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We present symbolic algorithms designed to investigate the perturbative expansions of the d-Hubbard
model. These methods are part of recent developments in many-body perturbation theory that aim to
reformulate Feynman diagrams in terms of divided di�erences. The direct application of this technique
to the one-dimensional Hubbard model yields the coe�cients of the grand potential up to the sixth order,
expressed in terms of both the interacting potential (U expansions) and high-temperature expansions
(β expansions). A key feature of this approach is the ability to merge the β expansions to any desired
order. To verify our analytical results, we compare the derived magnetic susceptibility with the exact
solution of the quantum transfer matrix method in the half-�lled case.

topics: divided di�erences, many-body perturbation theory (MBPT), Feynman vacuum diagrams, �nite
temperature

1. Introduction

One of the major scienti�c challenges is develop-
ing an accurate method to calculate the properties
of systems with a large number of interacting parti-
cles at �nite temperatures. Finding solutions to this
problem is crucial not only for addressing practical
issues in materials science and chemistry, but also
for understanding the fundamental behaviors of in-
teracting quantum systems. These systems, which
can range from electrons in a solid to atoms in a
gas, exhibit complex behaviors due to their interac-
tions, making them di�cult to model and predict.
Improved computational techniques and theoretical
models are needed to accurately capture these be-
haviors.
There are several computational methods used

to study correlated systems, including exact di-
agonalization (ED) [1�3], dynamical mean �eld
theory (DMFT) [4�6], density-matrix renormaliza-
tion group (DMRG) [7�9], variational Monte Carlo
(VMC) [10, 11], auxiliary �eld quantum Monte
Carlo (AFQMC) [12�15], density matrix embedding
theory (DMET) [16�18], and diagrammatic Monte
Carlo (DiagMC) [19�21]. Each of these methods has
its own strengths and limitations, making the choice
of method dependent on the speci�c characteristics

of the strongly correlated system under investiga-
tion, such as dimensionality, the nature of the cor-
relations (local vs non-local), the desired accuracy,
and the available computational resources. The ma-
jor problem of the Monte-Carlo methods lies in the
fermionic sign problem, which arises due to the anti-
symmetric nature of fermionic wavefunctions, espe-
cially in systems with strong correlations or at low
temperatures. Moreover, these methods can be com-
putationally demanding, particularly for large sys-
tems or when high precision is required. The com-
putational cost scales with the number of particles,
system size, and temperature, making it challeng-
ing to apply to complex systems or explore a wide
range of parameter space.

The aim of this paper is to propose a method that
does not rely on stochastic processes. This method
is related to our recently developed approach that
reformulates the contributions of Feynman dia-
grams as a divided di�erence [22]. To demonstrate
the validity of this method, we apply it to the
one-dimensional (1D) Hubbard model [23, 24]. The
Hubbard model serves as a foundational frame-
work for understanding the behavior of interact-
ing electrons in condensed matter physics. Despite
its relatively simple formulation, the model cap-
tures essential phenomena such as electron corre-
lation, metal�insulator transitions, magnetism, and
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Fig. 1. Steps for reducing the number of diagrams.

unconventional superconductivity. The interplay
between electron hopping and on-site interactions
in the Hubbard model creates a rich landscape of
phases and critical behaviors, making it a central
focus for both analytical and numerical approaches
in theoretical physics.

2. Overview

The general expression of the grand-canonical
Hamiltonian of spin-1/2 interacting fermions under
the impact of an external magnetic �eld h reads

H =
∑
p

(
εp + hσ − µ

)
â†pâp

+
1

4

∑
p1,p2,p3,p4

V p1,p2
p3,p4

â†p1
â†p2

âp4 âp3 , (1)

where εp is the quasi-particle energy and µ is
the chemical potential. The summation indices pi,
where 1 ≤ i ≤ 4, denote the sum over mo-
menta ki and spins σi = {↑, ↓}, i.e., pi := (ki, σi).
Here, â†p and âp are the creation and annihilation
fermionic operators, respectively, which obey the
anti-commutation relations {â+i , âj} = δi,j .
Here, the interacting potential V p1,p2

p3,p4
is repre-

sented as the sum of the direct and exchange po-
tentials.
For our case, the energy εp and the potential

V p1,p2
p3,p4

of the Hubbard model in d-dimensions [23]
are de�ned as follows

εkσ = −2t

d∑
i=1

cos(ki), (2)

V p1,p2
p3,p4

= U
(
δσ1σ3

δσ2σ4
−δσ1σ4

δσ2σ3

)
δk1+k2,k3+k4

.

