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We analytically derive the updates of a transmission-line network’s interaction matrix and scattering
matrix as a consequence of a fault (an interrupted transmission line). We find that the fault alters not
only the direct coupling between the two nodes that were previously connected by the faulty cable,
but that the fault also alters these nodes’ self-interactions in a non-trivial manner. Given the network’s
topology, it is then possible to remotely localize the fault on the faulty cable based on measurements of
the faulty network’s scattering coefficient(s). Our analytical expressions make it possible to efficiently
calculate the expected scattering matrix for different fault locations (orders of magnitude faster than a
brute-force evaluation). We report a simple demonstration for which we assume to know the network’s
topology as well as which cable is faulty; we identify the location of the fault on the faulty cable by
comparing the broadband scattering coefficient(s) swept across candidate fault locations to the one(s)
measured on the faulty network.

topics: transmission-line network, fault localization, physical-model-based remote sensing, isospectral
reduction

1. Introduction

In a simple cable, a fault is easily localized via
time-domain analysis of the cable’s reflection or
transmission coefficient. In this paper, we are in-
terested in the more challenging problem of local-
izing a fault in a cable that is part of a complex
transmission-line network. Thus, we cannot probe
the cable in isolation nor directly. We can only probe
the cable remotely via asymptotic scattering chan-
nels connecting the network to the outside world.
In general, asymptotic scattering channels are not
directly connected to the faulty cable of interest.

Fault localization in a complex transmission-line
network can be understood as a sensing problem
inside a complex scattering medium. On the one
hand, reverberation in such a complex system can
drastically enhance the achievable resolution be-
cause it boosts the wave’s sensitivity to the per-
turbation of interest. Indeed, we recently demon-
strated a direct link between the resolution with
which an object can be localized inside a chaotic
cavity and the dwell time of the wave inside the
cavity [1]. The chaotic cavity acts essentially like
a generalized interferometer, and the resulting in-
terferometric sensitivity can yield orders of magni-
tude finer resolution than in free space. Deeply sub-
wavelength resolution without capturing evanescent
waves is thereby feasible [1]. On the other hand,
data analysis inevitably must take into account the
complexity of the specific system. In [1], the exact

geometry and material composition of the chaotic
cavity were unknown such that a calibration dataset
had to be measured to characterize the specific sys-
tem’s complexity. In contrast, in the present case
of a transmission-line network, the topology is usu-
ally known, so that its complexity can be taken into
account without the need for calibration measure-
ments.

The considered problem of remotely localizing
a network fault is of practical importance, for in-
stance, to diagnose line outages in large networks.
Currently, such problems are often studied under
simplifying assumptions (e.g., using DC approxima-
tion of AC power flow models) and assuming that a
line outage simply removes the line from the net-
work topology [2]. Our analytical calculations in
the present paper based on a physical model sug-
gest that a fault additionally impacts (in a signifi-
cant and non-trivial manner) the self-interactions
of the nodes that were connected by the faulty
line.

Meanwhile, we note that other physics-based
remote-sensing approaches for transmission-line
networks are currently being explored in the litera-
ture. For example, [3] considers the case of an initial
network being split at various edges and nodes into
two networks; it is shown in [3] that by determining
the networks’ Euler characteristic from scattering
measurements [4], one can determine at how many
edges and nodes the initial network was split —
even without knowing its topology.
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Fig. 1. Considered fault: the cable linking nodes α
and β is interrupted (cut) at a distance L1 from α,
creating two new nodes γ and δ. The sketches show
(a) an intact cable and (b) a faulty cable of interest
within a larger transmission-line network.

Related to the present paper is also a “differential
DORT” technique† for the detection of soft faults
in complex wire networks that is similarly based on
measuring the scattering matrix of the intact and
faulty network, as well as knowledge of the network
topology [5]. The signal processing in this “differ-
ential DORT” technique consists in identifying the
wavefront that focuses on the fault (hence the term
“DORT” in the technique’s name), computing the
field distribution within the network, and compar-
ing it to the baseline field distribution (hence the
term “differential” in the technique’s name). How-
ever, as pointed out in [5], this differential approach
relies on the Born approximation (i.e., the amount
of power scattered by the fault is small, so there is
no significant portion of the wave energy that inter-
acts with the fault more than once). Therefore, the
technique is limited to soft faults, which only weakly
perturb the network. In contrast, the present pa-
per considers hard faults, which are open circuits.
Hence, many interactions with the fault occur, and,
in fact, the resolution improves with the number of
interactions [1].

