The amount of reduction or increase of y relative
to the initial value is also related to the value of α.
For example, if (6) is regarded as d2y

dx2 + αy−3 = 0
and the initial condition is taken as y0 = 2, solving
the equation for positive α shows that the value of
y is less than the initial value of y0 = 2, and for
negative α the value of y is larger than the initial
value of y0 = 2 for all y. This means that when
α = +5, the value of y is greater than when α = +4
for a given x. Conversely, for negative values of α,
there is more reduction in y for α = −5 compared
to α = −4.

Therefore, the term in the bracket in (4) can de-
termine the amount of focusing or diverging of the
laser beam. This term is named the focusing param-
eter (FP)

FP =
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(7)

FP is a complex function of the laser and plasma
characteristics. Moreover, since (4) is a di�erential
equation, the value of f changes over the propaga-
tion distance. Therefore, it is not possible to directly
�nd the precise nonlinear dependence of the beam
width on the in�uence parameters such as the angu-
lar frequencies of positron, electrons, cyclotron and
laser. But based on the FP behaviour, it is possible
to �nd the precise impact of the e�ective parame-
ters on the self-focusing.

In the following section, the non-linear relation-
ship between the beam width and the angular fre-
quencies of positrons, electrons, laser, and cyclotron
is declared based on the FP model.

3. The impact of angular frequencies of

laser and plasma on self-focusing

According to the introduced model of focusing pa-
rameter (FP), one can analyse the impact of angular
frequencies on focusing of laser beam. By utilizing
(7), the e�ect of cyclotron frequency (ωc), angu-
lar positron frequency (ωp.p), angular frequencies of
electrons (ωp.e1, ωp.e2), and laser angular frequency
(ω0) on self-focusing is discussed as follows.

3.1. The impact of cyclotron frequency on
self-focusing

In order to discuss the impact of the cyclotron
frequency (ωc =

eB0

me c ), which is related to the exter-

nal magnetic �eld (B0), the parameter FP is plot-
ted against the cyclotron frequency and depicted
in Fig. 1a. The initial characteristics of laser and
plasma are assumed as: ω0 = 1.88 × 1015 s−1,
r0 = 15 × 10−4 cm, a0 = 0.271 (I ≈ 1017 W/cm2),
Te1 = Te2 = 10 keV, Ti = 0.5 keV, Tp = 5 keV,
ωp.j = 0.14ωc, ωp.e2 = ωp.e1 = 0.1ω0.

Based on Fig. 1a, the FP behaviour predicts the
following results:

� Increasing the cyclotron frequency leads to an
increase in FP, namely stronger focusing oc-
curs in the presence of the external magnetic
�eld.

� The in�uence of cyclotron frequency is the
same for left-handed and right-handed polar-
ization for the above mentioned initial condi-
tion. But if the initial values are changed, the
e�ect of ωc may di�er for right-handed or left-
handed polarization. For example, in Fig. 1c,
the initial value of ωp.p is assumed as ωp.p =
0.25ω0. The result indicates that the e�ect
of the cyclotron frequency and the magnetic
�eld will be di�erent for left-handed and right-
handed polarization.
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Fig. 2. Focusing parameter versus positron fre-
quency ωp.p.

� At high cyclotron frequencies, FP undergoes
sudden changes, whereas at low frequencies,
FP changes gradually.

To validate the results discussed above, the
second-order equation for self-focusing (see (4)) is
solved, and the beam-width parameter (f) versus
the normalized propagation length (ξ) is plotted.
The result is shown in Fig. 1b, and good agreement
is seen between the FP predictions and the varia-
tion of beam width. For a given propagation length
(ξ), the value of f is smaller for larger ωc. Figure 1b
also indicates that more signi�cant changes in the
beam width occur at higher ωc. This means that
when a strong external magnetic �eld is present,
even slight alterations in the magnetic �eld can re-
sult in notable changes in the laser's spot size.

3.2. The e�ect of positron frequency ωp.p on
self-focusing

In order to investigate the e�ect of positron fre-
quency on self-focusing, in Fig. 2 the focusing pa-
rameter is plotted versus ωp.p for right-handed and
left-handed polarization beams. The result indicates
that increasing the positron frequency ωp.p in the
plasma can lead to an increase in FP, i.e., further fo-
cusing of beam occurs at larger ωp.p for both right-
handed and left-handed polarizations. The result of
solving (4), presented in Fig. 3, shows a good agree-
ment with the above-mentioned result.
Figure 2 also indicates that in the absence of a

magnetic �eld α = 0, there is no di�erence be-
tween the self-focusing of the right-handed and left-
handed polarizations. But in the presence of an ex-
ternal magnetic �eld, there is signi�cant di�erence
between the focusing of both mentioned polariza-
tions. As shown in Fig. 2, before the intersection

Fig. 3. Beam-width parameter f versus propaga-
tion length ξ for left-handed and right-handed po-
larization.

