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Spin�orbit splitting of polaron in an asymmetric parabolic potential quantum dot under the in�uence of
temperature and impurity is studied in the framework of variational technique and quantum statistical
theory. The e�ective mass of the polaron is obtained by theoretical derivation. Due to the spin�orbit
interaction, the e�ective mass of the polaron splits into two branches on the basis of zero spin-splitting
e�ective mass. The dependence of e�ective mass spin-splitting of polaron on temperature is obtained.
At the same time, the e�ects of electron�phonon coupling strength, polaron velocity, transverse and
longitudinal con�nement lengths, and Coulomb bound potential strength on polaron e�ective mass
are also discussed by numerical calculation. The numerical results show that the e�ective mass is an
increasing function of temperature, electron�phonon coupling strength, and Coulomb bound potential
strength and is a decreasing function of velocity. The absolute value of spin-splitting e�ective mass is an
increasing function of temperature, electron�phonon coupling strength, and Coulomb bound potential
strength and is a decreasing function of velocity. An important conclusion is drawn that the e�ective
mass of the heavy hole band is negative.
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1. Introduction

The giant magnetoresistance e�ect was discov-
ered by Fert and Gruenberg in 1988, which marked
the birth of spintronics [1]. Using the charge and
spin of electrons, information can be transmitted
and stored, which can greatly improve the speed
and e�ciency of electronic devices. It is also possi-
ble to fabricate electronic devices with new physical
properties by using the spin of electrons [2�4]. Up to
now, the most famous spin device model is the tran-
sistor based on controlling electron spin proposed
by Datta and Das in 1990 [5]. Since the publica-
tion of their article, many researchers around the
world have conducted experimental and theoreti-
cal studies on the Rashba e�ect in low-dimensional
quantum systems [6, 7]. For example, Babanli et
al. [8] investigated the in�uence of Rashba spin�
orbit interaction on the transport properties of the
two-dimensional quantum ring with �nite width in
the presence of a uniform perpendicular magnetic
�eld. The research results showed that the Rashba
spin�orbit interaction destroyed the beating pat-
tern. Zhao et al. [9] calculated the Rashba coe�cient

and Rashba spin splitting for the �rst subband of
Al0.6Ga0.4N/GaN/Al0.3Ga0.7N/Al0.6Ga0.4N quan-
tum well (QW), each as a function of the thick-
ness of the inserted Al0.3Ga0.7N layer and the
external electric �eld. Results show that the
Rashba coe�cient and the Rashba spin splitting
in the Al0.6Ga0.4N/GaN/Al0.3Ga0.7N/Al0.4Ga0.4N
QW could be modulated by changing the relative
thickness of GaN and Al0.3Ga0.7N layers and the
external electric �eld, thereby giving guidance for
designing the spintronic devices. Using the varia-
tional method of Pekar, Li et al. [10] investigated
the Rashba e�ect of polaron in a parabolic quan-
tum dot. The condition for strong coupling between
electric and longitudinal optical (LO) phonons in a
parabolic quantum dot (QD) was studied in detail.
At the same time, the relations of the bound po-
laron ground state energy with the parallel con�ne-
ment length, the electron�LO phonon coupling con-
stant, the perpendicular con�nement length, and
the Coulomb binding parameter were also studied
by the same authors [11]. Electron spin has also
been experimentally studied, e.g., by Qiu and Gui
et al. [12], who studied the giant Rashba e�ect in
HgTe quantum wells with inverted energy bands.
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The spin�orbit splitting of III�V semiconductors is
a linear term of momentum in the Hamiltonian of
the system, which results in the dispersion relation
of electron energy, and the energy is split from one
parabola into two.
The Rashba e�ect was previously considered to

