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The paper presents the in�uence of the �ll factor of the elementary cell of a quasi-two-dimensional
phononic structure with a hexagonal arrangement. The propagation of a mechanical wave in the struc-
ture was studied in the range of selected acoustic frequencies using the �nite di�erence algorithm in
the time domain. As a result of multiple re�ections of the mechanical wave, as well as the occurring
di�raction and interference phenomena, local resonance areas are created inside the structure, which
have a signi�cant impact on the occurrence of the phononic band gap phenomenon, i.e., such frequency
bands for which the wave does not propagate in the structure. In addition, local resonance areas reduce
the transmission speed of the mechanical wave front in the phononic structure.
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1. Introduction

The periodic distribution of the material in space
causes the mechanical wave propagating in the com-
posite to undergo di�raction and interference. Due
to multiple re�ections inside the phononic crystal,
mechanical waves of speci�c frequencies penetrate
the structure only partially and then are re�ected.
Depending on the geometry of the meta-atoms and
their distribution, waves of selected frequencies do
not propagate through the structure, and this phe-
nomenon is called the occurrence of a phononic
band gap.
Numerous numerical algorithms can be used

to analyze the properties of phononic structures,
such as the eigenmodes matching theory [1], un-
�tted Nitsche's method [2], the boundary inte-
gral equation method [3], the plane wave expan-
sion method [4�6], one-dimensional transmission
line model [7], the �nite element method [8�10],
multiple scattering theory [11, 12], the plane wave
�nite element method [13], the transmission
matrix method [14�17], the boundary element
method [18, 19], local radial basis function collo-
cation method without mesh [20, 21]. In this pa-
per, the �nite di�erence time domain algorithm
(FDTD) [22�24] was used to analyze wave propa-
gation.

In this work, the mechanical wave propagation
in a quasi-two-dimensional phononic structure with
hexagonally arranged meta-atoms for di�erent �ll-
ing factors was analyzed.

2. Research

The pressure changes p and the instantaneous
particle velocities v in materials with density ρ
and acoustic impedance Z are related to each other
by
∂p

∂t
= −Z c∇ · v, (1)

∂v

∂t
= −1

ρ
∇p. (2)

Using the gradient of function F in the form
∇F = (∂F/∂x1, ∂F/∂x2, . . . , ∂F/∂xn) and the di-
vergence as ∇·F = (∂/∂x, ∂/∂y, ∂/∂z)·(Fx, Fy, Fz)
= ∂Fx/∂x + ∂Fy/∂y + ∂Fz/∂z and expanding
(1) and (2) to the two-dimensional case in Carte-
sian space, we obtain
∂p

∂t
= −Z c

(
∂vx
∂x

+
∂vy
∂y

)
, (3)

∂vx
∂t

= −1

ρ

∂p

∂x
, (4)
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Fig. 1. Computational area for the structure with f = 65% after 700 time steps.

Fig. 2. Pressure distribution after 5000 time steps
for �ll factors: (a) 7%, (b) 29%, and (c) 65%.

TABLE I

Material parameters used in simulation [25�27].

Material c [m/s] ρ [kg/m3]
Z × 103

[kg/(s m2]

A (air) 331.45 1.29 428

B (PLA) 1633 6829 11 152

Fig. 3. Time series of pressure at point P4.

and
∂vy
∂t

= −1

ρ

∂p

∂y
, (5)

which, after transformation to the formalism of the
FDTD method, where p|ni,j denotes the pressure
value p at grid location ij and time instant n, takes
the form

p
∣∣n+1

i,j
= p

∣∣n
i,j

− Z|i,j c|i,j

×
∆t

(
vx|

n+ 1
2

i,j − vx|
n+ 1

2
i−1,j + vy|

n+ 1
2

i,j − vy|
n+ 1

2
i,j−1

)
∆z

,

(6)

vx|
n+ 1

2
i,j = vx|

n− 1
2

i,j −
∆t

(
p|ni+1,j − p|ni,j

)
ρ|i,j ∆z

, (7)

vy|
n+ 1

2
i,j = vy|

n− 1
2

i,j −
∆t

(
p|ni,j+1 − p|ni,j

)
ρ|i,j ∆z

. (8)

