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The ferromagnetic Weyl semimetals, such as Co3Sn2S2, feature pairs of Weyl points characterized by
the opposite chiralities. We model this type of semimetals by the inversion symmetry protected and the
time reversal symmetry broken Bloch Hamiltonian. It involves terms representing the tunnelling effect,
exchange field corresponding to the ferromagnetic order, chirality index of Weyl points with related
energy parameters, and the angle formed by the spin magnetic moments and the axis perpendicular
to the system-plane. While for the in-plane spin moment order the Weyl nodes are absent at some
points of the first Brillouin zone, the bands of opposite chirality non-linearly cross each other with
band inversion at Weyl points for the spin moment order along the perpendicular axis. The absence of
linearity implies that the system is unable to host massless Weyl fermions. We also show that, in the
absence of the exchange field, the incidence of the circularly polarized radiation leads to the emergence
of a novel state with broken time reversal symmetry.
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1. Introduction

A ferromagnetic Weyl semimetal (WSM) can-
didate, such as Co3Sn2S2, features pairs of Weyl
points [1–18] characterized by the opposite chiral-
ities together with band inversion unlike a type-
II WSM MoTe2 [19]. The shandite compound
Co3Sn2S2, in the absence of a magnetic field, is
known to be in the ferromagnetic phase for tem-
perature T < Tc = 177 K. However, at higher tem-
peratures (T > Tc), it is a paramagnet. In their
seminal theoretical investigation, Ozawa and No-
mura [17, 18] reported about this Weyl node feature,
starting with an archetypal model of Co3Sn2S2.
However, clarity regarding the nodes possessing op-
posite chirality was seemingly missing. They as-
sumed that the angle formed by the spin moments
and the axis perpendicular to the plane of the sys-
tem was zero. Moreover, it was shown that this fer-
romagnetic compound, with magnetic kagome lat-
tice, hosts massless Weyl fermions and gives rise to
a strong intrinsic quantum anomalous Hall (QAH)
effect.

In this study, in order to examine the Weyl
nodes of opposite chirality feature, we have started
with a much simpler model of ferromagnetic WSM
(FMWSM), which is a variant of that in [20, 21].
The essential ingredients of the model are terms rep-
resenting the tunnelling effect, the exchange field
(∆) representing the ferromagnetic order, the an-
gle formed by the spin moments and the axis per-
pendicular to the plane, and the chirality index

(ξ = ±1) of the expected Weyl nodes and the re-
lated energy parameter (ζ) determining the shift of
the nodes. It should be emphasized that the pa-
rameters (ξ, ζ), which were not taken into consider-
ation in [17, 18], are the crucial parameters. It is
due to these parameters that we have been able
to show the presence of the Weyl points of op-
posite chirality in the band structure of FMWSM
with band inversion in a certain parameter range,
when the angle formed by the spin moments and
the axis perpendicular to the plane of the system is
zero. We found, however, the lack of the presence
of the Weyl nodes at some points in the Brillouin
zone (BZ) in the case of the in-plane spin order. In
Sect. 2, we have calculated the anomalous Hall con-
ductivity (AHC) based on this model. The surface
exposition to circularly polarized radiation (CPR)
in the case of WSM thin films has been rarely ex-
plored so far. We also report the outcome of this
light–matter interaction, namely a fledgling novel
phase with broken time reversal symmetry (TRS)
despite ∆ = 0, with an extension of our model
Hamiltonian.

The paper is organized in the following manner.
In Sect. 2, we present the above-mentioned simple
model of FMWSM bulk with all essential parame-
ters leading to the formation of Weyl node pairs of
opposite chirality. We obtain the Berry curvature
(BC) and the anomalous Hall conductivity. The lat-
ter depends on the angle formed by the spin mo-
ments and the axis perpendicular to the plane. In
Sect. 3, we report the emergence of a novel phase
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with broken TRS due to the normal incidence of
circularly polarized radiation. We discuss some is-
sues related to the Ozawa–Nomura model [17, 18]
in Sect. 4. The paper ends with brief concluding
remarks in Sect. 5.