be caused by the electric �eld at the interface of
the heterojunction, but it has been proven that
the in�uence of the electric �eld on the Rashba
e�ect is small, and the main contribution comes
from the asymmetry of the wave function at the
interface [13]. In an asymmetric parabolic poten-
tial quantum dot, because the lattice structure is
asymmetrical, there are special phenomena such as
the spin�orbit coupling e�ect and rotational sym-
metry breaking of spin Hamiltonian. These phenom-
ena give the asymmetric quantum dot a wide appli-
cation prospect in spin transport and spin manipu-
lation. It is easy to see that many studies have been
conducted on the Rashba e�ect in the electronic
system, and several people have done research on
it in the �eld of polaron. The electron interacts
with its surrounding phonon cloud to form a po-
laron. The lower the dimension, the stronger the
electron�phonon coupling and the more signi�cant
the phonon e�ect. An asymmetric parabolic poten-
tial quantum dot has the property of zero dimen-
sion. Therefore, in recent years, many studies have
been carried out on the properties of polaron in an
asymmetric parabolic potential quantum dot using
various theoretical methods. In this paper, the in�u-
ence of temperature and impurity on the spin�orbit
interaction of strongly coupled polaron in an asym-
metric parabolic potential quantum dot is studied
theoretically in the framework of variational tech-
nique and quantum statistical theory.

2. Theoretical model and derivation

We choose an asymmetric parabolic potential
quantum dot structure in which the motion of an
electron with heavy hole characteristics is strongly
restricted in three dimensions. The electron is sur-
rounded by hydrogenated impurities. We only con-
sider the interaction between the electron and lon-
gitudinal optical phonon and ignore the interaction
between the electron and interface optical phonon.
The Hamiltonian of the system can be written as

H =
p̂2

2m
+
∑
k

ℏωLO â
+
k âk +

1

2
mω2

1ρ
2 +

1

2
mω2

2z
2

+
∑
k

[
Vkâk exp(ik · r) + h.c.

]
− β

r

+i
αR

2ℏ3
(
p̂3−σ̂+ − p̂3+σ̂−

)
. (1)

In (1), the last term represents the spin�orbit in-
teraction of the electron with heavy hole charac-
teristics, where p̂± = p̂x ± i p̂y, σ̂± = σ̂x ± i σ̂y,

and â+k (âk) is the creation (annihilation) operator
of bulk longitudinal optical phonon with frequency
ωLO and wave vector k. The electronic position vec-
tor is denoted as r = (ρ, z), and the transverse and
longitudinal con�nement strengths as ω1 and ω2,

respectively. We set l1 =
√

ℏ
mω1

and l2 =
√

ℏ
mω2

,

where l1 and l2 are de�ned as the transverse and
longitudinal con�nement lengths, respectively.

Here, Vk is the Fourier component of electron�
phonon interaction, and its expression is expressed
as follows

Vk = i

(
ℏωLO

k

)(
ℏ

2mωLO

)1/4(
4πα

V

)1/2

. (2)

In the above equation, V stands for the volume of
the crystal, and α is the electron�phonon coupling
strength. The Coulomb bound potential energy is
expanded as a series

−β
r
= −4πβ

V

∑
k

1

k2
exp (− ik · r) . (3)

Due to the strong coupling studied, we perform the
second unitary transformation in (1). Under the adi-
abatic approximation, we take the unitary transfor-
mation operator as

Û = exp
[∑

k

(
â+k fk − âkf

∗
k

)]
. (4)

Here, fk and f∗k are variational parameter func-
tions that can be obtained through variational tech-
niques. Tokuta's improved linear combination oper-
ators are introduced in the following form

p̂j =

√
mℏλ
2

(
b̂j + b̂+j + P0j

)
, (5)

r̂j = i

√
ℏ

2mλ

(
b̂j − b̂+j

)
, (6)

for j = x, y, z. Here, λ and P0 are variational param-
eters, and λ represents the vibrational frequency of
the polaron. The ground state trial wave function
of the system is selected as

|Ψ0⟩ =
(
c χ1/2 + dχ−1/2

)
|0⟩a|0⟩b. (7)

The vacuum state |0⟩b of the b̂ operator and the un-

perturbed zero phonon state |0⟩a satisfy b̂j |0⟩b =
âk |0⟩a = 0, while

χ1/2 =

(
1

0

)
and χ−1/2 =

(
0

1

)
(8)

stands for spin-up and spin-down states, respec-
tively.

