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We present symbolic algorithms designed to investigate the perturbative expansions of the d-Hubbard
model. These methods are part of recent developments in many-body perturbation theory that aim to
reformulate Feynman diagrams in terms of divided differences. The direct application of this technique
to the one-dimensional Hubbard model yields the coefficients of the grand potential up to the sixth order,
expressed in terms of both the interacting potential (U expansions) and high-temperature expansions
(B expansions). A key feature of this approach is the ability to merge the 8 expansions to any desired
order. To verify our analytical results, we compare the derived magnetic susceptibility with the exact
solution of the quantum transfer matrix method in the half-filled case.
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1. Introduction

One of the major scientific challenges is develop-
ing an accurate method to calculate the properties
of systems with a large number of interacting parti-
cles at finite temperatures. Finding solutions to this
problem is crucial not only for addressing practical
issues in materials science and chemistry, but also
for understanding the fundamental behaviors of in-
teracting quantum systems. These systems, which
can range from electrons in a solid to atoms in a
gas, exhibit complex behaviors due to their interac-
tions, making them difficult to model and predict.
Improved computational techniques and theoretical
models are needed to accurately capture these be-
haviors.

There are several computational methods used
to study correlated systems, including exact di-
agonalization (ED) [1-3], dynamical mean field
theory (DMFT) [4-6], density-matrix renormaliza-
tion group (DMRG) [7-9], variational Monte Carlo
(VMC) [10, 11], auxiliary field quantum Monte
Carlo (AFQMC) [12-15], density matrix embedding
theory (DMET) [16-18], and diagrammatic Monte
Carlo (DiagMC) [19-21]. Each of these methods has
its own strengths and limitations, making the choice
of method dependent on the specific characteristics
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of the strongly correlated system under investiga-
tion, such as dimensionality, the nature of the cor-
relations (local vs non-local), the desired accuracy,
and the available computational resources. The ma-
jor problem of the Monte-Carlo methods lies in the
fermionic sign problem, which arises due to the anti-
symmetric nature of fermionic wavefunctions, espe-
cially in systems with strong correlations or at low
temperatures. Moreover, these methods can be com-
putationally demanding, particularly for large sys-
tems or when high precision is required. The com-
putational cost scales with the number of particles,
system size, and temperature, making it challeng-
ing to apply to complex systems or explore a wide
range of parameter space.

The aim of this paper is to propose a method that
does not rely on stochastic processes. This method
is related to our recently developed approach that
reformulates the contributions of Feynman dia-
grams as a divided difference [22]. To demonstrate
the validity of this method, we apply it to the
one-dimensional (1D) Hubbard model [23, 24]. The
Hubbard model serves as a foundational frame-
work for understanding the behavior of interact-
ing electrons in condensed matter physics. Despite
its relatively simple formulation, the model cap-
tures essential phenomena such as electron corre-
lation, metal-insulator transitions, magnetism, and
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Fig. 1. Steps for reducing the number of diagrams.

unconventional superconductivity. The interplay
between electron hopping and on-site interactions
in the Hubbard model creates a rich landscape of
phases and critical behaviors, making it a central
focus for both analytical and numerical approaches
in theoretical physics.

2. Overview

The general expression of the grand-canonical
Hamiltonian of spin-1/2 interacting fermions under
the impact of an external magnetic field h reads

H=Y (e +ho — p)afa,
p

1

D

P1,P2,P3,P4

where ¢, is the quasi-particle energy and g is
the chemical potential. The summation indices p;,
where 1 < ¢ < 4, denote the sum over mo-
menta k; and spins o; = {t,]}, i.e., p; := (ki, 04).
Here, af, and a, are the creation and annihilation
fermionic operators, respectively, which obey the
anti-commutation relations {a;,a;} = d; ;.

Here, the interacting potential Vi:’2 is repre-
sented as the sum of the direct and exchange po-
tentials.

