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In this paper, we investigate the spin�orbit coupling of F = 1 dipolar Bose�Einstein condensates in
a quasi-one-dimensional trap by solving the mean �eld Gross�Pitaevskii equation. We focus on the
two phases, ferromagnetic and antiferromagnetic. For the former, we �nd that the spin echo signal
emerges gradually as the spin�orbit coupling strength increases, which favors miscibility in density
pro�le. The dipolar interaction plays a tiny role in the spin dynamics process, the qualitative behavior
remains almost unchanged. Nevertheless, for the antiferromagnetic phase, the physical picture greatly
changes. The spin echo signal abruptly increases with the increase in spin�orbit coupling strength, and
the density structure exhibits phase separation. With the emergence of dipolar interaction, the spin
echo signal vanishes, and the evolution of the three components is ruleless. Meanwhile, the condensate
deviates from the property of phase separation. Also, we analyze the e�ect of the number of atoms on
spin dynamics. It is obvious that the reduction of atoms increases the number of spin echo signals for the
ferromagnetic phase regardless of the nature of dipolar interaction. In addition, for the antiferromagnetic
phase, such a decrease gives rise to the disappearance of the spin echo signal in the absence of dipolar
interaction, and its in�uence is small when dipolar interaction is added.
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1. Introduction

The recent realization of spin�orbit coupling
(SOC) in ultracold neutral quantum gases opens
a way for exploring nonlinear dynamics [1, 2]
and topological phases [3, 4]. Many interesting
physical phenomena related to SOC are investi-
gated, such as the spin Hall e�ect [5, 6], topo-
logical insulators [7], collective excitations [8, 9],
etc. Experimentally, SOC can be arti�cially in-
troduced into Bose�Einstein condensates (BECs)
using Raman lasers [10, 11]. Recently, the two-
component [12, 13] and three-component [14] SOC
BECs including the stripe, plane-wave, and zero-
momentum phases have been successfully synthe-
sized. Additionally, the dynamical instability is an-
alyzed theoretically [15].
On the other hand, the experimental study of

ultracold gases composed of high-magnetic-moment
atoms has �ourished. Unlike traditional BECs with
only short-range contact interactions, the dipole�
dipole interaction (DDI) plays an important role
there. Many theoretical studies elaborate on the
in�uence of DDI in di�erent contexts, for example,
quantum droplets [16, 17], super solids [18, 19],
and stabilization of super-Tonks�Girardeau

gases [20], among others [21, 22]. In particular,
intense research is focused on the case of tilted
dipoles. In [23], the authors explore the e�ect
of the polarization direction on the dynamics
of ring dark solitons. They �nd that the ring
dark solitons evolve into an elliptical structure
and then develop into vortex�antivortex pairs.
In addition, the transition of density pro�le from
miscible to immiscible mixture occurs as the
tilting angles are varied [24]. For review charac-
teristics of DDI in BECs, see [25] and references
therein.
In recent years, the properties of dipolar con-

densate with SOC have been extensively studied.
The plane-wave soliton and stripe soliton are in-
vestigated in binary BEC [26]; they possess spa-
tially varying phases and spatially oscillating densi-
ties, respectively. Many topological structures, such
as skyrmion with di�erent topological charges, can
be tuned [27]. Huang et al. demonstrate the pos-
sibility of stabilizing the excited states of semivor-
tex and mixed-mode solitons [28]. In the work of
Li et al. [29], the creation of gap solitons in free
nearly two-dimensional space is reported, and the
band gap spectrum is observed. Moreover, the fam-
ilies of two-dimensional composite solitons are dis-
cussed [30].
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This work extends the discussion from the spin
degree of freedom F = 2 system [31]. It is known
that there are three phases in spin-2 BECs, i.e.,
ferromagnetic, antiferromagnetic, and cyclic phase.
Here, we consider the spin dynamics of spin-1 dipo-
lar BECs with SOC. For the F = 1 system, only
ferromagnetic and antiferromagnetic phases exist.
The respective typical atoms used in our calcula-
tion are 87Rb and 23Na. We aim to study how the
DDI and SOC a�ect the physical properties of these
two phases.
The layout of this paper is as follows. In

Sect. 2, we present the theoretical model for quasi-
one-dimensional (1D) three-component BECs. In
Sect. 3, we give the main results of this paper, show-
ing the e�ects of SOC and DDI on the time evolu-
tion of spin-exchange dynamics and spatial density
structure. In particular, we analyze the in�uence of
the number of atoms on these issues. Finally, Sect. 4
is devoted to summarizing remarks.

