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Modern smart materials allow for controlling their properties through external factors such as magnetic,
electric, or pressure �elds. Using these materials, it is possible to make dynamic phononic crystals with
time-varying material parameters. A sinusoidal signal propagating in a static material at the boundary
of the media with a dynamic material changes its character to a wave spectrum. Each boundary of
the media broadens the spectrum of the propagating wave. These phenomena signi�cantly a�ect the
propagation of a mechanical wave in dynamic phononic crystals by changing the distribution of band
gaps. By in�uencing the frequency and phase shifts of changes in material properties, it is possible
to control the operation of phononic crystals, which may allow for the design of new types of smart
phononic devices.
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1. Introduction

The structures in which the length of the prop-
agating mechanical wave is comparable to the size
of the elements occurring in it are called phononic
crystals. Due to their unique properties, they can
be used to make devices such as mechanical wave
�lters [1�4], acoustic barriers [5], acoustic diodes [6],
sensors [7], or waveguides [8, 9].
Newly developed materials, the parameters of

which can be changed in time, allow for the devel-
opment of a new class of phononic structures with
controlled properties.
Multilayer structures can be built from piezo-

ceramic �bers embedded in epoxy resin and cov-
ered with electrodes [10, 11], electroactive poly-
mers (EAP) [12, 13], magnetostrictive compos-
ites [14, 15], carbon nanotubes [16], or ferroelectric
shape memory alloys [17]. The change in material
parameters for the application in phononic crystals
has been presented in [18�20]. A time-varying Bragg
re�ector has been presented in [21, 22].
One of the algorithms in which time-varying

material parameters can be directly implemented
is the �nite-di�erence time-domain (FDTD) algo-
rithm [23, 24].

The paper analyzes the propagation of a mechan-
ical wave through a single layer of a material with
time-varying material parameters and then through
a multilayer binary structure. The in�uence of the
phase shift between the wave source and the func-
tion describing the change in material parameters
was investigated.

2. Research

In this work, the �nite-di�erence time-domain
(FDTD) algorithm was used, in which the alternate
solving of di�erential equations
∂P

∂t
= −Z c∇ · v (1)

and
Z

c

∂v

∂t
= −∇P (2)

allows for the emulation of mechanical wave propa-
gation in the medium.
The properties of the medium are determined

by the acoustic impedance Z, and c is the veloc-
ity of acoustic wave propagation. In (1)�(2), P is
the pressure deviation from the mean value, and v
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TABLE I

The basic material parameters used for the static
phononic structure for layer A (water) [25] and for
layer B (Zr55Cu30Ni5Al10) [26].

Layer
c0[
m
s

] ρ0[
kg
m3

] Z0 × 106[
kg
sm2

]
A (water) 1480 1000 1.49

B (Zr55Cu30Ni5Al10) 1633 6829 11.15

determines the velocity of a particle of the medium
caused by the instantaneous local pressure di�er-
ence.
Transforming formulas (1) and (2) into the one-

dimensional Euclidean space takes the form
∂P

∂t
= −Z c

∂v

∂x
, (3)

Z

c

∂v

∂t
= −∂P

∂x
. (4)

Equations (3) and (4) after discretization and tak-
ing into account the time-varying material proper-
ties in the FDTD method formalism are de�ned as

P |n+
1
2

x = P |n−
1
2

x −
Z|n+

1
2

x c|n+
1
2

x ∆t

∆x

×
(
v|nx+ 1

2
− v|nx− 1

2

)
, (5)

v|n+1
x+ 1

2
= v|nx+ 1

2
−

Z|n+1
x+ 1

2
∆t

c|n+1
x+ 1

2
∆x

(
P |n+

1
2

x − P |n+
1
2

x−1

)
.

(6)

The notation a|nx denotes the value of the physi-
cal quantity a at point x of space and time step n,
where t = ∆t n is assumed as the discretization of
time. It should be noted that (5) and (6) are spaced
apart by half a time step, and the values of the in-
stantaneous velocity v are located halfway between
the pressure nodes P in the grid.
In order to maintain the stability of the simula-

tion, the time step ∆t and spatial step ∆x values
are related to the highest velocity value in the sim-
ulation cmax by the Courant condition through

∆t =
1

cmax∆x
. (7)

The analyzed region was surrounded by perfectly
matched layers (PML) to suppress waves propagat-
ing outside the simulation region.
Layer B was composed of a material for

which the basic parameters corresponded to the
material parameters for the amorphous com-
pound Zr55Cu30Ni5Al10 presented in Table I (see
also [25, 26]) and their variability over time was de-
scribed by the dependencies

ZB |nx = Z0,B + dZ0,B sin(2πmfs n∆t+ φ), (8)

cB |nx = c0,B + d c0,B sin(2πmfs n∆t+ φ), (9)

Fig. 1. Pressure time series for the single-layer
case: (a) m = 1.1, (b) m = 2.

