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The layered structures of elastic solids have wide applications in various fields of engineering related to
natural phenomena, foundations, composite structures, and ultrasonic devices, among others. To have a
better understanding of the propagation characteristics of axisymmetric generalized Stoneley waves in a
layered structure, the displacement is constructed using the Helmholtz decomposition method with the
cylindrical formulation, and then the displacement and stress in the layered structure are presented with
potential functions in the wave equations. The transfer matrix method is used to derive the equations of
the axisymmetric Stoneley waves in layered elastic solids in the cylindrical coordinates for solutions of
wave velocity and amplitudes. With a new formulation in cylindrical coordinates, numerical examples
are presented for the dispersion and displacement characteristics of the generalized Stoneley wave of
layered solids. The results show that if a low-speed interlayer is added between two semi-infinite media
where Stoneley waves do not exist, a wave similar to the Stoneley wave, with displacement decaying
exponentially in the semi-infinite direction, can exist. We refer to the Stoneley-like waves that exist in
structures with several interlayers between two semi-infinite media as generalized Stoneley waves.
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1. Introduction

The widely known Stoneley wave is an interface
wave that propagates along the interface of two uni-
form solid half-spaces as the result of the superpo-
sition of an inhomogeneous pressure wave (P -wave)
and inhomogeneous shear vertical wave (SV -wave).
The Stoneley wave has the maximum intensity at
the interface and decreases exponentially away from
the interface until it eventually vanishes. The Stone-
ley wave is named after the British seismologist
Robert Stoneley, and it has significant applications
in seismic exploration and wellbore acoustic log-
ging. The Stoneley waves are most commonly gen-
erated during borehole sonic logging and vertical
seismic profiling. They propagate along the walls of
a fluid-filled borehole. They make up a large part of
the low-frequency component of the signal from the
seismic source, and their attenuation is sensitive to
fractures and formation permeability [1].

Stoneley proved in 1924 that such an interface
wave can only be generated when the parameters
of the two solid media satisfy a specific condition
(the shear wave velocities are almost the same) [2].

It is now known that along an interface between two
isotropic half-spaces satisfying the Wiechert con-
dition, which is widely used in geophysical appli-
cations, the Stoneley wave may propagate with a
velocity that is independent of frequency [3]. Nowa-
days, it is known that the Wiechert condition is a
sufficient but not necessary condition for the exis-
tence of the Stoneley wave [4–6].

The description of elastic waves in media with
any number of layers usually uses matrix meth-
ods, which can be roughly divided into the trans-
fer matrix method and the global matrix method.
The transfer matrix method was first proposed
by Thomson in 1950 [7]. He introduced a trans-
fer matrix that described the displacements and
stresses at the bottom of a layer with respect to
those at the top of the layer. Then, through the
interlayer boundary conditions, the displacements
and stresses at the bottom of the multilayer sys-
tem are related to those at the top. Haskell im-
proved this method in 1953 [8], so the transfer
matrix method is also called the Thomson–Haskell
method. However, due to the instability of the
transfer matrix method solution when dealing with
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large frequency-thickness product [9], Knopoff pro-
posed a global matrix method in 1964 that assem-
bles all interlayer relationships into one matrix. This
method has good robustness, but the calculation is
slow because of the huge matrix [10].

The analysis of propagation of the Stoneley wave
is commonly presented in popular textbooks using
the Cartesian coordinate system. However, it can
also be extended to other coordinate systems, in-
cluding the cylindrical coordinate system, to sim-
plify the solution procedure for specific material and
structural configurations. For a semi-infinite space,
either a Cartesian or cylindrical coordinate system
is appropriate for formulating and solving problems
concerning wave propagation for the wave velocity
and displacements required in applications. Nev-
ertheless, recent studies by our group have shown
that the properties and features of waves are de-
pendent on the chosen coordinate system and also
show significant differences in the vicinity of the ori-
gin [11–13]. As such, the results obtained from dif-
ferent coordinate systems may vary, particularly if
the configuration of materials and structures is un-
certain or the concern is placed in the wave features
near the origin of the coordinate system. In these
cases, it is important to obtain both sets of results
and verify them using an alternative formulation.
This practice is already common in some small-
scale critical applications, such as diagnosing eyes
and other vital organs in medical treatments. It is
therefore necessary to extend such analytical tech-
niques to the analysis of layered structures, which
are of particular interest due to their widespread
engineering applications with critical functions and
circular configurations [14, 15]. Apparently, it is no
longer a standard Stoneley wave problem due to
the presence of additional elastic layers between
two semi-infinite solids, and the generalized Stone-
ley wave is used to refer to the new problem. It is
expected that the formulation and procedure can
find properties of waves similar to the Stoneley
wave.