For our case, the energy ¢, and the potential
VPrpz of the Hubbard model in d-dimensions [23]
are defined as follows

d
—2t Z cos(k;)
i=1

P1,P2
Vps pa U(5010360204*5010450203) 5k1+k2,k3+k4~

3)
In order to obtain the thermodynamic properties of
this system at finite temperature, we need to eval-
uate the grand potential (2. This, in turn, can be
expressed as a sum of the contributions from vac-
uum diagrams [22, 25]

Q= Qur + anz 2, (4)

where the Hartree-Fock contribution (2gr is the
sum of the zeroth- and first-order terms of the grand
potential series

P1,P2 5 T
‘/;73,174 P1 pzap4ap3’

(1)

(2)

QHF = Qo + 91 dp log (1+ eXp( ﬂEp))

6

1
/ / dpdg VP f(E,) [ (E,),

: (5)

80

where § = T T ,

stant, T' the temperature, and fT representing the
Fermi-Dirac statistical factors

1 B
FFE,) = —t Ll tanh( Ep).
2 2 2 (6)

1
The integration [ dp in (5) indicates the sum over
spins o and momenta k, i.e., [dp =73, [ dk.

The Hartree-Fock energy FE), is the sum of all the
contributions of tadpole diagrams and is simplified
by the self-consistent relation

=)

—T

with kg being the Boltzmann con-

ko,qo’
dq chf ,qo’

1+ exp(BE4 )’
(7)

By = ep+ho—p+ Z
o= |

or
By =er+h—p+U(ny),
Eyy =cp—h—p+Ung). (9)

Note that, in this work, the n-th order contribu-
tion {2,, where n > 2, is the sum of contributions
of all N reducible vacuum diagrams that are gener-
ated at order n, i.e.,

N
Q= 0.
i=1

Evaluating vacuum diagrams is not an easy task be-
cause the number of these diagrams grows factori-
ally with increasing order n. However, several algo-
rithms have been developed to address this problem.
Among them, essentially distinct Hugenholtz dia-
grams (EDHD) [26] stands out as one of the fastest,
as its algorithm can generate irreducible diagrams
with their symmetry factors S, even at order 10, in
less than 2 min using a home computer.

(8)

(10)

Figure 1 illustrates the steps used to reduce the
number of diagrams that need to be evaluated. It
is important to note that these diagrams are gen-
erated in the Hugenholtz representation, which can
be expanded into 2" Feynman diagrams at order n.

The approach developed in [25] offers a system-
atic method to compute the contribution 2!, utiliz-
ing basic algorithms in graph theory to handle the
complexity of finite temperature many-body pertur-
bation theory (MBPT).

This technique is used to analyze diagrams
G (n,2n) consisting of n vertices and 2n
edges. These edges contain a set of energies
{F1,Es,...,Es,} with associated positive inte-
gers {n1,7M2,...,M2n}, known as edge coefficients.
Within such diagrams, a set of spanning trees
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can be generated. Each spanning tree, denoted as
T(n,n — 1), encompasses all n vertices and n — 1
edges, known as branches, of G%. The primary
condition for these branches is that they must
not form any cycles. Following the generation
of a spanning tree, the remaining n + 1 edges
of the diagram G, called chords, constitute a
complementary tree denoted as T*(n,n + 1). By
employing this method, we get

Hn+1f[77]+z,l7hl 2y mz](Eb )

I V4
=gy 7
nor Hj:l (Esj + Zrl E, - Zm Erz)
(11)
where
D2lj—1,P2r;
H VP;L 1 117212 (12)

The summatlon > is carried out over all spanning
trees T of the diagram G? (n,2n). In each spanning
tree T, the energies F, with 1 < 57 < n —1
correspond to the branches of T. Conversely, the
energies Eb]. with 1 < 57 < n 4+ 1 represent the
chords of the complementary tree 7.

The expression Y., E,. (3,, Er,) symbolizes
the total energy traversing the fundamental cut of
the branch Fj; in the same direction (or opposite
direction) as F;.

Finally, n;, >, 0, and > 7., denote the edge
coefficients of the fundamental cycle. Here, 3y,
represents the total coefficient of the branches en-
countered in the same direction as 7);, while ) 5, 7y,
represents the total coefficient of the branches
pointed in the opposite direction to 1;. The value of
Oj =nj + > My — Dy, T, 18 called the total ori-
entation of the cycle, and the brackets [O,;] within
the exponent of f©i indicate its sign.