Fig. 4. Beam-width parameter f versus propa-
gation length ξ (a) before the intersection point
(ωp.p = 2.65 × 1014 s−1) and (b) after the inter-
section point.

point (ωp.p = 2.65 × 1014 s−1), the value of the
focusing parameter (FP) is less for the beam with
left-handed polarization. However, after the inter-
section point, the value of FP is greater for the left-
handed polarization than for the right-handed po-
larized beam. In Fig. 5 the beam width is plotted
versus the propagation length, and a good agree-
ment with the prediction of the FP model is seen.
In order to validate the above results, in Fig. 3

we have plotted the beam-width parameter, based
on (4).

3.3. The e�ect of angular frequencies of electrons
on self-focusing

The graph in Fig. 5 displays the relationship be-
tween FP and the electron�positron angular fre-
quency ωp.e1 and angular frequency electron�ion
ωp.e2. The results indicate that FP acts in a sim-
ilar manner in ωp.e1 and ωp.e2.
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Fig. 5. (a) Plot of FP versus angular frequency of
electrons. Inset (b) magni�es the area of intersection
of both polarization results.

Fig. 6. Beam-width parameter versus propagation
length (a) before the intersection point and (b) after
the intersection point.

Additionally, Fig. 5 indicates that in contrast to
Fig. 2 (plot of FP versus positron frequency ωp.p), at
higher electron frequencies the focusing parameter
FP of right-handed polarization is larger compared
to the value of FP for left-handed polarization.

Fig. 7. (a) Plot of FP versus angular frequency of
laser. (b) Plot of beam-width parameter.

However, at frequencies lower than the intersec-
tion point (ωp.p = 1.85× 1014 s−1), the value of FP
for right-handed polarization is less than that of
left-handed polarization. To con�rm this observa-
tion, we solved the beam-width equation and plot-
ted the results graphically in Fig. 6. A good agree-
ment is seen.

3.4. The e�ect of the laser's angular frequency
on self-focusing

To study how the angular frequency of a laser
a�ects self-focusing, the dependence of FP versus
ω0 is shown in Fig. 7a. In Fig. 7b, one can see that
as the frequency of lasers increases, the laser beam
experiences more intense focusing.

4. Conclusions

Based on the introduced model regarding the FP
phenomena, the exact relation between the laser
and plasma frequencies on self-focusing is estab-
lished. It is found that increasing the magnetic �eld
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leads to stronger self-focusing and that the amount
of focusing is the same for both polarizations. In the
absence of an external magnetic �eld, the amount of
focusing is similar for both polarizations. But, in the
presence of an external magnetic �eld, there are sig-
ni�cant di�erences between the impact of positron
frequency on self-focusing for left-handed and right-
handed polarizations.

References

[1] C. Bamber, S.J. Boege, T. Ko�as et al.,
Phys. Rev. D 60, 092004 (1999).

[2] D.L. Burke, R.C. Field, G. Horton-Smith
et al., Phys. Rev. Lett. 79, 1626 (1997).

[3] G. Sarri, K. Poder, J.M. Cole et al., Nat.
Commun. 6, 6747 (2015).

[4] M. Lobet, X. Davoine, E. d'Humières,
L. Gremillet, Phys. Rev. Accel. Beams 20,
043401 (2017).

[5] F.B. Rizzato, J. Plasma Phys. 40, 289
(1988).

[6] H. Chen, S.C. Wilks, P.K. Patel, R. Shep-
herd, Rev. Sci. Instrum. 77, 10E703
(2006).

[7] M. Moshkelgosha, R. Sadighi-Bonabi,
IEEE Trans. Plasma Sci. 41, 1570 (2013).

[8] M. Moshkelgosha, IEEE Trans. Plasma
Sci. 44, 894 (2016).

[9] M. Durand, A. Jarnac, A. Houard, Y. Liu,
S. Grabielle, N. Forget, A. Durécu,
A. Couairon, A. Mysyrowicz, Phys. Rev.
Lett. 110, 115003 (2013).

[10] T.S. Gill, R. Mahajan, R. Kaur, S. Gupta,
Laser Part. Beams 30, 509 (2012).

[11] A. Sharma, M.P. Verma, M.S. Sodha, Phys.
Plasmas 11, 4275 (2004).

[12] A.R. Niknam, A. Aliakbari, S. Majedi,
F. Haji Mirzaei, M. Hashemzadeh, Phys.
Plasmas 18, 112305 (2011).

[13] P. Jha, R.K. Mishra, A.K. Upadhyaya,
G. Raj, Phys. Plasmas 13, 103102 (2006).