(3)

In order to obtain the thermodynamic properties of
this system at �nite temperature, we need to eval-
uate the grand potential Ω . This, in turn, can be
expressed as a sum of the contributions from vac-
uum diagrams [22, 25]

Ω = ΩHF +
∑∞

n=2
Ωn, (4)

where the Hartree�Fock contribution ΩHF is the
sum of the zeroth- and �rst-order terms of the grand
potential series

ΩHF = Ω0 + Ω1 = − 1

β

∫
dp log

(
1+ exp(−βEp)

)
−1

2

∫∫
dp dq V p,q

p,q f−(Ep)f
−(Eq), (5)

where β = 1
kBT , with kB being the Boltzmann con-

stant, T the temperature, and f∓ representing the
Fermi�Dirac statistical factors

f∓(Ep) =
∓1

e±βEp + 1
= ∓1

2
+

1

2
tanh

(
β

2
Ep

)
.
(6)

The integration
∫
dp in (5) indicates the sum over

spins σ and momenta k, i.e.,
∫
dp =

∑
σ

∫
dk.

The Hartree�Fock energy Ep is the sum of all the
contributions of tadpole diagrams and is simpli�ed
by the self-consistent relation

Ekσ = εk+hσ−µ+
∑

σ′=↑,↓

1

(2π)d

π∫
−π

dq V kσ,qσ′

kσ,qσ′

1 + exp(βEqσ′)
,

(7)

or

Ek↑ = εk + h− µ+ U⟨n↓⟩, (8)

Ek↓ = εk − h− µ+ U⟨n↑⟩. (9)

Note that, in this work, the n-th order contribu-
tion Ωn, where n ≥ 2, is the sum of contributions
of all N reducible vacuum diagrams that are gener-
ated at order n, i.e.,

Ωn =

N∑
i=1

Ω i
n. (10)

Evaluating vacuum diagrams is not an easy task be-
cause the number of these diagrams grows factori-
ally with increasing order n. However, several algo-
rithms have been developed to address this problem.
Among them, essentially distinct Hugenholtz dia-
grams (EDHD) [26] stands out as one of the fastest,
as its algorithm can generate irreducible diagrams
with their symmetry factors S, even at order 10, in
less than 2 min using a home computer.

Figure 1 illustrates the steps used to reduce the
number of diagrams that need to be evaluated. It
is important to note that these diagrams are gen-
erated in the Hugenholtz representation, which can
be expanded into 2n Feynman diagrams at order n.

The approach developed in [25] o�ers a system-
atic method to compute the contribution Ω i

n, utiliz-
ing basic algorithms in graph theory to handle the
complexity of �nite temperature many-body pertur-
bation theory (MBPT).

This technique is used to analyze diagrams
Gi

n(n, 2n) consisting of n vertices and 2n
edges. These edges contain a set of energies
{E1, E2, . . . , E2n} with associated positive inte-
gers {η1, η2, . . . , η2n}, known as edge coe�cients.
Within such diagrams, a set of spanning trees
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can be generated. Each spanning tree, denoted as
T (n, n − 1), encompasses all n vertices and n − 1
edges, known as branches, of Gi

n. The primary
condition for these branches is that they must
not form any cycles. Following the generation
of a spanning tree, the remaining n + 1 edges
of the diagram Gi

n, called chords, constitute a
complementary tree denoted as T ∗(n, n + 1). By
employing this method, we get

Ω i
n =

V i
n

Si
n

∑
T

∏n+1
j=1 f [ηj+

∑
r1

ηr1−
∑

r2
ηr2 ](Ebj )∏n−1

j=1

(
Esj +

∑
r1
Er1 −

∑
r2
Er2

) ,
(11)

where

V i
n =

n∏
j=1

V
p2lj−1,p2rj
p2j−1,p2j . (12)

The summation
∑

T is carried out over all spanning
trees T of the diagram Gi

n(n, 2n). In each spanning
tree T , the energies Es with 1 ≤ j ≤ n − 1
correspond to the branches of T . Conversely, the
energies Ebj with 1 ≤ j ≤ n + 1 represent the
chords of the complementary tree T ∗.

The expression
∑

r1
Er1

(∑
r2
Er2

)
symbolizes

the total energy traversing the fundamental cut of
the branch Esj in the same direction (or opposite
direction) as Esj .

Finally, ηj ,
∑

r1
ηr1 , and

∑
r2
ηr2 denote the edge

coe�cients of the fundamental cycle. Here,
∑

r1
ηr1

represents the total coe�cient of the branches en-
countered in the same direction as ηj , while

∑
r2
ηr2

represents the total coe�cient of the branches
pointed in the opposite direction to ηj . The value of
Oj = ηj +

∑
r1
ηr1 −

∑
r2
ηr2 is called the total ori-

entation of the cycle, and the brackets [Oj ] within
the exponent of fOj indicate its sign.

Now, the problem of integration over space and
time has been reduced to integration over space
only. However, another issue arises. Namely, calcu-
lating the integrals of the contribution (11) for each
spanning tree individually can result in poles ap-
pearing in the denominators of (11), which could
further complicate the problem. To address this,
we have recently proposed an alternative algo-
rithm [22] to overcome this di�culty. The core idea
of this method is to express the contribution (11) in
terms of divided di�erences. This technique helps to
smooth these contributions and can be formulated
in the following general form

Ω i
n =

1

Si
n

ND∑
j=1

Dj . (13)

Here, ND represents the number of divided di�er-
ences, where each Dj takes the following form

Dj=

∫
dp

r∏
i=1

f−[Epmi
, dji,1, . . . , d

j
i,mi

]

n+1∏
i=r+1

f±[Epi
],

(14)

where f−[x1, x2, ..., xk] is the divided di�erence (see
Appendix A) of the Fermi�Dirac distribution.