Now, the problem of integration over space and
time has been reduced to integration over space
only. However, another issue arises. Namely, calcu-
lating the integrals of the contribution (11) for each
spanning tree individually can result in poles ap-
pearing in the denominators of (11), which could
further complicate the problem. To address this,
we have recently proposed an alternative algo-
rithm [22] to overcome this difficulty. The core idea
of this method is to express the contribution (11) in
terms of divided differences. This technique helps to
smooth these contributions and can be formulated
in the following general form

1 e
= §ZDJ-.
nj:l

Here, Np represents the number of divided differ-
ences, where each D; takes the following form

n+1
D, /def o

z ,m; H fi Pz

1=r+1 (14)
where f~[z1, %9, ..., k] is the divided difference (see
Appendix A) of the Fermi—Dirac distribution.

(13)
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The energies Ey, . represent the branches of the

selected spanning tree, while d’ ., where 1 < r < m;

can be formulated as follows

a, =Y E,- Y E

lESin lE€Sout

@,r)

(15)

p7n

The choice of energy indexes in the right-hand side
of (15) is guided by the conservation of momentum

k=Y k. (16)
lESin lE€Sout

The sets S;, and S,,; represent the entered and
sorted chords. The choice of m; is fulfilled by the
following relation

<m,<n-1.

z’“: m; = n—1;
=t (17)

The integral in (14) is overall momentum and is also
a summation of the spins

/dp :: Z / dkldkg

cSnt1=T)

1§m1§m2...

dkn+1
n+1)d

(18)

3. Divided difference expansion at high
temperature

The contribution in (14) is well-suited for con-
structing a high-temperature series expansion, as
we can directly expand the divided difference us-
ing the expansion of the power function (see (44)
in Appendix A). In this work, we present an effi-
cient method to construct the divided difference in
a factorial manner.

Using the recursive relation of the divided differ-
ence, we derive

M
fldo,di,dz, ....d,] = ZA;dnga (19)
where
a" 1

O ) 20

" n! dzn \ 1+ exp(x) =0 (20)
And for 1 <j <,

M
] i—1) 7i—n

AD =3 ATV, (21)

The factored form of (21) can also be expanded us-
ing Horner’s method [27], enabling an efficient con-
struction of the divided difference via Algorithm 1.
This algorithm allows for the evaluation of the
expansion of the divided difference in O(n?) oper-
ations. It improves computational efficiency while
maintaining accuracy, which is particularly useful
in high-temperature series expansions of complex
models. This approach enables faster calculations
in models such as the d-Hubbard model and can be
extended to other perturbative frameworks.
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Algorithm 1 Divided difference expansion at high
temperature

Require: r, M
Ensure: A,
: Initialization:
: for n=rto M do
A, — an
: end for
: Construction Loop:
for i =0 to r do
for n=rto M do
h < Aor
for j =M —n—1to0step —1 do
h<«h-di+ Ajin
end for
An < h
if i = r then
break
end if
16: end for
17: end for

© 2 T kW

e e e e
g w72

18: return A,

4. The contribution of ladder and bubble
diagrams

The second-order contribution (2 contains one
ladder diagram, and the third-order {23 contains one
ladder and one bubble diagram. In this section, we
see how to convert the contributions of the ladder
(Fig. 2a) and bubble (Fig. 2b) diagrams.

The ladder and bubble Hugenholtz-type diagrams
are more general than the ladder and bubble Feyn-
man diagrams (the n-th order of Hugenholtz dia-
grams = 2" Feynman diagrams), and these gener-
alizations introduce more corrections in the contri-
bution of grand potential. The general contribution

(=1)" coth (Eg, 491 — Egy—qy,

Algorithm 2 Calculate ladder diagram contribu-
tion
1: u(k,q) = 1+ tanh (gEq+kT) tanh (gEq,;w)
: v(k,q) = m [tanh (gEqum) + tanh (gEq,ki)]
: for n > 2 do
ulk,q) = L [T dr M0 uaug)

cos(r)—cos(k)

2
3
4:
5 Ir(e) = (5)" 5 /7, dk u(k,q)
6
7

2 27 J—
: end for

: Comment: The contribution of all ladder diagrams
is given by:
8 QF =30, anae 7, da X (a)

(a) (b)

Fig. 2. The vacuum ladder-type (a) and bubble-
type (b) Hugenholtz diagrams.

of ladder 2F and bubble 27 vacuum diagrams is
described in the following form (see the detailed cal-
culation in Appendix B)

coth [Ey ikt + Bgkity - Egiknt+Eq k]