In the present paper, we derive an analytical ex-
pression for how a fault alters the interaction ma-
trix of a given network and thereby the observ-
able scattering coefficient(s). We numerically vali-
date the derived expressions and demonstrate their
application to remote physical-model-based fault
localization.

†1DORT — decomposition of the time reversal operator

2. Background

In this section, we recall the well-established
background on wave scattering in a transmission-
line network on which our subsequent analysis
builds.

A transmission-line network, also known as a
“quantum graph” [6–8], can be understood as com-
posed of non-resonant scattering entities (its nodes,
i.e., junctions) that have certain couplings between
each other (its bonds, i.e., cables) and with the out-
side world (asymptotic scattering channels). Let us
consider a system composed of n nodes of which
m ≤ n are directly connected to the asymptotic
scattering channel; we assume that each asymptotic
scattering channel is non-dispersively coupled to ex-
actly one node.

The considered transmission-line networks
are also known as Neumann quantum graphs,
and [7, 9, 10] derived an exact expression relating
the system’s scattering matrix S ∈ Cm×m to the
network topology

S = Im − 2i W †
1

H + iWW †
W. (1)

The matrices involved in (1) are defined as follows:
1. Im ∈ Bm×m is the m×m identity matrix.
2. W ∈ Bn×m is the coupling matrix describ-

ing the coupling between each node and each
asymptotic scattering channel. If the i-th
meta-atom is connected to the j-th asymp-
totic scattering channel, the (i, j)-th entry of
W is unity; otherwise, it is zero.

3. H ∈ Rn×n is the interaction matrix of the
transmission-line network. Its (i, j)-th entry
is defined as follows

Hi,j =

−
∑
l 6=i

Ci,l cot(kLi,l), if i = j,

Ci,j csc(kLi,j), otherwise.
(2)

Here, Ci,j is unity if the nodes indexed i and
j are directly connected, and zero otherwise;
Li,j is the length of the cable connecting the
nodes indexed i and j; k is the wavenumber.
In the present paper, we limit ourselves to re-
ciprocal bonds, so H is a symmetric matrix.
Moreover, its dependence on the wavenumber
implies that H, and therefore also S, are fre-
quency dependent.

3. Physics-compliant fault model

The fault considered in this paper is illustrated
in Fig. 1, where the cable of length L linking nodes
α and β is cut at a distance L1 from α. This fault
implies that the direct link between nodes α and β is
interrupted, but this fault is not equivalent to just
removing the cable between α and β. The waves
will still travel along the faulty cable and will be
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Fig. 2. Fault-induced update of the interaction matrix in the reduced n×n basis. The update concerns 2× 2
block of the interaction matrix involving nodes α and β.

reflected by the fault, which we assume to be an
open-circuit end. Therefore, the physics-compliant
fault model consists of two modifications of the orig-
inal network topology:

1. Removal of the cable linking nodes α and β.
2. Creation of two new nodes, γ and δ, which

are directly connected to α and β via cables
of length L1 and L− L1, respectively.

Let us denote by H0 and S0 the interac-
tion matrix and scattering matrix of the intact
transmission-line network of interest, respectively.
Assuming the network topology is known, H0 and
S0 are also known analytically. When a fault ap-
pears, the faulty network is described by H1 and S1.
Note that the dimensions of H1 are (n+2)× (n+2)
because of the two new nodes γ and δ. (Of course,
the dimensions of both S1 and S0 are n× n.)

We assume that we know (i) the network topology
and (ii) which cable is faulty, and we seek to localize
the fault on the faulty cable by estimating L1. Our
next goal is hence to find an analytical expression
for ∆S = S1 − S0 as a function of the sought-after
parameter L1.

4. Interaction matrix update due to fault

As a first step, we seek to identify in this section
how the interaction matrix of our network must be
updated to account for the fault. Without loss of
generality, we index the nodes of the intact network
such that α and β have indices (n − 1) and n, re-
spectively.