The energies Epmi
represent the branches of the

selected spanning tree, while dji,r, where 1 ≤ r ≤ mi

can be formulated as follows

dji,r − Epmi
=

∑
l∈Sin

Epl
−

∑
l∈Sout

Epl
. (15)

The choice of energy indexes in the right-hand side
of (15) is guided by the conservation of momentum∑
l∈Sin

kl =
∑

l∈Sout

kl. (16)

The sets Sin and Sout represent the entered and
sorted chords. The choice of mi is ful�lled by the
following relation

r∑
i=1

mi = n−1; 1 ≤ m1 ≤ m2 . . . ≤ mr ≤ n− 1.

(17)

The integral in (14) is overall momentum and is also
a summation of the spins∫

dp :=
∑

s1,...,sn+1=↑↓

∫ π

−π

dk1dk2 . . . dkn+1

(2π)(n+1)d
. (18)

3. Divided di�erence expansion at high

temperature

The contribution in (14) is well-suited for con-
structing a high-temperature series expansion, as
we can directly expand the divided di�erence us-
ing the expansion of the power function (see (44)
in Appendix A). In this work, we present an e�-
cient method to construct the divided di�erence in
a factorial manner.

Using the recursive relation of the divided di�er-
ence, we derive

f [d0, d1, d2, ..., dr] =

M∑
n=r

Ar
nd

n−r
0 , (19)

where

A(0)
n = −βn

n!

∂n

∂xn

(
1

1 + exp(x)

)
x=0

. (20)

And for 1 ≤ j ≤ r,

A(j)
n =

M∑
i=n

A
(j−1)
i di−n

j . (21)

The factored form of (21) can also be expanded us-
ing Horner's method [27], enabling an e�cient con-
struction of the divided di�erence via Algorithm 1.

This algorithm allows for the evaluation of the
expansion of the divided di�erence in O(n3) oper-
ations. It improves computational e�ciency while
maintaining accuracy, which is particularly useful
in high-temperature series expansions of complex
models. This approach enables faster calculations
in models such as the d-Hubbard model and can be
extended to other perturbative frameworks.
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Algorithm 1 Divided di�erence expansion at high
temperature

Require: r,M

Ensure: Ar

1: Initialization:

2: for n = r to M do

3: An ← an

4: end for

5: Construction Loop:

6: for i = 0 to r do

7: for n = r to M do

8: h← AOR

9: for j = M − n− 1 to 0 step −1 do

10: h← h · di +Aj+n

11: end for

12: An ← h

13: if i = r then

14: break

15: end if

16: end for

17: end for

18: return Ar

4. The contribution of ladder and bubble

diagrams

The second-order contribution Ω2 contains one
ladder diagram, and the third-order Ω3 contains one
ladder and one bubble diagram. In this section, we
see how to convert the contributions of the ladder
(Fig. 2a) and bubble (Fig. 2b) diagrams.
The ladder and bubble Hugenholtz-type diagrams

are more general than the ladder and bubble Feyn-
man diagrams (the n-th order of Hugenholtz dia-
grams = 2n Feynman diagrams), and these gener-
alizations introduce more corrections in the contri-
bution of grand potential. The general contribution

Algorithm 2 Calculate ladder diagram contribu-
tion

1: u(k, q) = 1 + tanh
(
β
2
Eq+k↑

)
tanh

(
β
2
Eq−k↓

)
2: v(k, q) = 1

4t cos(q)

[
tanh

(
β
2
Eq+k↑

)
+ tanh

(
β
2
Eq−k↓

)]
3: for n ≥ 2 do

4: u(k, q)← 1
2π

∫ π

−π
dr u(k,q)v(r,q)−u(r,q)v(k,q)

cos(r)−cos(k)

5: ΣL
n(q) =

(
U
2

)n 1
2π

∫ π

−π
dk u(k, q)

6: end for

7: Comment: The contribution of all ladder diagrams

is given by:

8: ΩL =
∑∞

n=2
1
2n

1
2π

∫ π

−π
dq

∑L
n(q)

Fig. 2. The vacuum ladder-type (a) and bubble-
type (b) Hugenholtz diagrams.

of ladder ΩL
n and bubble ΩB

n vacuum diagrams is
described in the following form (see the detailed cal-
culation in Appendix B)

ΩL
n =

coth [Eq+k1↑ + Eq−k1↓, . . . , Eq+kn↑+Eq−kn↓]

2

×
n∏

i=1

U

2

[
tanh

(
β

2
Eq+ki↑

)
+tanh

(
β

2
Eq−ki↓

)]
,

(22)

ΩB
n =

{
ΩB1

n , if n odd,

ΩB1
n + ΩB2

n , if n even,
(23)

where coth[x1, . . . , xn] represents the divided di�er-

ence of the function coth
(

β
2x

)
, and ΩB1

n and ΩB2
n

are de�ned as

ΩB1
n =

(−1)n coth (Ek1+q↑ − Ek1−q↓, . . . , Ekn+q↑ − Ekn−q↓)