The total momentum of the system is

PT = P +
∑
k

â+k âk ℏk. (9)

In order to determine the e�ective mass of the po-
laron, we minimize the expected value of the quan-
tity Û−1(H−u ·PT )Û in the state |Ψ0⟩ by using u,
which is a Lagrange multiplier and will be in due
course identi�ed as the velocity of the polaron.
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We have

F (λ, fk, u, P0) = ⟨ψ0| Û−1
(
H − u · PT

)
Û |Ψ0⟩,

(10)

so by minimizing F with respect to the variational
parameters, we can determine parameters of fk, λ,
P0 by using the variational method. Further, we ob-
tain the expected value of momentum

P =
1

|u|

[
⟨Ψ0| Û−1HÛ |Ψ0⟩ − F

]
=

m

[
1 +

2α

3
√
π

(
λ

ωLO

)2/3

±
(
mαRλ

ℏ2u

)]
u. (11)

We can see from the above equation that u is the
velocity of the polaron, and the e�ective mass of the
strongly coupling polaron m∗ is given by

m∗ = m

[
1 +

2α

3
√
π

(
λ

ωLO

)2/3

±
(
−mαRλ

ℏ2u

)]
.

(12)

From the above equation, it is found that the e�ec-
tive mass of the polaron experiences splitting under
the in�uence of the Rashba spin�orbit interaction.

The mean number of phonons around the elec-
tron is

N =
〈
Ψ0

∣∣ Û−1
∑
k

â+k âkÛ
∣∣Ψ0

〉
=

α√
π

√
λ. (13)

The properties of polaron are determined by the
statistical mean of the electron�phonon system for
various states. According to quantum statistics

N̄ =

[
exp

(
ℏωLO

kBT

)
− 1

]−1

. (14)

The value of λ in (12) is related to N , and the re-
lationship between m∗ and T can be obtained by
combining equations (12)�(14).

3. Numerical calculation and result

discussion

To investigate the e�ects of temperature and im-
purity on Rashba spin�orbit interaction, we obtain
the expression for the e�ective mass of strongly cou-
pled bound polaron in an asymmetric parabolic po-
tential quantum dot by theoretical derivation. The
variation of polaron e�ective mass with temper-
ature, Coulomb bound potential strength, trans-
verse con�nement length, longitudinal con�nement
length, electron�phonon coupling strength, and ve-
locity are discussed separately. In order to simplify
the calculation, polaron units 2m = 1, ℏ = 1, and
ωLO = 1 are used. The numerical results are shown
in Figs. 1�8. In Figs. 1�5, the solid line represents
the zero spin e�ective mass m∗

0, the dashed line rep-
resents the spin-up splitting e�ective mass m∗

+, and
the dotted line shows the spin-down splitting e�ec-
tive mass m∗

−.

Fig. 1. The relationship between the e�ective

mass m∗ of polaron and the electron�phonon cou-

pling strength α at di�erent values of tempera-

ture T .

Fig. 2. The relationship between the e�ective

massm∗ of polaron and the temperature T at di�er-

ent values of Coulomb bound potential strength β.

For �xed u = 2, αR = 1, β = 10, l1 = 0.6,
and l2 = 1, Fig. 1 shows the relationship between
the polaron e�ective mass m∗ and the electron�
phonon coupling strength α when the temperature
T takes di�erent values. One can see from this �gure
that the e�ective mass is an increasing function of
the electron�phonon coupling strength. This is be-
cause when the electron�phonon coupling strength
increases, the interaction between the electron and
its surrounding phonons is enhanced, so the e�ective
mass of the polaron increases. It can be also seen
that the e�ective mass splits into two branches on
the basis of zero spin-splitting e�ective mass. This
is due to the Rashba spin�orbit splitting caused by
the asymmetry structure of the asymmetric quan-
tum dot. When the temperature is �xed, the change
in the splitting gap is not signi�cant with the in-
crease of electron-phonon coupling strength. We
�nd that the higher the temperature is, the greater
the e�ective mass of the polaron is. Because high
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Fig. 3. The relational curve between the e�ective

mass m∗ and the transverse con�nement length l1
when the temperature T takes di�erent values.