0y = 5
T U
X H 35 {tanh (gEqukiT) + tanh <§Eqk1i>:| ,
i=1
(22)
B 2581 if n odd,
02, = (23)
0814 0B if n even,

where coth[zy,...,x,] represents the divided differ-
ence of the function coth (gx), and 2Pt and 052

are defined as

Bi_
0=

QTJLBQZCOth (Ekl—s-qT*Ekl—qTa ) Ekn-s-qi*Ekn—qJ/) ﬁ

2
X [tanh (SEkerJi) — tanh <§Ek2i—q¢>:| .

In order to calculate the integrals of the ladder
contribution, (22), and the bubble contribution,
(23), over the momentum in a recursive manner,

...,Ekn+¢—Ek—i) TU B b
- q 4 HE tanh §Eki+q']* — tanh §Eki_Q~L J

=1
24
2 ; ; (24)
<2> [tanh (2Ek2i—1+fﬁ> — tanh <2Ek21,—1—(ﬁ>:|
(25)

(

we utilize the multidimensional divided difference
integration algorithm (see Algorithm 4 in Ap-
pendix A).
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Algorithm 3 Calculate bubble diagram contribu-
tion

1: ul(k, q) 1 — tanh (ﬁEk+qT) tanh ( EquJ,)
v1 (K, q):m [tanh (5Ek+q¢) —tanh (gEk,qi)]

2:
3: u2(k,q,s)=1 — tanh (gEk+q.g) tanh (gEk_qs)
4: va(k,q,s) Trom(a) [tanh(gEk+qs) tanh (5 Ex—_qs)]
5: for n > 2 do
™ uy (k,q)vy(r,q)—uy(r,q)vy (k,

6: u1(g, k) Lf dr (b éﬁ.(i];fsii.((k)q) L)
T X)) = (-U/2) gk [T, dk wi(k,q)
8: if n even then
9: Uz(k 4, T f dr sin(k)— sm(r)

x [ua(k, q, T)Uz(T ¢, 1) —u2(r,q, L)va(k, ¢, 1)]

. 1

10: (k 4, ‘l/ f— sm(k)—sin(r)

[U2(k q, )112(7" q, M) —ua(r,q, Dva(k, q,1)]
11: Sy =L()" L [T dk

[u2(k q,1) + ua(k, ¢, )]
12: else
13: ’LL2(]€7 4,8 <_ i fﬂ'ﬁ dr sin(k)isin(r)

X [u2( ) (T,q,S) - UQ(r7qas)U2(k7Q7S):|
14: S B2 (g) =0
15: end if
16: end for

17: Comment: The bubble diagram contribution is:

18 0% = AL T dg (2P0 + 28 (0)

Algorithm 2 summarizes the general steps for in-
tegrating over the momentum in the ladder contri-
bution given by (22).

The recursive integration method of the bubble
contribution 27 is defined by Algorithm 3.

Algorithms 2 and 3 can be utilized to evaluate
the contributions of ladder and bubble diagrams for
any temperature, including 7" = 0. They can also
be used to efficiently evaluate these contributions
at high temperatures.

5. High-temperature series expansions

The coupled non-linear integral Hartree-Fock
equations (8) and (9) can be solved numerically
for a given temperature. At high temperature, we
can find the series expansion of E,|(8) and Ep(5)
around f. In this case, we define these energies in
the form of the following polynomials

Epy(8) = —2tcos(p) + Y aif,
E+(8) = —2tcos(p) + ZZO b; 3. (26)

To obtain the coefficients a; and b; in a recursive
manner, we replace the polynomials E, () and
Ey+(8) in (26) and apply the Maclaurin series ex-
pansion of the function tanh around f.

The initial values used are

U
aozvlz—hfquE,
U
bo=v2=h—u+§,
(27)
and for i > 1
U [™dk | o =
=t [ 25,8 :
e T Tl P PL
J=0 1 =0
i i—1 i
U [ dk | o 8 4
bi=—— [ L tann [ 2N q;p
ey T T 22‘”5
Jj=0 1s=0
(28)

By applying the recursive form (28), we can de-
rive the high-temperature series expansions of the
Hartree-Fock energies F, | (3) and E,(3) up to any
desired order. We provide the first four orders,

E,, = —2tcos(p) + As, (29)

where
A = Ul—éU’UQ-F U% +ﬁ—UuQ(24t2 307
4 192
+ 45 + ..,
Ay = uréUvﬁ U% +*3—Uu1(24t2 3U?
4 192