2

n∏
i=1

U

2

[
tanh

(
β

2
Eki+q↑

)
− tanh

(
β

2
Eki−q↓

)]
,

(24)

ΩB2
n =

coth (Ek1+q↑−Ek1−q↑, . . . , Ekn+q↓−Ekn−q↓)

2

n
2∏

i=1

(
U

2

)2 [
tanh

(
β

2
Ek2i−1+q↑

)
− tanh

(
β

2
Ek2i−1−q↑

)]

×
[
tanh

(
β

2
Ek2i+q↓

)
− tanh

(
β

2
Ek2i−q↓

)]
. (25)

In order to calculate the integrals of the ladder
contribution, (22), and the bubble contribution,
(23), over the momentum in a recursive manner,

we utilize the multidimensional divided di�erence
integration algorithm (see Algorithm 4 in Ap-
pendix A).
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Algorithm 3 Calculate bubble diagram contribu-
tion

1: u1(k, q)=1− tanh
(
β
2
Ek+q↑

)
tanh

(
β
2
Ek−q↓

)
2: v1(k, q)=

1
4t sin(q)

[
tanh

(
β
2
Ek+q↑

)
−tanh

(
β
2
Ek−q↓

)]
3: u2(k, q, s)=1− tanh

(
β
2
Ek+qs

)
tanh

(
β
2
Ek−qs

)
4: v2(k, q, s)=

1
4t sin(q)

[
tanh

(
β
2
Ek+qs

)
−tanh

(
β
2
Ek−qs

)]
5: for n ≥ 2 do

6: u1(q, k)← 1
2π

∫ π

−π
dr u1(k,q)v1(r,q)−u1(r,q)v1(k,q)

sin(r)−sin(k)

7:
∑(B1)

n (q) = (−U/2)n 1
2π

∫ π

−π
dk u1(k, q)

8: if n even then

9: u2(k, q, ↑)← 1
2π

∫ π

−π
dr 1

sin(k)−sin(r)

×
[
u2(k, q, ↑)v2(r, q, ↓)−u2(r, q, ↓)v2(k, q, ↑)

]
10: u2(k, q, ↓)← 1

2π

∫ π

−π
dr 1

sin(k)−sin(r)

×
[
u2(k, q, ↓)v2(r, q, ↑)−u2(r, q, ↑)v2(k, q, ↓)

]
11:

∑(B2)
n (q) = 1

2

(
U
2

)n 1
2π

∫ π

−π
dk

×[u2(k, q, ↑) + u2(k, q, ↓)]
12: else

13: u2(k, q, s)← 1
2π

∫ π

−π
dr 1

sin(k)−sin(r)

×
[
u2(k, q, s)v2(r, q, s)− u2(r, q, s)v2(k, q, s)

]
14:

∑(B2)
n (q) = 0

15: end if

16: end for

17: Comment: The bubble diagram contribution is:

18: ΩB =
∑∞

n=3
1
2n

1
2π

∫ π

−π
dq

(∑(B1)
n (q) +

∑(B2)
n (q)

)

Algorithm 2 summarizes the general steps for in-
tegrating over the momentum in the ladder contri-
bution given by (22).
The recursive integration method of the bubble

contribution ΩB is de�ned by Algorithm 3.
Algorithms 2 and 3 can be utilized to evaluate

the contributions of ladder and bubble diagrams for
any temperature, including T = 0. They can also
be used to e�ciently evaluate these contributions
at high temperatures.

5. High-temperature series expansions

The coupled non-linear integral Hartree�Fock
equations (8) and (9) can be solved numerically
for a given temperature. At high temperature, we
can �nd the series expansion of Ep↓(β) and Ep↑(β)
around β. In this case, we de�ne these energies in
the form of the following polynomials

Ep↓(β) = −2t cos(p) +
∑∞

i=0
aiβ

i,

Ep↑(β) = −2t cos(p) +
∑∞

i=0
biβ

i.
(26)

To obtain the coe�cients ai and bi in a recursive
manner, we replace the polynomials Ep↓(β) and
Ep↑(β) in (26) and apply the Maclaurin series ex-
pansion of the function tanh around β.

The initial values used are

a0 = v1 = −h− µ+
U

2
,

b0 = v2 = h− µ+
U

2
,

(27)

and for i ≥ 1

ai = − U

4π

∫ π

−π

dk

i!

 ∂i

∂βi
tanh

β

2

i−1∑
j=0

bjβ
j


β=0

,

bi = − U

4π

∫ π

−π

dk

i!

 ∂i

∂βi
tanh

β

2

i−1∑
j=0

ajβ
j


β=0

.

