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In this paper the study of active/passive vibration frequency control through electro�mechanical cou-
pling features in a slender mechanical system resting on a Winkler foundation is presented. The in-
vestigation starts with the formulation of a mathematical model to characterize the dynamic behavior
of the composite system created of a core beam and integrated layers of piezoelectric actuators. The
key parameters in�uencing the vibration characteristics, such as foundation sti�ness, and geometrical
and electro�mechanical properties of the system, are examined and discussed. Based on the obtained
numerical results it is shown that the reference system dynamic response may be enhanced through
the geometrical and physical parameters of the embedded actuators and can be further improved in
signi�cantly greater extent through active piezoelectric actuation. On the other hand, it is observed
that together with the increase in the elastic foundation sti�ness, the e�ect of actuation decreases.

topics: piezoelectric (PZT) ceramics, mechanical vibrations, mechanical systems control, elastic struc-
tures

1. Introduction

Vibrations are a fundamental phenomenon con-
nected with physics and mechanical engineering,
having signi�cant implications for the analysis and
design of dynamic systems. In physics, the study
of vibrations underpins key concepts such as wave
propagation, resonance, and energy dissipation,
contributing to a deeper understanding of material
behavior and stability in various contexts. In me-
chanical engineering, vibrations critically a�ect the
performance, durability, and safety of structures
and machinery. Uncontrolled vibrations may lead
to adverse e�ects such as increased noise, mate-
rial fatigue, or � in extreme cases � catastrophic
failure.
Krieger-Wojnowsky [1] is considered a pioneer in

the study of vibrations. In 1950, he investigated the
e�ect of axial loading on large-amplitude vibrations
in bars that were hinged at both ends. It was discov-
ered that introducing an axial displacement into the
system causes an internal axial force to oscillate in
the bar during vibrations. In 1951, Burgreen [2] pre-
sented a solution to the problem of free vibrations

in a simply supported beam. A few years later, the
same author published a study discussing the im-
pact of the boundary conditions at the bar's end
on its natural vibrations [3]. Civalek and Öztürk [4]
analyzed the free vibrations of a simply supported
Euler�Bernoulli beam with a tapering cross-section
resting on a Winkler�Pasternak foundation. The
discrete singular convolution (DSC) method was
demonstrated to be aplicable in numerical simula-
tions to determine the �rst three natural frequencies
of the system for three di�erent values of founda-
tion sti�ness. The in�uence of the sti�ness of di�er-
ent foundation models on the vibration frequency
of the beam system can be found, for example,
in [5�7].
The investigation of stability and vibrations in

slender mechanical systems remains an active area
of research to the present day. Contemporary ar-
ticles highlight the application of various types of
�smart materials� to enhance the vibration control
capabilities, where particularly prominent in this
�eld are shape memory alloys (SMA) and piezoelec-
tric (PZT) materials. The variation in vibration fre-
quencies and critical forces in a carbon �ber beam
with pre-tensioned shape memory wires mounted
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Fig. 1. Clamped�clamped system with two
surface-bonded single PZT layers resting on a
single-parameter Winkler elastic foundation.

along the neutral axis of the system was examined
by Baz et al. [8]. Through the study, it was observed
that the appropriate use of reinforcement with pre-
tensioned shape memory wires induces a shift of
the fundamental vibration modes of the beams to
higher frequency ranges compared to non-reinforced
beams. The demonstration that the residual force
induced from the PZT element e�ectively modi�es
the vibration frequencies, loading capacities, and
stability characteristics of the column with the at-
tached PZT rod is shown in [9]. The in�uence of
piezoelectric actuation on lateral oscillation of a
beam with varying cross-section is presented in [10].
In this paper, the main goal is to demonstrate

the ability of tuning the vibration frequency of a
host structure resting on a single-parameter Win-
kler foundation through a surface-bonded PZT ma-
terial and its electro�mechanical coupling features.

2. Studied model

For the studied model, a clamped�clamped beam
resting on a single-parameter Winkler elastic foun-
dation was chosen, for which the PZT single layers
are surface-bonded to the top and bottom surface
of the host beam near one of the end supports, as
shown in Fig. 1.
It should be highlighted that a beam with both

ends restrained against longitudinal displacements
gives the most e�ective control of the critical force
and vibration of the system among the cases where
one end is free, as stated by de Faria [11] and Ze-
hetner and Irschik [12]. The vibration control of the
studied system is achieved by inducing a residual
force of equal magnitude and same direction within
the PZT layers. In order to exert this force in the
system, an electric �eld needs to be applied to the
PZT elements, taking into account that its vector
direction explicitly determines the generation of a
compressive or tensile force. The derivation of the
residual force equation for an n-segment beam has
been thoroughly discussed in [13]. It is worth noting
that the magnitude of this force strongly depends

on the relationship between the axial sti�ness of the
PZT element and the host beam, as well as on the
length, the thickness of the PZT layers itself and
the voltage applied.