+ 40 + ..., (30)

The zeroth-order contributions (5) at high temper-
ature can now be written in the following form

=- > 0, (31)

o="1,1
where
n?2) Ay B, . B 2 A
09 = —— 2+A%) — — [ 14245 +—-2
0= =5 o Tyt — 55 (Mt
1 Az A AS
Sl— 242 z 32
+h (144 32 + 96 + 2880) + (32)
Moreover, for the first order, we have
1 BA, 53 B
= 6A,+A3 A,4+2043
(no) = 5—=, 48( o+ A3) — 0(30 +20
+AS) + ... (33)

The high-temperature series of the first-order con-
tribution (2; is obtained simply by substituting (n,)
into (5). The Hartree-Fock part’s contribution 2%
can be determined by substituting the series of A,
from (33) into both the zeroth-order (% and the
first-order (24, i.e.,

21In(2
O =+ =~ I;( ) + Z(*U+2U1+2’02)
2
—§(4t2+vf+v§) + %levg +.... (34)

The ladder £2* and bubble 27 contributions at high
temperature can be easily evaluated using the recur-
sive algorithms, i.e., Algorithm 2 and Algorithm 3.
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Comparison of our magnetic susceptibility series (dashed line) with those obtained from the exact

QTM method [29] (solid line) in the half-filled case for ¢t = 1 and U = 4. (a) Padé approximation (4,2) of the
plain series of x derived from (37). (b) Plain series (PS10) of x derived from (66) in Appendix C. (c) Padé
approximation (4, 6) of the plain series of x derived from (66) in Appendix C.

The first terms are

,BUQ BQUB IBBUQ
nt = — A2 —3U%+24 A2
32 T 192 +3072(6t SU+244;
s U3
2 4 R T 2
+2442) + 8 [5120 768<4t A2~ Ay A,
+A§)} . (35)
2773 3774 5 3
p_ PBU° pU | U U s o
0" =" sz P [ 5120 T7es T
55U4

(32752 — U2 + 1042

A Ay + A2
+ A1 A + 2):| + 12288

F4A Ay + 10A§) T (36)

0- ~2In(2)
B 2 4 8 4
BreU [ , U2 B° | 45c3U?
- 1212 + —— -
R A
U2 6602U
Cana242(p2 L 2
30c3t? (6t + 1 )|+ 11520

2 2 3 4
+ (cl - U) _8 <c§ + 412 + U> + %cgU + % (c‘l1 + 126342 4+ 12t* + 442U? + U>

6
2cy

U? 156202 U*
6¢t + 52 + b5c? (30t2 + ) +6 <90t4 + + >

Note that the contributions of the second (2 and
the third 23 are included in 2% and 7. By imple-
menting the recursive algorithms (Algorithm 2 and
Algorithm 3) in Mathematica, we can reach the or-
der of 50 in both U and f in less than 2 min using
a home computer.

6. Results

By substituting the Hartree-Fock, and ladder and
bubble contributions, and applying the general in-
tegration process to other diagrams, we obtain the
grand potential up to the sixth order in terms of the
many-body potential U% and up to the sixth order
in terms of the inverse temperature /39, i.e.,

16
153t1U? _ 9t2U* B Ui6
2 2 32

— 60cjt? — 80t% —
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where
U\’ U\’
0119 = 1}{) —‘r’Ug = (h—ﬂ+2> + (-h—M—F?) 5
p
U 2
& =itef = |(5-n)

(38)

From the grand potential series (37), we can derive
any physical quantity for the 1D Hubbard model at
high temperatures. Additionally, it is clear that the
coefficients in the expansion of {2 with respect to
B remain valid for any set of constants (¢, U, u, h)
within this model.

Our series completely agrees with article [28] up
to the fourth order B%. The fifth and sixth orders in
our results are novel and can enhance the series ex-
pansion of the grand potential at high temperatures
of the 1D Hubbard model.

We can extend the results up to the tenth order
in terms of 8 and up to the sixth order in U (see
Appendix C).

The comparison of the magnetic susceptibility
X = Jg%mzo for the half-filled case p = ¥ with
the exact results of Jiittner [29], obtained using the
quantum transfer matrix method, yields better re-
sults.