Figure 1 shows the analyzed computational re-
gion surrounded by the boundary conditions of per-
fectly matched layers (PML) in order to suppress
the wave propagating outside the simulation region.
Point S is the source of the impulse described by the
relation

p
∣∣n
S
= p

∣∣n
S
+ sin(3000π n∆t) e−0.2 ((305−n)/50)2 .

(9)
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Fig. 4. Waveform spectra at the analyzed measurement points: (a) P1, (b) P2, (c) P3, and (d) P4.

In this work, a square grid with a spatial step
of ∆z = 0.0025 m was used. The time step was
related to the spatial step of the Courant stabil-
ity condition and amounted to ∆t = 5.435 × 10−7.
Figure 1 shows the measurement points from which
the series of pressure changes in time were subjected
to Fourier analysis. To smooth the spectrum, the
Daniell window at M = 6 was used. At point P1,
a wave propagating towards the structure and then
re�ected from it was analyzed. The nature of the
wave transmitting through the structure was stud-
ied at point P4. Points P2 and P3 were chosen as
characteristic points for studying the phenomenon
of local resonances in the inter-meta-atomic space.
The meta-atoms had a square cross-section with
sides of 1 cm, 2 cm, and 3 cm, which for a hexagonal
lattice with a lattice constant of 4 cm corresponded
to �ll factors f of 7%, 29%, and 65%, respectively.
The meta-atom material was polylactic acid (PLA),
which is often used for 3D printing. It was desig-
nated as material B, and its material parameters
are presented in Table I (see also [25�27]). The wave
propagation took place in air (material A).
Figure 2 shows the pressure distribution in the

tested hexagonal phononic structure after 5000
time steps for the analyzed values of the �ll
factors.
The mechanical wave propagating in the struc-

ture with f = 7% (Fig. 2a) was not signi�cantly
disturbed by the presence of meta-atoms, and no
local resonance areas were observed. In the second
case (f = 29%, Fig. 2b), local resonance areas of
smaller amplitude were created due to the distri-
bution of the wave energy over a larger area. At
a �ll factor of 65% (Fig. 2c), local resonance ar-
eas of higher intensity were created, which was also

associated with a greater delay in wave propaga-
tion through the structure than in the case of 29%
(Fig. 3).
Figure 4 shows the spectra of mechanical waves

in the analyzed measurement points after 5000 time
steps. As can be seen, the spectrum of the wave re-
�ected from the structure (Fig. 4a) does not di�er
signi�cantly for the tested values of the �ll factor.
In Fig. 4b and 4c, it can be seen that with the in-
crease in the �ll factor value, the intensity of the
mechanical wave in the local resonance areas occur-
ring in the inter-meta-atomic zones increases. The
highest wave transmission was observed for the �ll
factor of 29% (Fig. 4d), and the lowest for the value
of 65%. For each of the analyzed structures, the
transmission above 5 kHz was signi�cantly reduced,
although for the structure with f = 65%, the waves
were already attenuated at 3 kHz.

3. Conclusions

The paper analyses the propagation of a mechan-
ical wave in phononic �nite hexagonal structures
with di�erent values of the �ll factor.
The occurrence of local resonance areas was ob-

served for values of the �ll factor above 29%, which
a�ected the slowdown of the mechanical wave inside
the phononic structure, and with the increase in the
�ll factor, the intensity of the wave in these areas
also increased.
In addition, the analyzed structure �ltered the

mechanical wave by passing part of the wave energy
with a frequency of up to 4 kHz, and, in the case of
a �ll factor of 65%, up to 3 kHz.
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