So far, we have considered the interaction matrix
always in the canonical basis, where its dimensions
directly correspond to the number of nodes. How-
ever, there are equivalent representations reduced
to a subset of nodes. Indeed, nodes that are not
directly connected to asymptotic scattering chan-
nels can equivalently be understood as merely be-
ing a non-local coupling mechanism between the
remaining nodes. Mathematically, such a reduced-
basis representation is based on the block matrix
inversion lemma. Calculations of reduced-basis in-
teraction matrices were presented in contexts rang-
ing from tight-binding network engineering [11]

to isospectral graph reduction [12]. In particu-
lar, we have recently used them to achieve covert
symmetry-based wave scattering control by encod-
ing the symmetry in the non-local interactions be-
tween “primary” meta-atoms such that the symme-
try is “hidden”, i.e., the symmetry is only appar-
ent in a reduced basis but not in the canonical
basis [13]; very recently, we also used a reduced-
basis representation to formulate and calibrate
compact physics-compliant models of massively
parametrized complex media such as “smart” radio
environments [14, 15].

In the present context, the two fault-induced new
nodes, γ and δ, are certainly not directly connected
to any asymptotic scattering channel (they have
only one connection to α or β, respectively). There-
fore, we can find an equivalent representation of H1

in the basis reduced to the n initial nodes. We begin
by writing H1 in block form

H1 =

[
H1,n X

Y Z

]
, (3)

where H1,n ∈ Rn×n, X ∈ Rn×2, Y ∈ R2×n, and
Z ∈ C2×2. Then, the reduced-basis representation
of H1 is

Hred
1 = H1,n −XZ−1Y. (4)

Since our goal is to expressHred
1 as an update ofH0,

we introduce∆ = H1,n−H0. Now, we can formulate
the impact of the fault as an update of the original
interaction matrix

Hred
1 = H0 + ∆−XZ−1Y = H0 + Γ . (5)

Next, we seek to define the entries of Γ =
∆−XZ−1Y in terms of L1. This procedure is illus-
trated in Fig. 2. The only non-zero entries of ∆ are
the ones in its bottom right 2× 2 block

∆n−1,n−1 = a = cot(kL)− cot(kL1),

∆n−1,n = ∆n,n−1 = b = −csc(kL),

∆n,n = c = cot(kL)− cot(k(L− L1)). (6)
The only non-zero entries of X = Y T are the fol-
lowing two

Xn−1,1 = Y1,n−1 = d = csc(kL1),

Xn,2 = Y2,n = e = csc(k(L− L1)). (7)
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The entries of Z are as follows
Z1,1 = f = −cot(kL1),

Z1,2 = Z2,1 = 0,

Z2,2 = g = −cot(k(L− L1)).
(8)

Ultimately, we find that only the bottom right 2×2
block of Γ is non-zero, i.e.,

Γn−1,n−1 = p = a− d2

f = cot(kL)− cot(kL1)

+
(csc(kL1))

2

cot(kL1)
,

Γn−1,n = Γn,n−1 = b = −csc(kL),

Γn,n = q = c− e2

g = cot(kL)− cot (k(L− L1))

+
(csc

(
k(L− L1))

)2
cot (k(L− L1))

.

(9)
Therefore, the fault has not only removed the

direct coupling between α and β, but it has also
changed the self-interactions of α and β in a non-
trivial way. One possible interpretation is that in
the reduced basis, α and β are now resonant be-
cause they have a cable of length L1 or L− L1, re-
spectively, with open-circuit termination attached
to them.

5. Scattering matrix update due to fault

In the previous section, we expressed the impact
of the fault as an update (parametrized by L1) of
the interaction matrix. In this section, we now eval-
uate how the scattering matrix of the network is
updated due to the fault. As seen in (1), to go from
the interaction matrix H to the scattering matrix
S, the matrix G = H + i WW † must be inverted.
We define

G1 = Hred
1 + i WW † = H0 + Γ + i WW † =

G0 + Γ = G0 + UDV, (10)
where

U =

[
0n−2,2

Q

]
and V =

[
0n−2,2

T Q−1
]
,

(11)
and where QDQ−1 is the eigendecomposition of
the bottom right 2 × 2 block of Γ , and 0n−2,2 is
a (n− 2)× 2 matrix of zeros.

Based on the Woodbury matrix identity, we ob-
tain
G1
−1 = G0

−1 −G0
−1U

(
D−1+V G0

−1U
)−1

V G0
−1

(12)
and hence
S1 = I − 2iW †G1

−1W =

S0+2iW †
[
G0
−1U

(
D−1+V G0

−1U
)−1

V G0
−1
]
W.