In Fig. 3a, we present our plain series (PS6) of x
up to the sixth order, along with those obtained
with the exact quantum transfer matrix (QTM)
method. The PS6 series is further enhanced by the
Padé approximation in Fig. 3b. From both figure
panels, we can conclude that our results demon-
strate a better approximation of the magnetic sus-
ceptibility.

In Fig. 3c and d, we illustrate a significant im-
provement in the magnetic susceptibility of the
plain series (PS10) and its Padé approximation de-
rived from the grand potential (65) in Appendix C.
From these figure panels, we can conclude that fur-
ther expansion in 8 will enhance the expansion of
the grand potential.

The high-temperature expansion of the grand po-
tential for the one-dimensional Hubbard model has
been implemented in the Mathematica language.
The main code is available on our GitHub page,
see [30].

7. Conclusions

In this paper, a novel solution of the one-
dimensional Hubbard model is presented, using our
recently developed many-body perturbation the-
ory [22]. This method allows us to derive the an-
alytic expressions of the coefficients of the high-
temperature series expansion (HTSE) of the grand
potential at each order. Unlike other traditional
methods, the proposed method can easily evaluate
the coefficients of HTSE up to order 10 or higher in
terms of 3, as mentioned above.
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In this context, we proposed a new algorithm to
evaluate the expansion of the divided difference at
high temperature in O(n?®) operations with the help
of Horner’s method.

Additionally, this method assists in deriving a re-
cursive calculation of the contributions from ladder
and bubble vacuum diagrams.

For this purpose, we developed symbolic code in
the Mathematica language to assist us in imple-
menting this method. This code can be used to eval-
uate the series expansion up to the desired order
without worrying about the evaluation time.

To determine the range of validity in /3 of our an-
alytical solution for the grand potential per site for
different values of U in units of ¢, we considered the
curves of the magnetic susceptibility for U = 4 at
half-filling case. The plotted curve of the suscepti-
bility coincides completely with the exact solution
of Jiittner et al. [29] for 7" > 1.1 with the help of
the Padé approximation.

Finally, we should mention that the present ap-
proach is applicable for low temperatures and is also
ready for the two- and three-dimensional Hubbard
model. We will report such possibilities together in
the near future.

Appendix A: Divided differences

Divided differences are an essential tool in nu-
merical analysis and interpolation, utilized to create
polynomial approximations of functions. They play
a crucial role in techniques like Newton’s divided
difference interpolation formula.

The first-order divided difference f[xg,z1] be-
tween two points, (xq, f(zo)) and (z1, f(z1)), is de-
fined by the following fraction
flo, ] = f(xo) = fla1)

Tro — 1

(39)

In general, the k-th divided difference involving k41
points (zo, f(z0)), (x1, f(21)), - -, (zk, f(zk)) is de-

fined as follows
~ Sflra, - xk] = flros -, TR-a]
,Tp) = :

T ZTo (40)
where f[z;, z;i41,...,2;] represents the (j—i)-th di-
vided difference for the points z;, xi11,..., ;.
The base case for the divided differences are the
function values themselves f[z;] = f(x;).
An alternative definition of the divided difference
is

flzo, x1,- ..

k

/ (xi)

= (i — 2j)
In this work, we use the term “modified divided dif-
ference” for the following formula

[I

i

flzo, @1, ax] = (41)

9(z;)

(zi — x;) (42)

k
f[g;x()vxh""xk] = Zf(‘rl)
i=0
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The recursive formula for the modified divided difference is defined as follows

f[g7x07

-,Cﬁkfl]g(xk) —f[g§3€17~-~

’xk]g($0)7 (43)

f[9;3?07---,96k]=

Zo — Tk

where f[g;z] = f[z].

By definition, divided differences remain un-
changed under any permutation of the variables
o, Z1,...,2k. This means that the value of the di-
vided difference does not depend on the order in
which the variables x, z1,. ..,z are arranged.

The Taylor series expansion of the divided differ-
ences can be derived using the definition of divided
differences and properties of the Taylor series.