2. Theoretical model

We consider the trap potential harmonically
con�ned along the y�z plane, i.e., ωyz ≫ ωx. In
this case, the radial motion of BEC is frozen. We
assume that all the N atoms with mass M are in
BEC described by the mean-�eld Gross�Pitaevskii
(GP) equation [32, 33]
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t e
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the exponential function. The spin density is
Sν(x) = Σ1

m,m′=−1 (Fν)mm′ ψ†
mψm′ with spin-1

matrices F = (Fx, Fy, Fz).
Numerically, we solve (1) without SOC and DDI

to obtain the ground state via the imaginary time
evolution approach. The normalization condition
and magnetization are

∫∞
−∞ dx ρ(x) = 1 and M =∫∞

−∞ dx [ρ1(x) − ρ−1(x)], respectively. To ensure
the constant of magnetization M and normaliza-
tion, the normalization coe�cients of the three-
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respectively. The real-time propagation with time
splitting method [35] is then performed by
evolving the ground state with the inclusion
of the SOC and DDI, i.e., ψm(t + ∆t) =

Ûψm(t), where the unitary propagator is Û =
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HSP =
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The spatial and time steps are ∆x = 0.011 and
∆t = 0.001, respectively.

3. Results and discussion

In this section, we �rst give the interaction
strengths used in this manuscript. We consider
N = 10000 atoms trapped in quasi-1D trap po-
tential with ωx = 2π × 20 Hz, and the aspect
ratio γ =

ωyz

ωx
is equal to 20. The scattering

lengths a0, a2 for ferromagnetic 87Rb and anti-
ferromagnetic 23Na are 101.8aB, 101.4aB [36] and
50.0aB, 55.01aB [37], where aB is the Bohr ra-
dius. The Landé g-factor gF = 1/2. Under this
parameters condition, the dimensionless interac-
tion strengths (c0, c2, cd) for 87Rb and 23Na are
(885.0,−4.1, 0.37) and (241.0, 7.5, 0.05), and l =
4.69 µm and ω−1

x = 7.96 × 10−3 s are the re-
spective units of length and time employed in
the manuscript. It is known that increasing dipole

strength can accelerate dipole dynamics, which al-
lows one to observe the physical phenomena ear-
lier [38]. Here, we adopt this scheme by increasing
dipole strength by a factor of 30 to reach this pur-
pose, i.e., new dipole strength c′d = 30cd.
We �rst analyze the spin dynamics for 87Rb

atoms without DDI, as shown in Fig. 1. The magne-
tization is �xed as M = 0.3, and the curves drawn
in dashed black, solid red, and dotted blue are for
the components m = 1, 0, and −1, respectively. We
mention that the same symbols of the three compo-
nents are used in the rest of the manuscript. Over-
all, it is obvious that the alternant oscillation ap-
pears and the periodicity is the same between com-
ponent m = ±1, and the spin dynamics of com-
ponent m = 1 is opposite to component m = −1.
In addition, the aperiodic oscillation of component
m = 0 is con�ned to a small range. For Fig. 1a
with λ = 0.4, the initial population N1 decreases
to a minimum at about ta = 30. Then, it increases
to a maximum at tb = 52 for the �rst time. Next,
N1 decreases again and this process continuously

Fig. 1. Populations of spinor components with respect to time for 87Rb atoms. The black, red, and blue lines
correspond to m = 1, 0, and −1 states. The SOC strength λ = 0.4, 0.6, 0.8, and 1.0 for (a), (b), (c), and (d),
respectively. Simulation parameters: M = 0.3, c0 = 885.0, and c2 = −4.1.
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Fig. 2. Density pro�le for 87Rb atoms at di�erent moments: (a) t = 20, (b) t = 40, (c) t = 60, and (d) t = 80.
The black, red, and blue lines correspond to m = 1, 0, and −1 states, respectively. Simulation parameters:
M = 0.3, c0 = 885.0, c2 = −4.1, and λ = 0.6.