where Z0,B and c0,B are the basic acoustic
impedance and the sound propagation velocity for
material B, respectively, d corresponds to the per-
centage of change in the amplitude of �uctuations
of material values of material B and is 10%, m is
the ratio of the frequency of material changes to
the source frequency, and φ is the phase shift. Ma-
terial A was water, and its parameters did not
change over time. The materials were selected so
that the di�erence in their acoustic impedance was
large.
First, the case of a single layer B with time-

varying material parameters surrounded by water
was analyzed. The layer thickness was 0.40825 m,
the spatial step was ∆x = 0.002 m, and the time
step was ∆t = 4 × 10−7 s. The source of the wave
with a frequency of 1000 Hz was 0.232 m away from
the layer. In the work, time series of pressure were
recorded at three points (detectors) placed respec-
tively 0.1 m before the layer, 0.1 m behind the layer,
and inside the layer. The recorded time series for a
single layer are shown in Fig. 1 for two di�erent
frequencies of changes in material parameters. The
corresponding spectra are shown in Fig. 2.
A propagating wave hitting the boundary of the

media is partially re�ected from it, interfering with
the incident wave. Inside the material, part of the
wave undergoes multiple re�ections between the
boundaries of the media. Material parameters that
change over time a�ect the propagating wave. As
can be seen in the presented time series, in the
case of twice the frequency of changes in mate-
rial parameters (Fig. 1b), waves with a constant
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Fig. 2. Waveform spectra for the single-layer case:
(a) m = 1.1, (b) m = 2.

amplitude were created inside and outside the mate-
rial. On the other hand, in the case shown in Fig. 1b,
where the frequency of changes in material pa-
rameters was close to the frequency of the wave
source, periodic changes in amplitude were ob-
served, i.e., the creation of a low-frequency wave
component was observed in the light in Fig. 2a.
In both cases, additional peaks related to periodic
changes in material parameters were observed in the
spectra.
Figure 3 shows how the phase shift between the

signal from the wave source and changes in the ma-
terial parameters of layer B a�ects the spectrum
at the three analyzed points. The phase shift had
the greatest e�ect on the wave inside the layer for
the spectral ranges in the spaces between the peaks.
However, it did not a�ect the peaks associated with
the wave source, occurring as a result of changes in
the material parameter values over time. The range
of changes in the spectrum value from the phase
shift did not exceed a tenth of the maximum value
of the spectrum.
The next stage was to investigate the e�ect of the

phase shift on the ranges of values in the mechan-
ical wave spectrum. The four-layer ABABABABA
structure was investigated. The thickness of layer
B corresponded to the thickness of the analyzed
single-layer case and was selected so that the wave
was extinguished in the structure. Figure 4 shows
the ranges of the mechanical wave spectrum values
inside the successive layers of the structure. The
maximum values of the spectrum are marked in blue
when the phase shift changes in the range from 0
to 180 degrees, the minimum values are marked in

Fig. 3. In�uence of the phase shift between the
wave source and the changes in material parameters
of layer B for the single-layer case with m = 1.1: (a)
before, (b) inside, (c) behind.

orange, and the area between these values contains
intermediate values of the spectrum. Figure 5 shows
the in�uence of the change in the phase shift be-
tween the mechanical wave source and the changes
in the material parameters of layer B before and
behind the analyzed structure.
As can be seen in Fig. 4, the peak associated with

the mechanical wave source in each subsequent layer
takes on lower values. This is related to the thick-
ness of layer B and the occurrence of a band gap in
the source frequency range for the analyzed struc-
ture. The peak associated with changes in the val-
ues of material parameters occurring at a frequency
of 2.1 kHz occurred in all layers, of which its value
was similar in the �rst two, and only in the subse-
quent layers did the value decrease.
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Fig. 4. The in�uence of phase shift on the ranges
of spectral values in subsequent layers of the struc-
ture: (a) layer 1, (b) layer 2, (c) layer 3, (d) layer 4.

The greatest in�uence of the phase shift on the
spectrum of the mechanical wave propagating in the
structure was observed in the �rst layer of the struc-
ture. Standing waves generated inside the B lay-
ers, the proximity of the wave source, the design of
the structure so that the mechanical wave does not
propagate in it, and multiple re�ections inside the
structure a�ect the extension of the range of spec-
trum values. As can be seen, the greatest ranges

Fig. 5. In�uence of phase shift on the ranges of
spectral values: (a) before and (b) behind the struc-
ture.

of changes in the spectrum values associated with
the analyzed in�uence of the phase shift occur in
the spaces between the peaks. In the spectrum of
the wave behind the structure (Fig. 5b), there is no
peak associated with the wave source because it was
re�ected from the structure, which can be observed
in Fig. 5a.

3. Conclusions

The analysis carried out showed that the use of a
material with time-varying material parameters in
the phononic structure causes the sine wave propa-
gating in the structure to change its character to a
certain range of the spectrum. The phenomenon is
intensi�ed when the source and material frequencies
are similar.
The phase shift between the wave source and

changes in material parameters a�ects the spectrum
distribution, especially in the frequency ranges be-
tween high-intensity peaks.
The occurrence of peaks associated with changes

in material parameters was demonstrated.
The analyzed phase shift has a negligible e�ect on

the values of the peaks associated with the source
and with material changes.
With the increase in the number of layers in the

multilayer structure, the intensity of the peak as-
sociated with the source decreases faster than with
changes in material parameters.
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