(28)

By applying the recursive form (28), we can de-
rive the high-temperature series expansions of the
Hartree�Fock energies Ep↓(β) and Ep↑(β) up to any
desired order. We provide the �rst four orders,

Epσ = −2t cos(p) +Aσ, (29)

where

A↓ = v1−
β

4
Uv2+

β2

16
U2v1+

β3

192
Uv2(24t

2−3U2

+ 4v22) + . . . ,

A↑ = v2−
β

4
Uv1+

β2

16
U2v2+

β3

192
Uv1(24t

2−3U2

+ 4v21) + . . . .
(30)

The zeroth-order contributions (5) at high temper-
ature can now be written in the following form

Ω0 = −
∑

σ=↑,↓

Ωσ
0 , (31)

where

Ωσ
0 =

ln(2)

β
−Aσ

2
+
β

8
(2+A2

σ)−
β3

32

(
1+2A2

σ+
A4

σ

6

)
+β5

(
1

144
+

A2
σ

32
+

A4
σ

96
+

A6
σ

2880

)
+ . . . . (32)

Moreover, for the �rst order, we have

⟨nσ⟩ =
1

2
−βAσ

4
+
β3

48
(6Aσ+A3

σ)−
β5

480
(30Aσ+20A3

σ

+A5
σ) + . . . . (33)

The high-temperature series of the �rst-order con-
tribution Ω1 is obtained simply by substituting ⟨nσ⟩
into (5). The Hartree�Fock part's contribution ΩHF

can be determined by substituting the series of Aσ

from (33) into both the zeroth-order Ω0 and the
�rst-order Ω1, i.e.,

ΩHF = Ω0 + Ω1 = −2 ln(2)

β
+

1

4
(−U+2v1+2v2)

−β

8
(4t2+v21+v22) +

β2

16
Uv1v2 + . . . . (34)

The ladder ΩL and bubble ΩB contributions at high
temperature can be easily evaluated using the recur-
sive algorithms, i.e., Algorithm 2 and Algorithm 3.
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Fig. 3. Comparison of our magnetic susceptibility series (dashed line) with those obtained from the exact
QTM method [29] (solid line) in the half-�lled case for t = 1 and U = 4. (a) Padé approximation (4,2) of the
plain series of χ derived from (37). (b) Plain series (PS10) of χ derived from (66) in Appendix C. (c) Padé
approximation (4, 6) of the plain series of χ derived from (66) in Appendix C.

The �rst terms are

ΩL = −βU2

32
+

β2U3

192
+

β3U2

3072

(
64t2−3U2+24A2

1

+ 24A2
2

)
+ β4

[
U5

5120
− U3

768

(
4t2 +A2

1 −A1A2

+A2
2

)]
+ . . . , (35)

ΩB = −β2U3

192
−β3U4

512
+β4

[
− U5

5120
+

U3

768
(4t2+A2

1

+A1A2 +A2
2)

]
+

β5U4

12288

(
32t2 − U2 + 10A2

1

+4A1A2 + 10A2
2

)
+ . . . . (36)

Note that the contributions of the second Ω2 and
the third Ω3 are included in ΩL and ΩB . By imple-
menting the recursive algorithms (Algorithm 2 and
Algorithm 3) in Mathematica, we can reach the or-
der of 50 in both U and β in less than 2 min using
a home computer.

6. Results

By substituting the Hartree�Fock, and ladder and
bubble contributions, and applying the general in-
tegration process to other diagrams, we obtain the
grand potential up to the sixth order in terms of the
many-body potential U6 and up to the sixth order
in terms of the inverse temperature β6, i.e.,

Ω = −2 ln(2)

β
+

(
c1
2

− U

4

)
− β

8

(
c21 + 4t2 +

U2

4

)
+

β2

16
c2U +

β3

192

(
c41 + 12c21t

2 + 12t4 + 4t2U2 +
U4

16

)
− β4c2U

192

(
c21 + 12t2 +

U2

4

)
+

β5

5760

[
45c22U

2

4
− 2c61 − 60c41t

2 − 80t6 − 153t4U2

2
− 9t2U4

2
− U6

32

−30c21t
2
(
6t2 +

U2

4

)]
+

β6c2U

11520

[
6c41 + 5c22 + 5c21

(
30t2 +

U2

4

)
+ 6

(
90t4 +

15t2U2

2
+

U4

16

)]
, (37)
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where

cp1 = vp1 + vp2 =

(
h−µ+

U

2

)p

+

(
−h−µ+

U

2

)p

,

cp2 = vp1v
p
2 =

[(
U

2
−µ

)2

−h2

]p

.