proceeds. Here, we truncate the time evolution
in t = 100. In fact, it is easy to envisage the ex-
istence of a second maximum and so on. For de-
scription, we call the curve of time evolution N1

from time 0 to 30 the free induction decay (FID)
signal and from time 30 to 52 the spin echo (SE)
signal. Physically, FID and SE are discussed in mag-
netic resonance imaging. With the increase in SOC
strength λ = 0.6 in Fig. 1b, the time ta and tb de-
crease, and the number of SE increases to 2. For
larger λ = 0.8 in Fig. 1c and λ = 1.0 in Fig. 1d, one
can see that ta and tb are further reduced and the
number of SE becomes 3 and 4. For comparison, we
list the values of ta and tb in Table I. Moreover, we
note that the amplitude for the three components
remains almost unchanged with the increase in SOC
strength.
As an example, Fig. 2 displays the development

of atom density at M = 0.3 and λ = 0.6. It is re-
markable that the density of component m = 0 is
greater than component m = ±1 at the same space
position, and the system presents a miscible con�g-
uration. In [32], the authors also show the miscible
three-component density structure and argue that
the con�guration can be changed from immiscible
to miscible by increasing M. In our calculation, the
magnetization M is �xed, and the immiscible con-
�guration will be seen in the following discussions.

TABLE I

The approximate time ta for the formation of FID
and tb for the �rst arrival of the maximum of SE
at di�erent SOC strengths λ. The parameters ta, tb
and t′a, t

′
b correspond to, respectively, N = 10000 and

N = 1000 � the number of 87Rb atoms. The magne-
tization M = 0.3 in all the cases.

λ ta t′a tb t′b

0.4 30 17 52 30

0.6 20 10 38 19

0.8 10 8 28 15

1.0 8 5 24 12

In the case of the SOC antiferromagnetic con-
densate 23Na, the physical picture changes greatly.
Figure 3a and b presents the spin-exchange dynam-
ics at SOC strength λ = 0.4 and 0.6, respectively.
It is worth pointing out that: (i) there is no SE in
λ = 0.4 and 0.5. The latter is veri�ed in our simu-
lation. To avoid repetition, the spin dynamics cor-
responding to λ = 0.5 is not given. (ii) The number
of SE in λ = 0.6 is 8. It is important to emphasize
that the SE is created abruptly, not gradually, as
in the case of 87Rb atoms. Furthermore, it is ev-
ident that the time spent on the creation of four
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Fig. 3. Populations of spinor components with respect to time for 23Na atoms. The black, red, and blue
lines correspond to m = 1, 0, and −1 states, respectively. The SOC strength λ = 0.4 and 0.6 for (a) and (b).
Simulation parameters: M = 0.3, c0 = 241.0, and c2 = 7.5.

Fig. 4. Density pro�le for 23Na atoms at di�erent moments: (a) t = 20, (b) t = 40, (c) t = 60, and (d) t = 80.
The black, red, and blue lines correspond to m = 1, 0, and −1 states, respectively. Simulation parameters:
M = 0.3, c0 = 241.0, c2 = 7.5, and λ = 0.6.

SE signals is about 50, which is much smaller than
for 87Rb atoms in Fig. 1d. In addition, we also plot
the instant density pro�le. Figure 4 displays the nu-
merical results at λ = 0.6. Compared to Fig. 2, the
most obvious feature is the occurrence of phase sep-
aration. When the component m = 0 lies in the
maximum density, the component m = ±1 is the
minimum. In addition, the density di�erence be-
tween m = 1 and m = −1 weakens from the center
x = 0 towards the peripheral of the condensate.

Next, we investigate the e�ect of DDI on the
spin dynamics and density pro�le. Figure 5a shows
the population of 87Rb atoms at dipole strength
c′d = 30cd and SOC strength λ = 0.6. We �nd that
the qualitative dynamics behavior and the time for
the formation of FID and the �rst arrival of the
maximum of SE coincide with Fig. 1b. The quan-
titative di�erence lies in the formation process of
a SE signal. In the absence of DDI, the oscillation
of the component m = ±1 is faster than in the
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Fig. 5. Populations of spinor components with respect to time for (a) 87Rb and (b) 23Na atoms with DDI.
The black, red, and blue lines correspond to m = 1, 0, and −1 states, respectively. The parameters c0 and c2
for (a) and (b) are 885.0, −4.1 and 241.0, 7.5, respectively. Simulation parameters: M = 0.3, λ = 0.6, and
c′d = 30cd.

