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In the study of physics and engineering, natural vibrations are a fundamental characteristic of all sys-
tems covering microscopic particles up to large-scale structures. In this work, the signi�cance of active
structures technology application and its features for altering the vibration frequency far from the ex-
citation band in slender geometrically non-linear beam-systems is emphasized. The subject of interest
covers a hosts beam members with surface-bonded active/passive piezoelectric layers. By precisely ad-
justing the voltage across these layers based on their poling direction and electric �eld vector, it is
possible to create non-zero stress along the beam, adjusting its eigenfrequency. The provided study is
based on the mathematical formulation and derived motion equations using Hamilton's principle, tak-
ing into account the linear stress�strain relationship with electro�mechanical coupling. The in�uence
of physical parameters and piezoelectric actuation on the �ne-tuning of vibration frequency are inves-
tigated. The obtained numerical results clearly indicate that the vibration frequency not only changes
non-linearly with the piezo-layers location and their structural parameters, but also the piezoelectric
actuation can be e�ciently used to additionally alter the systems' dynamic response.
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1. Introduction

In physics/engineering, all systems � including
molecular systems and particles � tend to vibrate
at a natural frequency depending upon their struc-
ture. When an oscillating force is applied at the
resonant frequency of the system, the amplitude of
oscillation tends to in�nitely increase, which may
result in the system malfunction or, even worse, its
collapse. In recent studies, smart materials, includ-
ing piezoelectric (PZT) materials, shape memory
alloys (SMA), and magnetorheological �uids, play
a signi�cant role in mechanical vibration investi-
gations by adaptively responding to external stim-
uli such as stress, temperature, or magnetic �elds.
These materials o�er advanced solutions for vibra-
tion control, damping, and sensing applications, sig-
ni�cantly enhancing the performance and function-
ality of mechanical systems.

The modi�cation of the frequency and critical
forces in a carbon �ber beam with pre-tensioned
SMA wires mounted along the neutral axis of the
system was investigated by Baz et al. [1]. Based
on the works [2, 3] presenting the application of
PZT-elements, it is stated that the most e�ective
control of both the critical force and the system vi-
brations is achieved when the boundary conditions
have zero longitudinal displacements at both ends
of the considered rod. Taking this into account the
in�uence of residual forces on the natural frequency
versus the amplitude and proposing criteria to ob-
serve the frequency changes under applied external
loads was demonstrated in [4]. The improvement of
the static and dynamic response of beams, columns,
trusses, plates etc., through the application of PZT
materials, can be found inter alia in [5�7].
In this study, the primary goal is to show how

the vibration frequency of a clamped�clamped and
pinned�pinned slender host beam may be �ne-tuned
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through the surface-bonding of smart material and
especially through the use of its electro�mechanical
coupling feature.

2. Physical model

The physical model of the studied system con-
sists of a slender beam with a rectangular cross-
section, with both end supports preventing longi-
tudinal displacements and perfectly bonded to the
top and bottom host beam surface of single PZT
layers. The scheme of the clamped�clamped (C-C)
piezo-beam system is presented in Fig. 1. Addition-
ally, a pinned�pinned (P-P) system is studied. For
better clari�cation of further constant descriptions
used across text, the �B� subscript denotes the core
beam element, and �P� � the PZT element. Two
beam lengths L = 0.25 m and L = 0.50 m, as well
as two locations of the piezo elements, are investi-
gated, respectively: symmetrically located between
supports (con�guration �A�) and located near one
of the supports (con�guration �B�).
The core beam is made of aluminum mate-

rial (Young moduli EB=70 GPa, density ρB =
2720 kg/m3), whereas for PZT elements, the
NCE-46 material is adopted according to the man-
ufacturer [8] (EP = 76.923 GPa, ρB = 7700 kg/m3,
PZT material constant d31 = 1.30×10−10 C/N).
The PZT layers have the same width as beam
(BP = BB = 20 mm) and the heights are HP =
BB/40 = 0.5 mm and HB = BB/10 = 2.0 mm. The
voltage applied is assumed as Vapp = 160 V for each
PZT layer providing linear relationship between in-
duced axial piezoelectric force and applied voltage.
When piezo elements are symmetrically bonded to
the core beam, the �rst and third segments are iden-
tical in terms of physical and mechanical properties.
Geometrical and physical imperfections of the sys-
tem as well as delamination of the piezo layers are
neglected. The electric �eld is considered to be uni-
formly distributed throughout the piezo segment. In
the studied system, transverse vibrations around its
straight equilibrium con�guration are considered.

Fig. 1. Clamped�clamped host beam scheme with
symmetrically bonded active material (PZT) layers.

3. Mathematical formulation

In order to address the problem of transverse vi-
brations in the studied systems, Hamilton's prin-
ciple is employed taking into account that systems'
geometrical dimensions allow us to classify the prob-
lem under the classical Euler�Bernoulli beam the-
ory. The process of deriving the equations of mo-
tion for the n-segmented beam was presented and
discussed in [9]. Hence, for the studied problem, the
derived and simpli�ed di�erential equations describ-
ing the motion of i-th segment (i = 1, 2, 3) are

EiJi
∂4Wi (x, t)

∂x4
i

± Fr
∂2Wi (x, t)

∂x2
i

+ρiAi
∂2Wi (x, t)