[14] M. Moshkelgosha, Optik 182, 80 (2019).

[15] H. Xiong, S.-Q. Liu, J.-J. Liao, X.-L. Liu,
Optik 121, 1680 (2010).

[16] O.G. Olkhovskaya, G.A. Bagdasarov,
N.A. Bobrova et al., J. Plasma Phys. 86,
905860307 (2020).

[17] M. Moshkelgosha, Acta Phys. Pol. A 136,
957 (2019).

[18] M. Ghorbanalilu, Phys. Plasmas 17,
023111 (2010).

[19] M. Moshkelgosha, Acta Phys. Pol. A 136,
957 (2019).

[20] N. Sepehri Javan, Z. Nasirzadeh, Phys.
Plasmas 19, 112304 (2012).

[21] N.S. Javan, M.H. Azad, Laser Part. Beams
32, 321 (2014).

[22] H. Chen, S.C. Wilks, J.D. Bonlie,
E.P. Liang, J. Myatt, D.F. Price,
D.D. Meyerhofer, P. Beiersdorfer, Phys.
Rev. Lett. 102, 105001 (2009).

[23] H. Chen, S.C. Wilks, D.D. Meyerhofer
et al., Phys. Rev. Lett. 105, 015003 (2010).

[24] C. Gahn, G.D. Tsakiris, G. Pretzler,
K.J. Witte, C. Del�n, C.-G. Wahlström,
D. Habs, Appl. Phys. Lett. 77, 2662 (2000).

[25] C. Gahn, G.D. Tsakiris, G. Pretzler,
K.J. Witte, P. Thirolf, D. Habs, C. Del�n,
C.-G. Wahlström, Phys. Plasmas 9, 987
(2002).

[26] A. Di Piazza, C. Müller, K.Z. Hatsagort-
syan, C.H. Keitel, Rev. Mod. Phys. 84,
1177 (2012).

[27] G. Sarri, W. Schumaker, A. Di Piazza
et al., Phys. Rev. Lett. 110, 255002 (2013).

369

http://dx.doi.org/10.1103/PhysRevD.60.092004
http://dx.doi.org/10.1103/PhysRevLett.79.1626
http://dx.doi.org/10.1038/ncomms7747
http://dx.doi.org/10.1038/ncomms7747
http://dx.doi.org/10.1103/PhysRevAccelBeams.20.043401
http://dx.doi.org/10.1103/PhysRevAccelBeams.20.043401
http://dx.doi.org/10.1017/S0022377800013283
http://dx.doi.org/10.1017/S0022377800013283
http://dx.doi.org/10.1063/1.2220141
http://dx.doi.org/10.1063/1.2220141
http://dx.doi.org/10.1109/TPS.2013.2255888
http://dx.doi.org/10.1109/TPS.2016.2555947
http://dx.doi.org/10.1109/TPS.2016.2555947
http://dx.doi.org/10.1103/PhysRevLett.110.115003
http://dx.doi.org/10.1103/PhysRevLett.110.115003
http://dx.doi.org/10.1017/S0263034612000444
http://dx.doi.org/10.1063/1.1776176
http://dx.doi.org/10.1063/1.1776176
http://dx.doi.org/10.1063/1.3659024
http://dx.doi.org/10.1063/1.3659024
http://dx.doi.org/10.1063/1.2357715
http://dx.doi.org/10.1016/j.ijleo.2018.12.190
http://dx.doi.org/10.1016/j.ijleo.2009.03.019
http://dx.doi.org/10.1017/S0022377820000458
http://dx.doi.org/10.1017/S0022377820000458
http://dx.doi.org/10.12693/APhysPolA.136.957
http://dx.doi.org/10.12693/APhysPolA.136.957
http://dx.doi.org/10.1063/1.3314720
http://dx.doi.org/10.1063/1.3314720
http://dx.doi.org/10.12693/APhysPolA.136.957
http://dx.doi.org/10.12693/APhysPolA.136.957
http://dx.doi.org/10.1063/1.4766753
http://dx.doi.org/10.1063/1.4766753
http://dx.doi.org/10.1017/S0263034614000184
http://dx.doi.org/10.1017/S0263034614000184
http://dx.doi.org/10.1103/PhysRevLett.102.105001
http://dx.doi.org/10.1103/PhysRevLett.102.105001
http://dx.doi.org/10.1103/PhysRevLett.105.015003
http://dx.doi.org/10.1063/1.1319526
http://dx.doi.org/10.1063/1.1446879
http://dx.doi.org/10.1063/1.1446879
http://dx.doi.org/10.1103/RevModPhys.84.1177
http://dx.doi.org/10.1103/RevModPhys.84.1177
http://dx.doi.org/10.1103/PhysRevLett.110.255002