Fig. 4. The relational curve between the e�ective

mass m∗ and the longitudinal con�nement length l2
when the temperature T takes di�erent values.

temperature increases the degree of crystal polar-
ization, the number of longitudinal optical phonons
increases with the increase in temperature. At the
same time, a higher temperature will also acceler-
ate the thermal motion of electron and phonons.
For these reasons, the electron interacts with more
phonons. Therefore, the increase in temperature
will increase the polaron e�ective mass. In the �g-
ure, the e�ective mass splitting distance increases
as the temperature increases. It is shown that tem-
perature has a positive impact on the e�ective mass
spin-splitting.
For the �xed values of u = 2, αR = 1, α = 6,

l1 = 0.6, and l2 = 1, Fig. 2 depicts the rela-
tionship between the e�ective mass m∗ of the po-
laron and the temperature T with di�erent val-
ues of the Coulomb bound potential strength β.
As can be seen from this �gure, the e�ective mass
of the polaron splits into two curves based on zero
spin-splitting e�ective mass and increases with the

increase in temperature. The conclusion is the same
as for Fig. 1. The change in the e�ective mass
splitting-distance is not obvious with the increase
in temperature and the Coulomb bound potential
strength. We �nd that the e�ect of the Coulomb
bound potential strength on the e�ective mass be-
comes smaller with the increase in temperature.

Given u = 2, αR = 1, α = 6, β = 10, and l2 = 1,
the results presented in Fig. 3 show the relation-
ship between the e�ective mass m∗ of the polaron
and the transverse e�ective con�nement length l1
with T = 10 K and T = 15 K. For the �xed values
u = 2, αR = 1, α = 6, β = 10, and l1 = 0.8, the
results in Fig. 4 depict the relationship between the
e�ective mass m∗ of the polaron and the longitudi-
nal e�ective con�nement length l2 with T = 10 K
and T = 15 K. It can be seen from Figs. 3 and 4
that the e�ective mass of the polaron is a decreasing
function of the transverse and longitudinal e�ective
con�nement lengths. The motion of the electron is
a�ected by the con�nement potential, and the larger
the con�nement potential, the more local the mo-
tion of the electron is. The electron�phonon interac-
tion is enhanced as the motion range of the particle
decreases, which causes the electron to interact with
more phonons around it. From the expressions for

l1 =
√

ℏ
mω1

and l2 =
√

ℏ
mω2

, we �nd that the e�ec-

tive con�nement length is inversely proportional to
the square root of the con�nement potential. The
increase in the e�ective con�nement length will re-
duce the number of phonons interacting with the
electron, which will lead to a decrease in the po-
laron e�ective mass. It is also found from Figs. 3
and 4 that e�ective mass spin-splitting of polaron
is not obvious when the transverse and longitudi-
nal e�ective con�nement lengths take small values.
However, with the increase in transverse and longi-
tudinal e�ective con�nement lengths, the e�ective
mass splitting distance increases and �nally tends
to the saturation value. Comparing Figs. 3 and 4,
we �nd that the longitudinal e�ective con�nement
length has a greater e�ect on the e�ective mass of
polaron than the transverse e�ective con�nement
length. It is also found from these two �gures that
the higher the temperature is, the larger the split-
ting distance is. This shows that the impact of tem-
perature on e�ective mass splitting is positive, and
this conclusion is the same as in Fig. 1.

For the �xed values α = 6, l1 = 0.8, l2 = 1.2,
αR = 1, and T = 5 K, the results presented in
Fig. 5 show the relationship curve between the ef-
fective mass m∗ of the polaron and the velocity
u at di�erent values of Coulomb bound potential
strength β. As shown in this �gure, the spin-up
splitting e�ective mass and spin-down splitting ef-
fective mass change inversely with the increase in
velocity. The splitting distance decreases as the ve-
locity increases. The e�ective mass of zero spin-
splitting does not change with the velocity of po-
laron. From the expression of polaron e�ective mass,
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Fig. 5. The relationship between the e�ective

mass m∗ and the velocity u of polaron at di�er-

ent values of Coulomb bound potential β.