∂t2
= 0, (1)

where Ji is the moment of inertia [m4], Ai � cross-
section area [m2], Fr � axial residual force induced
by PZT actuation [N], and W (x, t) is transversal
displacement [m].
The axial residual force appearing in (1) is de�ned

as

Fr =
2BB d31 EP Vapp

1 +
EBAB+EPAP

EBAB

(
L

LP
−1

) , (2)

where Vapp denotes the voltage applied to the piezo-
layers [V], L corresponds to the total beam length,
and LP stands as the PZT-layer length.
Depending on the electric �eld direction one can

exert a compressive (plus sign) or tensile residual
(minus sign) force in the system, thus in (1) the Fr

force member is preceded by the plus and minus
sign.
The following geometrical, natural boundary and

continuity conditions are used:

� in the case of C-C system,

W1(0, t)=W3(L3, t) =
∂W1(0, t)

∂x
=
∂W3(L3, t)

∂x
=0,

(3)

� in the case of P-P system,

W1(0, t) = W3(L3, t)=
∂2W1(0, t)

∂x2
=
∂2W3(L3, t)

∂x2
=0,

(4)

� continuity conditions between segments
(i = 1, 2, 3 and j = 2, 3),

Wi(Li, t) = Wi+1(0, t), (5)

∂Wi(Li, t)

∂xi
=

∂Wi+1(0, t)

∂xi+1
, (6)

EiJi
∂jWi(Li, t)

∂xj
i

= Ei+1Ji+1
∂jWi+1(0, t)

∂xj
i+1

. (7)
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Fig. 2. The in�uence of piezo-layers location,
length and piezoelectric actuation on the natural
frequency of C-C and P-P beams for L = 0.25 m
and 0.50 m, respectively.

In order to obtain approximate results, due to the
occurrence of geometric non-linearity in the stud-
ied systems, the Lindstedt�Poincaré perturbation
method (comp. [7, 10]) was employed.

4. The in�uence of geometrical and physical

parameters on the natural frequency

The in�uence of the location of the piezo-layers,
their length and piezoelectric actuation on the nat-
ural vibration frequency in C-C and P-P systems is
presented in Fig. 2. Small icons included visualize
the location of the PZT-layers. Moreover, for actua-
tors located near the left support, dash�dotted and
dotted lines are used, whereas for the symmetrical
bonding continuous lines. By black lines, the non-
actuated systems are depicted, the red lines show
the induced compressive force, and the blue lines
show the tensile residual force. The thicker lines
correspond to the total beam length L = 0.25 m,
whereas the thinner ones to L = 0.50 m.
On the basis of the presented results, one can no-

tice that in C-C beams, regardless of their length,
within the same type of piezo actuation or its ab-
sence, the attachment of PZT elements near one of
the supports leads to an increased natural frequency
(Ω) in the whole range of L2/L. For the P-P beams,
the way of attaching the active material makes it
possible to �nd the ranges in which the obtained
frequency is higher in relation to the second way

of bonding. For the non-actuated P-P system with
L = 0.50 m this is observed when L2/L < 0.28,
but this range changes together with the electric
�eld applied to the actuators, i.e., L2/L < 0.42 for
+Fr and L2/L < 0.19 for −Fr. For non-actuated
beams at L = 0.50 m, the highest shift in natural
frequency between the locations of the piezo-layers
is ≈ 348 Hz at L2/L = 0.24 for C-C system and
≈ 44 Hz at L2/L = 0.58 for P-P beam.
By sensing the PZT actuators, regardless of their

location, it is possible to �ne-tune the natural fre-
quency with respect to the non-actuated system.
Generally, the longer the piezo-layers with respect
to the total length in both P-P and C-C systems,
the greater the in�uence of piezoelectric actuation.
Moreover, the shorter the beam, the greater the
quantitative range over which the frequency may be
tweaked. In a sandwich P-P system (L2/L = 1.00)
for L = 0.25 m the frequency Ω may be altered
by ≈ 281 Hz, where the compressive residual force
alters Ω by a maximum of 123 Hz and the tensile
force by 158 Hz. In the P-P system for L = 0.50 m
the piezoelectric control is possible in a signi�cantly
lower range of ∼ 71 Hz. As soon as the C-C system
is taken into consideration for L = 0.25 m compar-
ing the lines referring to −Fr and +Fr at L2/L =
1.00 it is possible to tune the natural frequency Ω
by 170 Hz, whereas for L = 0.50 m by 37 Hz. De-
spite quantitative di�erences comparing the same
supporting systems, regardless of total beam length,
the qualitative di�erences are almost identical.

5. Conclusions

In this study, the physical problem of dynamic re-
sponse adjustment via smart materials application
and its features in slender non-linear beam systems
is investigated. The presented analysis shows that
making a sandwich/stepped beam through bonding
PZT-layers to the top and bottom host beam sur-
face changes the natural frequency with respect to
the reference system. This makes the system geo-
metrically non-linear, and the transversal vibration
frequency strongly depends on the geometrical and
physical parameters of the attached layers as well as
their location. Moreover, it is revealed that through
the electro�mechanical material features, once an
electric �eld is applied to the system, piezoelectric
actuation may be used as an e�cient tool for al-
teraction of the dynamic response of the system far
from the excitation band. The crucial in�uence on
the range of possible adjustments are: system sup-
porting, system geometrical dimensions, location of
the piezoelectric material, its length, thickness, and
applied voltage. Regardless of the case studied, the
employment of electro�mechanical coupling feature
allows to tweak the frequency in a more convenient
and precise way, as well as in a signi�cantly wider
extent in comparison to standard methods.
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