2. Analysis of the axisymmetric Stoneley
wave in layered solids

For the typical layered structure shown in Fig. 1,
the wave propagation is usually analyzed in the
Cartesian coordinates, and the equations, methods,
and results are dependent on the materials and fre-
quency, or wave velocity, as it is widely known.
In general, the Helmholtz decomposition method
is utilized to split the displacement vector into
two distinct components for a complete represen-
tation [16]. With this technique, the first compo-
nent is the gradient of a scalar potential, which de-
scribes the contribution of P -wave. The second com-
ponent is represented by the curl of a vector poten-
tial, reflecting the displacement component of the
SV -wave. Referring to the layered solids in Fig. 1

Fig. 1. Horizontally layered solids in cylindrical
coordinates.

with cylindrical coordinates, it is assumed that the
displacement vector of the axisymmetric cylindrical
Stoneley wave, denoted by u(r, z), is expressed as
the sum of two components, up and usv, which are
given by ∇Φ and ∇×Hθ, respectively, and Φ is a
scalar potential and Hθ is a tangential vector po-
tential. Specifically, the displacement vector now is

u (r, z) = ∇Φ +∇×Hθ = urer + uzez, (1)

where urer and uzez are displacement component
vectors along the coordinate axes. To simplify the
equations and subsequent analysis, a scalar poten-
tial function Ψ is chosen as

Hθ = −∂Ψ
∂r

. (2)

Then, with the two potential functions Φ and Ψ ,
the equations of motion are(

∂2

∂r2
+

1

r

∂

∂r
+

∂2

∂z2

)
Φ − 1

c2P

∂2Φ

∂t2
= 0,(

∂2

∂r2
+

1

r

∂

∂r
+

∂2

∂z2

)
Ψ − 1

c2s

∂2Ψ

∂t2
= 0,

(3)

where cS represents the S-wave velocity and cP rep-
resents the P -wave velocity, respectively.

In this study, we define ω as the angular fre-
quency, k as the wavenumber in the r direction,
and c, defined as ω/k, signifies the phase velocity.
For the sake of simplicity, e iωt is omitted through-
out the study, where we employ the transfer matrix
method in conjunction with cylindrical coordinates
for our analysis.

With the cylindrical formulation, the formal so-
lutions of the scalar potentials are given as

Φ = J0 (kr)
(
A1 e− iαz +A2 e iαz

)
,

Ψ = J0 (kr)
(
B1 e− iβz +B2 e iβz

)
, (4)
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where J0 (kr) is the zeroth-order Bessel function of
the first kind, and Ai and Bi (i = 1, 2) are unknown
amplitudes. The parameters α and β satisfy the fol-
lowing conditions

k2 = −α2 +
ω2

c2p
and k2 = −β2 +

ω2

c2s
. (5)

Before presenting a complete solution, let
Λ (z) = A1 e− iαz +A2 e iαz,

Ω (z) = B1 e− iβz +B2 e iβz,

Θ (z) = kΩ (z) . (6)
Particularly, in the two semi-infinite layers, as

shown in Fig. 1, when z → ∞, the potential func-
tions Φ and Ψ must be zero. Therefore, it is re-
quired that there is only one term in Λ, Ω and α, β
are pure imaginary numbers. That is to say, in the
semi-infinite top layer

Λ0 (z) = A01 e− iα0z,

Ω0 (z) = B01 e− iβ0z,

kΩ0 (z) = Θ0 (z) , (7)
and in the semi-infinite bottom layer

Λn (z) = An2 e iαnz,

Ωn (z) = Bn2 e iβnz,

kΩn(z) = Θn(z). (8)
As a result, the components of the displacement

vector and the components of the stress tensor are
now written as follows

ur=
∂Φ

∂r
−∂Hθ

∂z
=−

[
kΛ(z) +

∂Θ(z)

∂z

]
J1(kr),

uz=
∂Φ

∂z
+
∂Hθ

∂r
+
Hθ

r
=

[
kΘ(z)+

∂Λ(z)

∂z

]
J0(kr),

τrz=µ

(
∂uz
∂r

+
∂ur
∂z

)
=−2kµ

[
Λ
′
(z)+kγΘ(z)