Fig. 6. Density pro�le for 87Rb atoms with DDI at di�erent moments: (a) t = 20, (b) t = 40, (c) t = 60,
and (d) t = 80. The black, red, and blue lines correspond to m = 1, 0, and −1 states, respectively. Simulation
parameters: M = 0.3, c0 = 885.0, c2 = −4.1, λ = 0.6, and c′d = 30cd.

presence of DDI. Meanwhile, we observe that
the immiscible density con�guration still holds, as
shown in Fig. 6. It is noted that the dipole�dipole
interactions greatly change the spin dynamics in
SOC spin-2 ferromagnetic condensates such as 87Rb
atoms, indicating that the SE is broken and the
three components individually reach steady pop-
ulation [31]. Nevertheless, the 23Na atoms display

di�erent properties in Fig. 5b when DDI is consid-
ered. The spin echo completely disappears, and the
oscillation of the three components is irregular. Fur-
thermore, the density pro�le in Fig. 7 shows that the
characteristics of phase separation get worse.
It is also interesting to investigate the in�uence

of the number of atoms on the spin dynamics. This
issue is studied by Gautam [39], where the ground
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Fig. 7. Density pro�le for 23Na atoms with DDI at di�erent moments: (a) t = 20, (b) t = 40, (c) t = 60,
and (d) t = 80. The black, red, and blue lines correspond to m = 1, 0, and −1 states, respectively. Simulation
parameters: M = 0.3, c0 = 241.0, c2 = 7.5, λ = 0.6, and c′d = 30cd.

Fig. 8. Populations of spinor components with respect to time with 1000 atoms. The black, red, and blue
lines correspond to m = 1, 0, and −1 states, respectively, for the system with (a) 87Rb, (b) 87Rb with DDI,
(c) 23Na, and (d)23Na with DDI. Simulation parameters: M = 0.3, λ = 0.6.
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state of SOC spin-1 BEC in a quasi-1D potential is
discussed. Here, we focus on the dynamics behav-
ior and set N = 1000, which is 10 times less than
the previous case. Figure 8 shows the populations
of spinor components with respect to time. Four
cases are analyzed: (a) 87Rb, (b) 87Rb with DDI,
(c) 23Na, (d) 23Na with DDI. It is clear that for the
cases in panels (a) and (b) compared with the cases
in Fig. 1b and Fig. 3b the number of SE increases
to 5. That is to say, the reduction of atoms helps
create more SE in the ferromagnetic condensate. As
a consequence, the time spent on the formation of
SE decreases. Similarly, we also list the time ta and
tb at di�erent SOC strengths in Table I in order to
di�erentiate the cases of N = 10000, which are ex-
pressed by t′a and t′b. In panel (c), there is no SE in
the dynamics evolution, which is di�erent from the
results in Fig. 5a. This fact re�ects that the reduc-
tion of atoms is unfavorable for SE generation in the
antiferromagnetic phase. At last, the emergence of
SE is still not seen in panel (d) with the existence of
DDI. This point is consistent with the observation
in Fig. 5b, which implies that the e�ect of the num-
ber of atoms on antiferromagnetic dipolar BECs is
slight.

4. Conclusions

In conclusion, we study the spin dynamics of
spin-1 dipolar BECs with SOC. For the ferromag-
netic 87Rb atoms, our results show that increas-
ing SOC strength favors the gradual appearance
of the SE signal, and the density pro�le for the
three-component BECs is miscible. However, the
scenario changes in antiferromagnetic 23Na atoms.
The number of SE suddenly increases with the in-
crease in SOC strength, and the phase separation of
space density appears. Moreover, the e�ect of DDI
on spin dynamics for 87Rb atoms is small, while it
greatly a�ects the 23Na atoms. As a result, the SE
signal in 23Na atoms disappears and the variation
of the three components is irregular. Also, we �nd
that the miscible con�guration is still kept. How-
ever, the feature of phase separation gets worse.
Finally, we also discuss the in�uence of the num-
ber of atoms on spin dynamics. It is seen that the
decrease in the number of atoms makes the SE in-
crease for the ferromagnetic phase with and without
DDI. In addition, in the absence of DDI, such re-
duction leads to the absence of SE in the antiferro-
magnetic phase and, its e�ect is minor when DDI is
considered.
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