3. Theory and formulation

Before the system is actuated, it is assumed that
the beam is perfectly straight � geometrical imper-
fections are neglected. Delamination e�ects as well
as material imperfections are ignored in the analy-
sis. The slenderness of the system classi�es the prob-
lem into the Bernoulli�Euler beam theory. For the
piezoelectric elements two di�erent materials are ex-
amined: (i) P41 [14], for which the maximum elec-
tric �eld is limited to 2 kV/mm, and (ii) a more re-
cent one, NCE46 [15], with a limit of 5.5 kV/mm, in
which the applied electric �eld�strain relation is lin-
ear. In order to make the analysis more general, all
quantities are presented in non-dimensional form. In
the subsequent sections of this article, the subscript
�b� denotes variables related to the beam, while the
subscript �p� represent variables associated with the
PZT layers.
On the basis of the presented variational for-

mulation using Hamilton's principle in [13] and
after some mathematical manipulation, the non-
dimensional equations of motion for the system
in Fig. 1 (for i = 1, 2) can be expressed as

d4wi(ξi)

dξ4i
±φif

2
r

d2wi(ξi)

dξ2i
−
[
µiω

2
0−φiβ

]
wi (ξi) = 0,

(1)
where wi(ξi) denotes the transversal displacements
of the i-th segment, fr � residual force exerted in
the system, ω0 � natural frequency, β � elastic
foundation sti�ness parameter.
The following substitutions are introduced in (1)

wi(ξi) =
Wi(xi)

L
, ξi =

xi

L
,

φi = (1+rm)−
1
2 (j

2i+1), rm =
EpJp
EbJb

,

f2
r =

2Bpd31EpVappL
2AbLp

Jb
(
EbAbL+ EpApL− EpApLp

) ,
µi =

[
α1+(η − 1)α2

α1 (1+rm)

] 1
2 (j

2i+1)
, α1 =

Ep

Eb
,

α2 =
ρp
ρb

, ω2
0 = Ω2L4 ρbAb

EbJb
,

β =
kL4

EbJb
, j =

√
−1,

(2)
where L is the total beam length (assumed as 0.60 m
for fr,max determination), E � Young's modulus
of the material, J � moment of inertia of the ele-
ment cross-section, B � element width, d31 � PZT
material constant, Vapp � voltage applied to PZT

223



K. Kuli«ski et al.

material, A� cross-section area, ρ�material mass
density, Ω � vibration frequency, k � elastic foun-
dation sti�ness.
In (1), the plus sign before the residual force

f2
r denotes the exerted compression in the system,
whereas the minus sign denotes the tension. To
solve the stated problem, the following boundary
and continuity conditions are used

w1 (0) = wI
1 (0) = w2 (l2) = wI

2 (l2) = 0, (3)

w1 (l1) = w2 (0) ;

wI
1 (li) = wI

2 (0) ;

wRN
1 (l1) = (1 + rm)wRN

2 (0)
(4)

where RN = II or III and denotes the order of the
derivative.
The general solution of (1) is

wi (ξi) = Ai cosh (γi1ξi) +Bi sinh (γi1ξi)

+Ci cosh (γi2ξi) +Di sinh (γi2ξi) (5)

(for i = 1, 2), where the coe�cients γi1 and γi2 are

γiz =

√
1

2

[
±φif2

r + (−1)z
√
φif4

r − 4φiβ
]

(6)

(for z=1, 2). By substituting the functions from (5),
which describe the transverse displacements of the
individual beam segments (i = 1, 2), into the
boundary and continuity conditions (3) and (4), re-
spectively, a system of twelve homogeneous linear
equations with respect to the unknown integration
constants Ai, Bi, Ci andDi is derived. A non-trivial
solution to this system exists when the determinant
of the coe�cient matrix equals zero. Consequently,
for the given physical and geometrical parameters
of the system and the speci�ed magnitude of piezo-
electric actuation, the natural frequency can be de-
termined.

4. Numerical solution

For computation purposes, the geometrical and
physical relations are, respectively, as follows

b =
B

L
= 0.05, hb =

Hb

L
= 0.0075, hp =

1

6
hb,

(7)
and

Eb

Ep
= 1.099 (NCE46), Eb

Ep
= 1.19 (P-41),

ρb

ρp
= 0.353 (NCE46), ρb

ρp
= 0.365 (P-41),

rm = 1.5059 (NCE46), rm = 1.6313 (P-41),

β = {0, 100} .
(8)

The in�uence of PZT layers length and the in-
ducted maximum admissible tensile/compressive
residual force for two di�erent values of founda-
tion sti�ness parameter β on the non-dimensional
�rst natural frequency ω0 is presented in Fig. 2. In
Fig. 3 the absolute value of the relative percentage

Fig. 2. In�uence of piezoelectric segment length,
elastic foundation modulus and piezoelectric actu-
ation level on the non-dimensional �rst natural fre-
quency ω0 for di�erent PZT materials.

Fig. 3. Absolute relative value of the �rst natu-
ral vibration frequency modi�cation as a function
of the piezosegment length for di�erent values of a
Winkler foundation sti�ness parameter.

modi�cation of the �rst natural frequency for ac-
tuated systems with respect to their non-actuated
counterparts as a function of the piezosegment
length is presented.
Based on the presented results one can state that

the NCE46 material gives a greater range in which
the �rst natural frequency ω0 may be altered com-
pared to the P41 material. The higher the foun-
dation sti�ness parameter β, the higher the values
of ω0 are obtained in regard to those with β = 0.
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Regardless of the foundation sti�ness, the induction
of a compressive residual force in the system lowers
the frequency ω0, whereas the tensile force acts in
the opposite way. Exerting the maximum admissible
compressive force in a system with the NCE46 ma-
terial for β = 0 at Lp/L ≥ 0.5386, or for β = 100 at
Lp/L ≥ 0.7630, leads to the loss of system stability.
Hence, for long PZT layers, where the PZT mate-
rial has a high limit of admissible applied voltage,
the actuation should be used with special caution.

5. Conclusions

The presented study shows that vibration fre-
quency control using piezoelectric actuators o�ers a
viable and e�cient method for enhancing the vibra-
tional performance of dynamic systems. This tech-
nique holds signi�cant potential for applications in
aerospace, civil and mechanical engineering, where
precise vibration control is essential for structural
integrity and durability.
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