]
J1(kr),

σz=λθt+2µ
∂uz
∂z

=2kµ
[
kγΛ(z)+Θ

′
(z)
]
J0(kr), (9)

where γ = 1− c2

2c2S
. The displacement–stress vector

is now defined as S = [U1, U2, P1, P2]T, with

U1 = kΛ (z) + Θ
′
(z) ,

U2 = kΘ (z) + Λ
′
(z) ,

P1 = kγΘ (z) + Λ
′
(z) ,

P2 = kγΛ (z) + Θ
′
(z) . (10)

For the convenience of the following notation, we
arrange (9) into the following matrix form

ur
uz
τrz
σz

 = J (r)S, (11)

where

J(r)=


−J1(kr) 0 0 0

0 J0(kr) 0 0

0 0 −2kµJ1(kr) 0

0 0 0 2kµJ0(kr)

 .
(12)

Then let X=[ur, uz, τrz, σz]
T, S=MΓ , where

Γ =


kΛ (z)

kΘ (z)

Λ
′
(z)

Θ
′
(z)

 , M =


1 0 0 1

0 1 1 0

0 γ 1 0

γ 0 0 1

 . (13)

Consequently, the following system of equations is
obtained

ST = MΓT

SB = MΓB

ΓT = GΓB (14)
The equation system above yields the intra-layer
transfer equation of displacement–stress vector

ST = MGM−1SB , (15)
where

G =


cos(γP kh) 0 − sin(γP kh)/γP 0

0 cos(γSkh) 0 − sin(γSkh)/γS

γP sin(γP kh) 0 cos (γP kh) 0

0 γS sin(γSkh) 0 cos(γSkh)

 , (16)

and γs = β
k , γp = α

k . In (14) and (15), the sub-
script T represents the top layer, and B represents
the bottom layer. To differentiate between layers,
the subscript m is used to represent the m-th layer.
At this point, Gm is a matrix that facilitates the
transmission of displacements and stresses across

the entire structure or from the top to the bottom.
Since

(Xm)B = (Xm+1)T , (17)
it follows that

(Sm)B = Rm(Sm+1)T , (18)

249



B. Yu et al.

where

Rm =


1 0 0 0

0 1 0 0

0 0 µm+1

µm
0

0 0 0 µm+1

µm

 , (19)

and µm is the shear modulus of the m-th layer.
Thus, from (15) and (18), it is obtained that

(Sm)T = MmGmM
−1
m Rm(Sm+1)T . (20)

Furthermore, we define the transfer matrix
T (m,m+ 1) = MmGmM

−1
m Rm, (21)

and then (20) can be written simply as
(Sm)T = T (m,m+ 1) (Sm+1)T . (22)

Therefore
(S1)T = T (1,m) (Sm)T , (23)

where
T (1,m) = T (1, 2)T (2, 3) · · ·T (m− 1,m) .

(24)
Because

(X0)B = (X1)T , (25)
where

(X0)B = J0 (r) (S0)B ,

(X1)T = J1 (r) (S1)T ,

(S0)B=k


1 − iγ0S

− iγ0P 1

− iγ0P γ0
γ0 − iγ0S


[
Λ0 (z)

Θ0 (z)

]
,

(S1)T = T (1, n) (Sn)T , (26)
the expanding of (25) results in

J0(r)


1 − iγ0S

− iγ0P 1

− iγ0P γ0

γ0 − iγ0S


[

1 0

0 k

][
1 0 0 0

0 1 0 0

]

−J1(r)T (1, n)


1 iγnS

iγnP 1

iγnP γn

γn iγnS


[

e iαnzn−1 0

0 ke iβnzn−1

][
0 0 1 0

0 0 0 1

]


A01

B01

An2

Bn2

 =


0

0

0

0

 . (27)

The existence of a nonzero solution of (27) requires that the determinant of the coefficient matrix be zero,
i.e.,

det

J0 (r)


1 − iγ0S

− iγ0P 1

− iγ0P γ0

γ0 − iγ0S


[

1 0

0 k

][
1 0 0 0

0 1 0 0

]

−J1 (r)T (1, n)


1 iγnS

iγnP 1

iγnP γn

γn iγnS


[

e iαnzn−1 0

0 ke iβnzn−1

][
0 0 1 0

0 0 0 1

] = 0. (28)

Simplifying (28) to a new form∣∣∣∣∣∣∣∣∣∣


1 − iγ0S

− iγ0P 1

− iγ0P γ0

γ0 − iγ0S


[

1 0 0 0

0 1 0 0

]
−R0T (1, n)