For a function f that is sufficiently smooth; the
k-th divided difference for points xg, x1, ..., 2 can

J

f[l‘(),l‘1, e ,a:k]

Algorithm 4 Calculate Integral
: Set u = f(z(p))
:for 1 <i<kdo

1
2
3 u(a(p) = [ dg
4
5

u(z(p))—u(z(q))
z(p)—=z(q)
: end for

: The output result is I = [ dp u(z(p))

Algorithm 5 Calculate integral I

1: Set u= f(z(p))

2: for 1 <i<kdo

3: u(z(p)) = f dg u(Z(P))g(z;?Z))g:Zngq))g(w(p))
4: end for

5: The output result is I = [ dp u(z(p))

Here, the integration is carried out over the simplex
defined by 0 < t; <ty < --- <t < 1. This inte-
gral representation expresses the k-th divided dif-
ference in terms of the k-th derivative of the func-
tion f, integrated over a weighted average of the
points zg, x1, ..., Tk.

To evaluate the following integrals of the divided
differences

IZ/dpo---/ dpx f[$(p0)7$(p1)7~-~>$(pk)],(47)

J

Nk =yt

1 t1 te—1
/ dtq / dtg ... dty, f(k) ((l—tl)xo +...+ (tk_l—tk)xk_l—Ftk-l‘k).
0 0 0

n [ (@o—1) f~ (20) [T, (f_(-r2jfl> +f+($2j)>

(

be expressed using the derivatives of f. The formula
is

oo
flwo,z1, . ] = Z
n==k

where the integers i; > 0, where 0 < j < k, are
selected according to the following condition

>,
i=0

The integral representation of the Hermite—
Genocchi formula for divided differences is given by

(n) o
f (0) .TZO 11

ik
L0

Z,

(44)

(46)

(

we can utilize the following recursive algorithm,
namely Algorithm 4.

For the integrals involving modified divided dif-
ferences

fz/dpo.../dpk f[g;x(po),x(pl),---756(1)833,)

we implement the subsequent recursive algorithm,
namely Algorithm 5.

Appendix B: The general contribution of
Ladder and bubble vacuum diagrams

Following the process outlined in algorithm pre-
sented in [25], we can deduce that the general con-
tribution of ladder diagrams is described in the fol-
lowing form

QF =V (w-0)f " (22:)
1=1

n (2o +( 20
~ H ( f (1'2]_1) + f (IQJ) ) , (49)
i \T2i-1 + Zo; — Toj—1 — T2;
where the general potential VT is given by
Un n—1
+ _ n—1,P2n i—1,P2i
Vi= 47Vpp12,p2 pe H Vpp22i+1171};3+2' (50)
i=1

The contribution (49) can be expressed as follows

i—1 (f*(xzifl) + f+(x2i)) [} i(z2i-1 + 22 — 2951 — x25) |

(51)
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Using the Fermi distribution relations (6), we have

S (wai ) f " (w20) 1 _
f- (3?21‘71) + f—i—(x%) eB(x2i—1+z2:) — 1

B(J?Qi_l + 3}‘21‘). (52)
After replacing the function B with its relation (52)
in the contribution (51), we find

0F =V B(zgiog + z2)

i=1

n
X H(l"zi—1+$21—$2j—1 —2;)
J#i

XH

Now, replacing the sum in (53) with the identity of
the divided difference (42) yields

QF =Vt By + x9, 23 + 24, . ...

XH( (x25-1) )+ [ (5523'))-

By substituting the potential V* in (50) and re-
placing z;=FE,,=E},,, then summing over spins o,

“(woi-1) + [T (22)). (53)

s Ton—1 + Top)

(54)

J

we find
.QL =U" COth[Ek-IT + By

<o

j=1

By 1t + Eky ]

Ekz; 1T)+f (Ekzji))(skzg 1+k2j,k1+k2
(55)

We can change the variables in (55) according to the
conservation of momentum H;L:1 5k2j,1+k2,- Jk1+ko QS
follows

koio1 +koi koi—1 — ko;

2 1 2

Finally, by using the new momentum variables
(56) and replacing fF(z) by its relation (6), we
find the contribution of the ladder in the following
form

of =

= k. (56)

coth [Equle‘i‘qu}clJ,, RN
2

H% [tanh (6 q+}€iT> + tanh (gEqkii)] ,

(57)

where coth|x1, ..., x,] represents the divided differ-
ence of the function coth(gm).