(13)

Fig. 3. Considered random transmission-line net-
work. Each of the two red nodes is directly con-
nected to one asymptotic scattering channel. The
location of the fault, at which the faulty cable is
interrupted, is highlighted in green.

Next, we seek to express Q and D in terms of
L1 so that we can analytically relate the change of
the observable scattering coefficient(s) to L1. The
analytical eigendecomposition of the bottom right
2× 2 block of Γ yields

Q =

−(q − p+ z)

2b

p− q + z

2b
1 1

 ,
D = diag

([
p+ q − z

2

p+ q + z

2

])
,

(14)
where z =

√
p2 − 2pq + q2 + 4b2, and the diag(·)

operator constructs a diagonal matrix from a vector.
Equations (13) and (14) are the key result of the

present paper, analytically relating the update of S
due to the fault to L1.

6. Application to an example network

In this section, we consider a specific example net-
work (i) to validate the key result of our analytical
calculations (i.e., (13)) and (ii) to demonstrate its
use for fault localization.

6.1. Numerical validation of (13)

We consider the example random transmission-
line network shown in Fig. 3. Two asymptotic scat-
tering channels are connected to the network, and
one of the network’s inner cables is interrupted by
a fault. We assume the wave speed to be 70 % of
the speed of light in free space.

In Fig. 4 we plot the frequency-dependent scat-
tering coefficients of the intact (blue) and faulty
(red) networks. The fault altered the network’s scat-
tering matrix very significantly. The blue and red
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Fig. 4. Comparison of the frequency-dependent scattering coefficients in terms of magnitude (a) and phase
(b) for the intact network (blue), the faulty network (red), and the faulty network evaluated with (13) (yellow).

curves are evaluated with the brute-force approach
from (2). However, in the case of the faulty network,
the scattering coefficients can be more efficiently
evaluated as updates of the intact network’s scatter-
ing coefficients using (13), yielding the yellow lines
in Fig. 4. The agreement between red and yellow
lines validates the analytical expression from (13).

6.2. Remote model-based fault localization

The faulty network’s transmission coefficient
S21(f) is a wave fingerprint of the fault’s loca-
tion [1, 16, 17]. Given (13), we can now analytically
calculate the expected transmission spectra for dif-
ferent candidate fault locations L1, in order to iden-
tify the one that best explains the measured S21(f)
of the faulty network.

For the sake of simplicity, we assume negligible
measurement noise. For our analysis, we restrict
ourselves to a rather small (arbitrarily chosen) fre-
quency interval, 37.3<f<49.8 MHz, with 50 linearly
spaced frequency points. We consider 1000 linearly
spaced candidate values of L1 between zero and the
length of the cable connecting α and β in the intact
network. For each candidate value of L1, we com-
pute the correlation coefficient of the transmission
spectrum with that measured on the faulty network.
Our estimate of L1 is then simply the candidate
value with the highest correlation coefficient. Our
results displayed in Fig. 5 provide an accurate es-
timate of L1, orders of magnitude better than the
smallest measured wavelength (4.2 m for 49.8 MHz).

Of course, the data analysis method can be re-
fined to endow it with robustness against mea-
surement noise [1] and/or environmental perturba-
tions [17], for example by training an artificial neu-
ral network for the wave fingerprint identification,

Fig. 5. Demonstration of remote model-based
fault localization for the faulty network from Fig. 3.
The vertical magenta-colored line indicates the
ground-truth value of L1.

as reported in [1, 17] for localization in a chaotic
cavity. The application of these techniques to the
localization of faults in transmission-line networks
is left for future work. The main purpose of the
present work is to demonstrate that in the case of
a transmission-line network, wave-fingerprint-based
localization techniques can be applied using an effi-
cient physics-compliant model, instead of having to
collect experimental calibration data.

7. Conclusions

To summarize, we have derived an analytical
expression for the update of a transmission-line
network’s scattering matrix due to a fault. We
found that besides removing the direct connection
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between two nodes, a fault also significantly alters
the self-interactions of these two nodes in a rather
complicated manner. Using the derived physics-
compliant model, we remotely localized the fault
in an example random network with high accuracy
based on the faulty network’s transmission spec-
trum. Looking forward, the signal-processing as-
pects of the methodology can be refined to remove
the need for knowing which cable is the faulty one,
and to be resilient against noise and environmental
perturbations. Naturally, experimental validations
at various scales are also envisioned.
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