1 iγnS

iγnP 1

iγnP γn

γn iγnS


[

0 0 1 0

0 0 0 1

]∣∣∣∣∣∣∣∣∣∣
= 0, (29)

we obtain the dispersion equation of the Stoneley wave in a layered structure.
Next, these equations are further used for displacement calculations. Solving (27) will yield the fun-

damental solution for the homogeneous equation. The displacements ur and uz of the zeroth-layer
are[

ur
uz

]
= k

[
−J1 (kr) 0

0 J0 (kr)

][
1 − iγ0S

− iγ0P 1

][
A01 e− iα0z

kB01 e− iβ0z

]
. (30)
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The displacements ur and uz of the m-th layer (1 ≤ m ≤ n− 1) are

[
ur
uz

]
= kQ (r)MmGm (z)M−1

m RmT (m+ 1, n)


1 iγnS

iγnP 1

iγnP γn
γn iγnS


 An2 e

iαn

n∑
i=1

hi

kBn2 e
iβn

n∑
i=1

hi

 , (31)

where

Q (r) =

[
−J1 (kr) 0 0 0

0 J0 (kr) 0 0

]
,

Gm (z) =


cos (γmPa) 0 − sin(γmP a)

γmP
0

0 cos (γmSa) 0 − sin(γmSa)
γmS

γmP sin (γmPa) 0 cos (γmPa) 0

0 γmS sin (γmSa) 0 cos (γmSa)

 ,

a = k

(
m∑
i=1

hi − z

)
.

(32)
Similarly, the displacements ur and uz of the n-th layer (bottom semi-infinite layer) are[

ur
uz

]
= k

[
−J1 (kr) 0

0 J0 (kr)

][
1 iγnS

iγnP 1

][
An2 e iαnz

kBn2 e iβnz

]
. (33)

With known solutions of An2 and Bn2, the dis-
placements are obtained, and they can be used for
the evaluation of deformation changes in each layer.
The solution of dispersion relation and displace-
ments is obtained, manifesting the existence of the
generalized Stoneley wave in a layered structure.
Actually, its typical applications are, e.g., borehole
logging and data processing in the oil industry, be-
cause they are a perfect example of layered struc-
tures with the cylindrical formulation and analy-
sis of the generalized Stoneley wave. The current
approach is different from other solutions with the
Cartesian formulation and the bilayer structure and
solutions used in practice. Clearly, it opens up a pos-
sibility of improvement because the layers do have
an effect on the dispersion relation, as demonstrated
in the equations.

3. Numerical examples

3.1. Generalized Stoneley wave in a three-layer
structure

As a practical problem close to the Stoneley wave
with the cylindrical formulation, the analysis of a
generalized Stoneley wave in a layered structure is
presented. Since the solutions of Cartesian coordi-
nates are known, it is definitely interesting to make
comparisons and visualize the differences in a dif-
ferent coordinate framework. For this objective, two
examples of the generalized Stoneley wave in lay-
ered structures of elastic solids are provided with
numerical solutions of dispersion relation and dis-
placements. Of course, the procedure can be applied
to problems of multi-layer structures.

For the confirmation of the existence of the gener-
alized Stoney wave with a layer of elastic solid sand-
wiched between two semi-infinite elastic solids, the
analysis can also be performed to validate the cur-
rent formulation. The three-layer structure of uni-
form elastic solids is shown in Fig. 2. The general-
ized Stoneley wave in such a structure can be eas-
ily conceived, since the shrinkage of the thickness
of the middle layer will become a typical Stone-
ley wave problem, such as that appearing in most
textbooks. It is expected that the displacements in
the two semi-infinite layers will disappear exponen-
tially, as is known to be the case with the stan-
dard Stoneley wave. Of course, such a simple case

Fig. 2. A three-layer structure for the generalized
Stoneley wave with the cylindrical formulation.
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of the generalized Stoneley wave is not thoroughly
investigated for possible applications, even with the
Cartesian formulation. Then, the similar formula-
tion and procedure can be expanded to a structure
with multiple finite layers between the two semi-
infinite layers, extending the analysis to more prac-
tical problems of wave propagation in various en-
gineering applications. Furthermore, the procedure
can be modified to analyze a structure with many
finite layers.