By kattEg—k,1]

Using the same approach, the contribution of bubble diagrams can be expressed as follows

n n

x2j 1)

)

of=v-

Zf+($2i 1

i=1

) ]
xQz

i T24— 1)

JH(@2i-1) f~ (x2:)

(225 —

1= (7 (225-1) -

1’23‘—1) B

[ (x25))

. i <f‘($2j—1)—f‘(9€2j)

K3

where

P2n 1,P2

V 2n+1 Pl sP2n

me 1,P2i+2
P2i+4+1,P2i

H

(59)

and
Fr@im)f " (T20) T Basi—asa) 4] _

S (woj1) — [ (225) [e 1} N
B(za; — x2i—1). (60)

Utilizing the identity of the divided difference given
by (42), we find

.QB V- B[—l‘1+l‘2,...

<0

J=1

s —L2n—1 + xQn]

— [ (225)). (61)

$2] 1

By _
0 =

(=n"
2
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) [Tzi (@2i—w2i1) =

CIE—. (5%)

(

By substituting the potential V'~ and z; with
z; = B, = FE,, and considering the conser-
vation of momentum in the potential dx,yr, ky+ks
Okg+ke.kaths - - Okon_1-4ka,k1+kan, W can change the
momentum variables as follows
ko + ko1 k. koi — ka1
2 S 2 B
After summing over spins, we encounter two states
of NB

(62)

0B if n odd,

07 = (63)
0B+ B2 if n even,
where 251 and 252 are defined by the following

forms

T U
coth [Ex, g1 =Eri gl -+ Brutat = Ero-al] | 5 {taﬂh <§Eki+¢n) — tanh (gEkqiﬂ ;
i=1

(64)
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1
952 = § coth [Ekl-HIT — Ekl—qT, Ek2+q¢ — Ekz—qia L. ,Ekn—H-qT — Ekn—l—qT7 Ekn_ﬂw - Ekn—qi]

3 2
X H (g) [tanh (gEkzilJqu) — tanh (gEkzi1qT)] [tanh <§Ek2i+q¢) — tanh (gEkZin):| .
i=1

(65)

Appendix C: Grand potential up to order 10

The grand potential is expanded up to the sixth order in terms of the many-body perturbation
potential US and up to ther tenth order in terms of the inverse of temperature 5*°

2log(2) ¢ 1 1 B°
2= 5ty 3B (482 4+ c7) + @63 (12¢* + 126%¢F + ¢f) — 5550 (40t° + 90t* ¢} + 30t7c] + ¢f)
N 1787 (140t% + 560t ¢ + 420t ct + 56t%¢S + cf) — _31p (504t + 3150t5¢7 + 4200¢°¢]
645120 14515200
U 2 4 6
+ 126048 + 902¢5 + ¢1°) + Tl b 462 _f 4802 (1262 + 2) + 58883 (540t* + 150t%¢2 + 6¢1 + 5¢2)
v 2 (—29400t° — 2394t%c} — 1680t%c3 — 51c§ — 42¢F (405t* + ¢c3)) + Bl (1045800¢°
241920 14515200

+1029000t%c7 + 306180t"cf + 207900t c3 + 23850t2cS + 15750t%c3c5 +310cf + 2523 + 255¢c3)

,86

b= - s e (<1026t — 10826 + 15¢2) + (2480t° + 756t*c — 105¢7c3

16 2 3 480 20160
8
+70¢% (cf — 30c3)) + Mfm (—96740t% — 59760t%cT — 14742t ¢} — T14¢%cY + 247212t ¢5
222 4 4.2 UBey 8 2 2 g 4 2 2
+42210t*cic3 + 1260c; + 1071cic3) | + = |1t (36t° + i) + F010 (—22932t* — 2520t%¢]

66
20160

—42¢] + 280c3) + (101888t° + 25536t ¢} + 1764t>ct + 17¢§ — 7560t>c5 — 301cic3) 1

U4ﬁ3
256

1 2B B 4 2 2 2
- - 442t% + 144262 —
D = * T30 ( + ¢f —35c3) +

U5ﬁ602 |: 52

P 2, 2
50720 |1~ 13 (08¢ +¢1)

ﬂ6
90720

+

(—23864t° — 2754t*c} — 126 (c]—96¢3) ¢

54

* 10080

+315c§c§)

(—140040t* — 8330¢%c] — 84cf + 1505@}

R T L s 4 2 2 2
— —7130¢* — 1020%¢3 + 3573) | . (66)
92160 [ R el i +357¢3)
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