(38)

From the grand potential series (37), we can derive
any physical quantity for the 1D Hubbard model at
high temperatures. Additionally, it is clear that the
coe�cients in the expansion of Ω with respect to
β remain valid for any set of constants (t, U, µ, h)
within this model.
Our series completely agrees with article [28] up

to the fourth order β4. The �fth and sixth orders in
our results are novel and can enhance the series ex-
pansion of the grand potential at high temperatures
of the 1D Hubbard model.
We can extend the results up to the tenth order

in terms of β and up to the sixth order in U (see
Appendix C).
The comparison of the magnetic susceptibility

χ = −∂2Ω
∂h2 |h=0 for the half-�lled case µ = U

2 with
the exact results of Jüttner [29], obtained using the
quantum transfer matrix method, yields better re-
sults.
In Fig. 3a, we present our plain series (PS6) of χ

up to the sixth order, along with those obtained
with the exact quantum transfer matrix (QTM)
method. The PS6 series is further enhanced by the
Padé approximation in Fig. 3b. From both �gure
panels, we can conclude that our results demon-
strate a better approximation of the magnetic sus-
ceptibility.
In Fig. 3c and d, we illustrate a signi�cant im-

provement in the magnetic susceptibility of the
plain series (PS10) and its Padé approximation de-
rived from the grand potential (65) in Appendix C.
From these �gure panels, we can conclude that fur-
ther expansion in β will enhance the expansion of
the grand potential.
The high-temperature expansion of the grand po-

tential for the one-dimensional Hubbard model has
been implemented in the Mathematica language.
The main code is available on our GitHub page,
see [30].

7. Conclusions

In this paper, a novel solution of the one-
dimensional Hubbard model is presented, using our
recently developed many-body perturbation the-
ory [22]. This method allows us to derive the an-
alytic expressions of the coe�cients of the high-
temperature series expansion (HTSE) of the grand
potential at each order. Unlike other traditional
methods, the proposed method can easily evaluate
the coe�cients of HTSE up to order 10 or higher in
terms of β, as mentioned above.

In this context, we proposed a new algorithm to
evaluate the expansion of the divided di�erence at
high temperature in O(n3) operations with the help
of Horner's method.
Additionally, this method assists in deriving a re-

cursive calculation of the contributions from ladder
and bubble vacuum diagrams.
For this purpose, we developed symbolic code in

the Mathematica language to assist us in imple-
menting this method. This code can be used to eval-
uate the series expansion up to the desired order
without worrying about the evaluation time.
To determine the range of validity in β of our an-

alytical solution for the grand potential per site for
di�erent values of U in units of t, we considered the
curves of the magnetic susceptibility for U = 4 at
half-�lling case. The plotted curve of the suscepti-
bility coincides completely with the exact solution
of Jüttner et al. [29] for T ≥ 1.1 with the help of
the Padé approximation.
Finally, we should mention that the present ap-

proach is applicable for low temperatures and is also
ready for the two- and three-dimensional Hubbard
model. We will report such possibilities together in
the near future.

Appendix A: Divided di�erences

Divided di�erences are an essential tool in nu-
merical analysis and interpolation, utilized to create
polynomial approximations of functions. They play
a crucial role in techniques like Newton's divided
di�erence interpolation formula.
The �rst-order divided di�erence f [x0, x1] be-

tween two points, (x0, f(x0)) and (x1, f(x1)), is de-
�ned by the following fraction

f [x0, x1] =
f(x0)− f(x1)

x0 − x1
. (39)

In general, the k-th divided di�erence involving k+1
points (x0, f(x0)), (x1, f(x1)), . . ., (xk, f(xk)) is de-
�ned as follows

f [x0, x1, . . . , xk] =
f [x1, . . . , xk]− f [x0, . . . , xk−1]

xk − x0
,

(40)

where f [xi, xi+1, . . . , xj ] represents the (j−i)-th di-
vided di�erence for the points xi, xi+1, . . . , xj .
The base case for the divided di�erences are the

function values themselves f [xi] = f(xi).
An alternative de�nition of the divided di�erence

is

f [x0, x1, . . . , xk] =

k∑
i=0

f(xi)∏
j ̸=i(xi − xj)

. (41)

In this work, we use the term �modi�ed divided dif-
ference� for the following formula

f [g;x0, x1, . . . , xk] =

k∑
i=0

f(xi)
∏
j ̸=i

g(xj)

(xi − xj)
. (42)
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The recursive formula for the modi�ed divided di�erence is de�ned as follows

f [g;x0, . . . , xk] =
f [g;x0, . . . , xk−1] g (xk)− f [g;x1, . . . , xk] g (x0)

x0 − xk
, (43)

where f [g;x] = f [x].
By de�nition, divided di�erences remain un-

changed under any permutation of the variables
x0, x1, . . . , xk. This means that the value of the di-
vided di�erence does not depend on the order in
which the variables x0, x1, . . . , xk are arranged.
The Taylor series expansion of the divided di�er-

ences can be derived using the de�nition of divided
di�erences and properties of the Taylor series.
For a function f that is su�ciently smooth; the

k-th divided di�erence for points x0, x1, . . . , xk can

be expressed using the derivatives of f . The formula
is

f [x0, x1, . . . , xk] =

∞∑
n=k

f (n)(0)

n!
xi0
0 xi1

1 . . . xik
k , (44)

where the integers ij ≥ 0, where 0 ≤ j ≤ k, are
selected according to the following condition∑k

j=0
ij = n− k. (45)

The integral representation of the Hermite�
Genocchi formula for divided di�erences is given by

f [x0, x1, . . . , xk] =

∫ 1

0

dt1

∫ t1

0

dt2 . . .