With the three-layer structure shown in Fig. 2,
using the displacement pattern and expressions in
the previous section and considering two interfaces
at z =0 and z = h, the equations of motion take
the form

[
η1 η2 η3 η4 η5 η6 η7 η8

]



Λ0 (h)

Θ0 (h)

kA11

kA12

k2B11

k2B12

Λ2 (h)

Θ2 (h)


=



0

0

0

0

0

0

0

0


,

(34)
where Λ0 (h), Θ0(h), kA11, kA12, k2B11, k2B12,
Λ2 (h), Θ2(h) are amplitudes of displacements, and
the matrices of coefficients are

η1 =



1

− iγP

− iγPµ

−γµ
0

0

0

0


, η2 =



− iγS

1

γµ

− iγSµ

0

0

0

0


, η3 =



−1

iγ1P

iγ1Pµ1

−γ1µ1

e− iP

− iγ1P e− iP

− iγ1Pµ1 e− iP

γ1µ1 e− iP


, η4 =



−1

− iγ1P

− iγ1Pµ1

−γ1µ1

e iP

iγ1P e iP

iγ1Pµ1 e iP

γ1µ1 e iP


,

η5 =



iγ1S

−1

−γ1µ1

iγ1Sµ1

− iγ1S e− iS

e− iS

γ1µ1 e− iS

− iγ1Sµ1 e− iS


, η6 =



− iγ1S

−1

−γ1µ1

− iγ1Sµ1

iγ1S e iS

e iS

γ1µ1 e iS

iγ1Sµ1 e iS


, η7 =



0

0

0

0

−1

− iγP

− iγPµ

−γµ


, η8 =



0

0

0

0

− iγS

−1

−γµ
− iγSµ


,

P = γ1P kh, S = γ1Skh.
(35)

At this point, the calculation of dispersion relation and mode shapes requires the vanishing of the
determinant of the coefficient matrix of (34). With the transfer matrix method in use with (27), it is
obtained that

R1 (a−b)

[
Λ0 (0)

Θ0 (0)

]
= M1G1M

−1
1 R1 (a+b)

[
Λ2 (h)

Θ2 (h)

]
, a =


1 0

0 1

0 γ

γ 0

 , b =


0 iγS

iγP 0

iγP 0

0 iγS

 .
(36)

After further simplification, the above equation is rewritten as(
cM−1

1 R1a+ dM−1
1 R1b

) [Λ2 (h)− Λ0 (0)

Θ2 (h)−Θ0 (0)

]
+
(
cM−1

1 R1b+ dM−1
1 R1a

) [Λ2 (h) + Λ0 (0)

Θ2 (h) + Θ0 (0)

]
= {0} , (37)

where

c =


cos(P ) + 1 0 0 0

0 cos(S) + 1 0 0

0 0 cos(P ) + 1 0

0 0 0 cos(S) + 1

 , (38)
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d =


0 0 − sin(P )

γ1P
0

0 0 0 − sin(S)
γ1S

γ1P sin(P ) 0 0 0

0 γ1S sin(S) 0 0

 .
(39)

From this equation, it is found that
Λ2(h) = Λ0 (0) ,Θ2 (h) = −Θ0(0) or
Λ2(h) = −Λ0(0),Θ2(h) = Θ0(0), implying the
two displacements are out of phase.

For a numerical calculation, the material prop-
erties of the elastic solids are given in Table I, and
the dispersion and displacement solutions are shown
in Figs. 3 and 4.

In Fig. 3, it can be observed that the Stone-
ley wave in a three-layer structure exhibits a com-
plex dispersion relation in a wide frequency range.
Therefore, from this figure, it can be inferred that
at this time, if there is a fundamental mode of the
generalized Stoneley wave with a frequency of f =
3000 Hz, then its phase velocity is c = 3494.3 m/s,
and the wavelength is λ = 1.16 m. There are higher-
order wave modes that show the complicated defor-
mation patterns in the structure, but may possess
the advantage of rich information about materials
and configurations. Using these solutions and pa-
rameters, the calculated displacements are shown
in Figs. 4 and 5. For the displacement of parti-
cles along the longitudinal (z direction), as shown
in Fig. 4, there is a significant difference in the

Fig. 3. The dispersion relation of a three-layer
structure.

TABLE I

Material properties of the elastic solids in the three-
layer structure.

Thickness
[m]

Density
[kg/m3]

S-wave
velocity [m/s]

P -wave
velocity [m/s]

∞ 280 5000 8000
1 333.33 3000.02 4698.96
∞ 280 5000 8000

Fig. 4. Variations of displacements ur and uz with
the depth coordinate z in the three-layer structure.