Fig. 6. The relational curve between the e�ective

mass of the spin�orbit split band m∗
so and the tem-

perature T at di�erent values of Coulomb bound

potential strength β.

we �nd that the velocity is inversely proportional
to the e�ective mass of the spin�orbit split band,
which leads to the conclusion shown in Fig. 5. When
the velocity is determined, the e�ective mass split-
ting distance does not increase signi�cantly with the
increase in the Coulomb bound potential strength.
This conclusion is consistent with that in Fig. 2.
Given di�erent values of Coulomb bound poten-

tial strength β, Fig. 6 depicts the change curve of
the e�ective mass of the spin�orbit split band m∗

SO
with the temperature T for �xed αR = 0.5, α = 6,
l1 = 0.8, l2 = 1.2, u = 2. One can see from this �g-
ure that the absolute value of spin-splitting e�ective
mass is an increasing function of the temperature.
When the temperature is taken as a certain value,
the larger the Coulomb bound potential strength is,
the larger the absolute value of the e�ective mass of
the spin�orbit split band. It is also found from Fig. 6
that when the temperature T < 4 K, the Coulomb
bound potential strength has a signi�cant e�ect on

Fig. 7. The relationship between the e�ective

mass of the spin�orbit split band m∗
so of polaron

and the velocity u at di�erent values of electron�

phonon coupling strength α.

Fig. 8. The relationship between the e�ective

mass of the spin�orbit split band m∗
so of polaron

and the velocity u at di�erent values of Coulomb

bound potential strength β.

the e�ective mass of the spin�orbit split band as the
temperature changes. Outside this range, with the
increase in temperature, the Coulomb bound poten-
tial strength has little e�ect on the e�ective mass of
the spin�orbit split band, which is consistent with
the conclusion in Fig. 2.

For the electron�phonon coupling strength tak-
ing di�erent values, Fig. 7 describes the relationship
between the e�ective mass of the spin�orbit split
band m∗

SO and the velocity u for �xed αR = 0.5,
l1 = 0.8, l2 = 1.2, β = 5, T = 5 K. It is found
that when the velocity is �xed, the absolute value
of the e�ective mass of the spin�orbit split band
increases with the increase in electron�phonon cou-
pling strength. When the velocity u < 0.75, the in-
�uence of electron�phonon coupling strength on the
e�ective mass of the spin�orbit split band gradually
increases with the increase in the velocity. When
u > 0.75, the in�uence of electron�phonon cou-
pling strength on the e�ective mass of the spin�orbit
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split band gradually decreases with the increase in
the velocity. Given αR = 0.5, l1 = 0.8, l2 = 1.2,
α = 6, T = 5 K, Fig. 8 draws the relational curve
between the spin-splitting e�ective mass m∗

so and
the velocity u at di�erent Coulomb bound potential
strength β. When u < 3, the absolute value of the
e�ective mass of the spin�orbit split band increases
sharply with the decrease in the velocity. Outside
this range, the spin-splitting e�ective mass changes
slowly with the change in velocity. When u < 5, the
Coulomb bound potential strength has a great in-
�uence on the e�ective mass of the spin�orbit split
band.
An important phenomenon is found in Figs. 6�8,

where the e�ective mass of the spin�orbit split band
is negative, which is caused by the heavy hole char-
acteristic of spin�orbit splitting. According to (14),
it can be assumed that in Figs. 1�5, the e�ective
mass spin-up splitting is �ipped with the spin-down
splitting.

4. Conclusions

Using Tokuda's improved linear combination op-
erator method, we investigate the in�uence of tem-
perature and impurity on the e�ective mass of
strongly coupled polaron in an asymmetric poten-
tial parabolic quantum dot. Due to the asymmetric
structure, the e�ective mass of polaron experiences
Rashba spin�orbit splitting. The absolute value of
the e�ective mass of the spin�orbit split band in-
creases with the increase in temperature and the
Coulomb bound potential strength. The e�ective
mass of polaron is an increasing function of tem-
perature, electron�phonon coupling strength, and
Coulomb bound potential strength and is a decreas-
ing function of velocity. In the study, we only con-
sider the splitting of the heavy hole band, so the
e�ective mass of the spin�orbit split band is nega-
tive.
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