∫ tk−1

0

dtk f (k)
(
(1−t1)x0 + . . .+ (tk−1−tk)xk−1+tkxk

)
. (46)

Algorithm 4 Calculate Integral I

1: Set u = f(x(p))

2: for 1 ≤ i ≤ k do

3: u(x(p)) =
∫
dq u(x(p))−u(x(q))

x(p)−x(q)

4: end for

5: The output result is I =
∫
dp u(x(p))

Algorithm 5 Calculate integral I

1: Set u = f(x(p))

2: for 1 ≤ i ≤ k do

3: u(x(p)) =
∫
dq u(x(p))g(x(q))−u(x(q))g(x(p))

x(p)−x(q)

4: end for

5: The output result is I =
∫
dp u(x(p))

Here, the integration is carried out over the simplex
de�ned by 0 ≤ t1 ≤ t2 ≤ · · · ≤ tk ≤ 1. This inte-
gral representation expresses the k-th divided dif-
ference in terms of the k-th derivative of the func-
tion f , integrated over a weighted average of the
points x0, x1, . . . , xk.
To evaluate the following integrals of the divided

di�erences

I =

∫
dp0 . . .

∫
dpk f

[
x(p0), x(p1), . . . , x(pk)

]
,

(47)

we can utilize the following recursive algorithm,
namely Algorithm 4.
For the integrals involving modi�ed divided dif-

ferences

I =

∫
dp0 . . .

∫
dpk f

[
g;x(p0), x(p1), . . . , x(pk)

]
,

(48)

we implement the subsequent recursive algorithm,
namely Algorithm 5.

Appendix B: The general contribution of

Ladder and bubble vacuum diagrams

Following the process outlined in algorithm pre-
sented in [25], we can deduce that the general con-
tribution of ladder diagrams is described in the fol-
lowing form

ΩL
n = V +

n∑
i=1

f−(x2j−1)f
−(x2i)

×
n∏

j ̸=i

(
f−(x2j−1) + f+(x2j)

x2i−1 + x2i − x2j−1 − x2j

)
, (49)

where the general potential V + is given by

V + =
Un

4n
V p2n−1,p2n
p1,p2

n−1∏
i=1

V p2i−1,p2i
p2i+1,p2i+2

. (50)

The contribution (49) can be expressed as follows

ΩL
n = V +

n∑
i=1

f−(x2j−1)f
−(x2i)

∏n
j=1

(
f−(x2j−1) + f+(x2j)

)
(
f−(x2i−1) + f+(x2i)

)∏n
j ̸=i(x2i−1 + x2i − x2j−1 − x2j)

· (51)
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Using the Fermi distribution relations (6), we have

f−(x2i−1)f
−(x2i)

f−(x2i−1) + f+(x2i)
=

1

eβ(x2i−1+x2i) − 1
=

B(x2i−1 + x2i). (52)

After replacing the function B with its relation (52)
in the contribution (51), we �nd

ΩL
n = V +

n∑
i=1

B(x2i−1 + x2i)

×
n∏

j ̸=i

(x2i−1+x2i−x2j−1−x2j)

×
n∏

j=1

(
f−(x2j−1) + f+(x2j)

)
. (53)

Now, replacing the sum in (53) with the identity of
the divided di�erence (42) yields

ΩL
n = V +B[x1 + x2, x3 + x4, . . . , x2n−1 + x2n]

×
n∏

j=1

(
f−(x2j−1) + f+(x2j)

)
. (54)

By substituting the potential V + in (50) and re-
placing xi=Epi=Ekiσi , then summing over spins σi,

we �nd

ΩL
n = Un coth[Ek1↑ + Ek2↓, . . . , Ek2n−1↑ + Ek2n↓]

×
n∏

j=1

(f−(Ek2j−1↑) + f+(Ek2j↓))δk2j−1+k2j ,k1+k2

(55)

We can change the variables in (55) according to the
conservation of momentum

∏n
j=1 δk2j−1+k2j ,k1+k2 as

follows
k2i−1 + k2i

2
= q

k2i−1 − k2i
2

= ki. (56)

Finally, by using the new momentum variables
(56) and replacing f∓(x) by its relation (6), we
�nd the contribution of the ladder in the following
form

ΩL
n =

coth [Eq+k1↑+Eq−k1↓, . . . , Eq+kn↑+Eq−kn↓]

2

×
n∏

i=1

U

2

[
tanh

(
β

2
Eq+ki↑

)
+tanh

(
β

2
Eq−ki↓

)]
,

(57)

where coth[x1, . . . , xn] represents the divided di�er-

ence of the function coth(β2x).