Fig. 5. Variations of displacements ur and uz of
the interface at z = 0.

magnitude and pattern between the semi-infinite
layers and the middle layer. The displacements of
semi-infinite layers undergo exponential decay, just
like the standard Stoneley wave, while in the mid-
dle layer, the displacements exhibit simple harmonic
oscillation as a bulk wave with two components of
similar strength. Regarding the radial variations of
displacements, as depicted in Fig. 5, the displace-
ment amplitudes decay rapidly with the radius and
then tend to flatten, which is also different from
the typical behavior of plane waves. This is differ-
ent from the Cartesian solutions with constant am-
plitudes. The reason for such a feature is that the
displacement solutions, as given in (33) and earlier
studies [11–13], are in the Bessel functions with the
cylindrical formulation, which decay with the radius
and can eventually be approximated as trigonomet-
ric functions with a large radius, while the Carte-
sian formulation with trigonometric solutions has
the constant amplitudes. Of course, the dispersion
relations with the two formulations are exactly the
same.

Stoneley had proved as early as 1924 that the
Stoneley wave is only generated when the medium
properties of two semi-infinite solids satisfy spe-
cific conditions. However, in the case of generalized
Stoneley wave in layered structures, as shown in the
examples, the limitation is not needed because the
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Fig. 6. The phase velocity of the generalized
Stoneley wave in the three-layer structure with dif-
ferent thicknesses of the middle layer.

TABLE II

Material properties of elastic solids in the three-layer
structure.

Thickness
[m]

Density
[kg/m3]

S-wave
velocity [m/s]

P -wave
velocity [m/s]

∞ 19250 2870 5180
h 2500 2000 2500
∞ 2700 3100 6300

two semi-infinite solids are not directly in contact
with each other, making it possible to generate wave
modes close to the ones of Stoneley wave for pos-
sible applications in sensing and other functions of
layered structures. This can be achieved by chang-
ing the thickness of the middle layer in the three-
layer structure. For example [17], by calculating the
parameters in Table II, we can obtain the phase
velocity versus thickness h of the middle layer in
the three-layer structure for the generalized Stone-
ley wave, as shown in Fig. 6. Obviously, when h = 0,
the wave velocity of the generalized Stoneley wave is
equal to the wave velocity of the two-layer standard
Stoneley wave, which is 2773 m/s.

3.2. Generalized Stoneley wave in a four-layer
structure

We now extend the analytical procedure to a four-
layer structure. Table III shows the structure and
material parameters of the four-layer model. Fig-
ure 7 presents the dispersion curve, and Fig. 8 shows
the displacement diagram of the fundamental mode
of the generalized Stoneley wave in the four-layer
model with a frequency of 2000 Hz, a wave speed of
1630 m/s, and a wavelength of 0.815 m.

Apparently, all the layers, including the semi-
infinite ones, will have effects on the phase veloc-
ity, and the results can be used for the inverse

Fig. 7. The phase velocity–frequency curves of
generalized Stoneley wave in a four-layer structure.

Fig. 8. Displacements ur and uz at r = λ in the
four-layer structure.

TABLE III

Parameters of the structure and materials in the four-
layer model.

Thickness
[m]

Density
[kg/m3]

S-wave
velocity [m/s]

P -wave
velocity [m/s]

∞ 280 5000 8000
1 333.33 3000.02 4698.96
1 888.9 1500 2500
∞ 280 5000 8000

estimation of the material properties, which are im-
portant in geological exploration and earthquake
studies. This is the advantage of the cylindrical
formulation and the layered model of generalized
Stoneley wave presented in this study.

4. Conclusions

It is known that using cylindrical formulation to
analyze the axisymmetric cylindrical wave has a
natural advantage in most cases due to the nature
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of the point excitation and some structural config-
urations. In this analysis, it is found that in a hori-
zontally layered structure, the generalized Stoneley
wave does exist with the signature pattern of expo-
nential decay in the depth of the semi-infinite solids.
Furthermore, the decaying of displacement ampli-
tudes with radius is also a feature distinct from the
cylindrical formulation but is not widely noticed.
Clearly, all these properties are closely related to
the analytical results and, more importantly, to the
estimation of material properties and excitation for
the determination of geological structures in rela-
tion to critical applications. It is believed that the
utilization of the analytical procedure presented in
this study will provide different results from the
Cartesian formulation and that they can be used
as mutual references for the refined characteriza-
tion of targeted structures. Similar applications in
nondestructive testing and healthcare can also take
the same approach to alternative results to enhance
the assurance mechanism.
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