Using the same approach, the contribution of bubble diagrams can be expressed as follows

ΩB
n = V −

n∑
i=1

f+(x2i−1)f
−(x2i)

n∏
j ̸=i

f−(x2j−1)− f−(x2j)

(x2i − x2i−1)− (x2j − x2j−1)
=

V −
n∑

i=1

(
f+(x2i−1)f

−(x2i)

f−(x2j−1)−f−(x2j)

) ∏n
j=1(f

−(x2j−1)− f−(x2j))∏n
j ̸=i

(
x2i−x2i−1

)
−

(
x2j−x2j−1

) , (58)

where

V − =
1

2n+1
V p2n−1,p2
p1,p2n

n−1∏
i=1

V p2i−1,p2i+2
p2i+1,p2i

(59)

and
f+(x2i−1)f

−(x2i)

f−(x2j−1)− f−(x2j)
=

[
eβ(x2i−x2i−1) − 1

]−1

=

B(x2i − x2i−1). (60)

Utilizing the identity of the divided di�erence given
by (42), we �nd

ΩB
n = V − B

[
− x1 + x2, . . . ,−x2n−1 + x2n

]
×

n∏
j=1

(f−(x2j−1)− f−(x2j)
)
. (61)

By substituting the potential V − and xi with
xi = Epi

= Ekiσi
, and considering the conser-

vation of momentum in the potential δk1+k4,k2+k3

δk3+k6,k4+k5
. . . δk2n−1+k2,k1+k2n

, we can change the
momentum variables as follows
k2i + k2i−1

2
= ki,

k2i − k2i−1

2
= q. (62)

After summing over spins, we encounter two states
of ΩB

n

ΩB
n =

ΩB1
n , if n odd,

ΩB1
n + ΩB2

n , if n even,
(63)

where ΩB1
n and ΩB2

n are de�ned by the following
forms

ΩB1
n =

(−1)n

2
coth [Ek1+q↑−Ek1−q↓, . . . , Ekn+q↑−Ekn−q↓]

n∏
i=1

U

2

[
tanh

(
β

2
Eki+q↑

)
− tanh

(
β

2
Eki−q↓

)]
,

(64)

87



M.A. Tag et al.

ΩB2
n =

1

2
coth

[
Ek1+q↑ − Ek1−q↑, Ek2+q↓ − Ek2−q↓, . . . , Ekn−1+q↑ − Ekn−1−q↑, Ekn+q↓ − Ekn−q↓

]
×

n
2∏

i=1

(
U

2

)2 [
tanh

(
β

2
Ek2i−1+q↑

)
− tanh

(
β

2
Ek2i−1−q↑

)][
tanh

(
β

2
Ek2i+q↓

)
− tanh

(
β

2
Ek2i−q↓

)]
.

(65)

Appendix C: Grand potential up to order 10

The grand potential is expanded up to the sixth order in terms of the many-body perturbation
potential U6 and up to ther tenth order in terms of the inverse of temperature β10

Ω = −2 log(2)

β
+

c1
2

− 1

8
β
(
4t2 + c21

)
+

1

192
β3

(
12t4 + 12t2c21 + c41

)
− β5

2880

(
40t6 + 90t4c21 + 30t2c41 + c61

)
+

17β7

645120

(
140t8 + 560t6c21 + 420t4c41 + 56t2c61 + c81

)
− 31β9

14515200

(
504t10 + 3150t8c21 + 4200t6c41

+ 1260t4c61 + 90t2c81 + c101
)
+

U

4

[
− 1 +

β2c2
4

− β4c2
48

(
12t2 + c21

)
+

β6c2
2880

(
540t4 + 150t2c21 + 6c41 + 5c22

)
+

β8c2
241920

(
−29400t6 − 2394t2c41 − 1680t2c22 − 51c61 − 42c21

(
405t4 + c22

))
+

β10c2
14515200

(
1045800t8

+ 1029000t6c21 + 306180t4c41 + 207900t4c22 + 23850t2c61 + 15750t2c21c
2
2 +310c81 + 252c42 + 255c41c

2
2

) ]

+
U2β

16

[
− 1

2
+

t2β2

3
+

β4

480

(
−102t4 − 10t2c21 + 15c22

)
+

β6

20160

(
2480t6 + 756t4c21 − 105c21c

2
2

+70t2
(
c41 − 30c22

))
+

β8

1451520

(
−96740t8 − 59760t6c21 − 14742t4c41 − 714t2c61 + 247212t4c22

+42210t2c21c
2
2 + 1260c42 + 1071c41c

2
2

) ]
+

U3β4c2
768

[
−1 +

β2

12

(
36t2 + c21

)
+

β4

5040

(
−22932t4 − 2520t2c21

−42c41 + 280c22
)
+

β6

20160

(
101888t6 + 25536t4c21 + 1764t2c41 + 17c61 − 7560t2c22 − 301c21c

2
2

) ]

+
U4β3

256

[
1

12
− t2β2

5
+

β4

1680

(
442t4 + 14t2c21 − 35c22

)
+

β6

90720

(
−23864t6 − 2754t4c21 − 126

(
c41−96c22

)
t2

+315c21c
2
2

) ]
+

U5β6c2
30720

[
1− β2

12

(
68t2 + c21

)
− β4

10080

(
−140040t4 − 8330t2c21 − 84c41 + 1505c22

)]
+

U6β5

92160

[
−1

2
+

17t2β2

7
+

β4

1344

(
−7130t4 − 102t2c21 + 357c22

)]
. (66)
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