2. Weyl nodes of opposite chirality

We embark on analysing a simple momentum-
space model Hamiltonian and the corresponding
electronic band structure (in this section) since
physics is about the simplest model that fits the
data. Before we do this, it should be mentioned
that the two-orbital archetypal model of A. Ozawa
and K. Nomura [17, 18] represents the ferromag-
netic WSM Co3Sn2S2 with great details with the ef-
fective Kane–Mele type spin–orbit coupling (SOC)
between the Co atoms in the kagome plane. The
unit cell includes three Co atoms on the kagome lat-
tice and one Sn atom on the triangular lattice. The
Co atoms give rise to the ferromagnetic order. The
model is described by a primitive lattice with three
basis vectors: a1, a2, and a3, where a1 = a( 12 , 0,

c
a ),

a2 = a(− 1
4 ,
√
3
4
c
a ), and a3 = a(− 1

4 ,−
√
3
4 ,

c
a ). These

authors set c
a =

√
3
2 . In the case of bulk Co3Sn2S2,

the lattice parameters are 5.37 Å and 13.15 Å
along a- (b-) and c-directions, respectively. The an-
gle α = 59.91647◦ (58.33◦). The angle between di-
rections a and b is γ = 118.78◦ ≈ 120◦. We will dis-
cuss some of the outcomes of this model in Sect. 4.
The high-symmetry points (HSPs) in the recipro-
cal space are important for describing the electronic
and magnetic properties of solids. Our calculation
outcomes of the coordinates of HSPs in the mo-
mentum space, setting c

a =
√
3
2 , are T (0, 0, 0.5774),

U (0.5556, 0,0.5774), W (−0.5556, 0, 0.5774), and
L (0.6670, 0, 0.1925). The calculation leans heavily
on the article [17, 18]. We use these results below in
graphical representations (with HSPs indicated in
the plots) of the single-particle excitation spectra
of our continuum model. Here, one needs to keep in
mind that, depending on the conventions used for
defining the reciprocal lattice vectors and the choice
of the primitive cell, there may be some differences
in the exact coordinates of high-symmetry points
reported in different studies or databases. However,
the relative positions of the high-symmetry points
and their symmetry properties should be consistent
among different descriptions.

The Weyl point pairs of opposite chiralities are
exhibited by FMWSM, as mentioned earlier. In mo-
mentum space, they act as a paired monopole and
anti-monopole of Berry curvature. The simple con-
tinuummodel of FMWSM in [20–22] in the modified
form is given by H4B =

[(
M(kx, ky, kz)−ξζ

)
σz +

ξ}v k · σ + ∆(η1, η2) · σ
]
. We shall assume be-

low } = 1. The model is expected to exhibit the
Weyl nodes of the opposite chirality feature. Here,
M(kx, ky, kz) = M0 − M1a

2(k2x + k2y) − M1c
2k2z

with k = (kx, ky, kz) and M0, M1 as the relevant
material-dependent parameters in units of energy.
There is no spin–orbit coupling term in the Hamil-
tonian H4B . We have assumed ckz = ckz0 = 0.5774
and 0.1925 for the graphical representations be-
low. The termM(kx, ky, kz) captures the tunnelling
effect. The Pauli matrices σ are acting in the
space of bands that make contact at Weyl point
pairs. The term v stands for the velocity of the
states. We have included the spin magnetic mo-
ment (clubbed with the exchange field) ∆(η1, η2)
to take care of the ferromagnetic order. Thus, the
model lacks the time reversal symmetry (TRS). The
directions of the magnetic moments are given by
∆(η1, η2, θ) = ∆(η1 sin(θ), η2 sin(θ), cos(θ)), where
η21 +η

2
2 = 1. For example, η1 = 0, 0.8,±

√
3
2 , . . . , and

η2 = 1, 0.6,± 1
2 , . . . . This general spin structure de-

pends on the angle θ formed by the spin moments
and the axis perpendicular to the plane. The value
θ = 0 corresponds to the ferromagnetic order along
the z-direction, whereas θ = 90◦ corresponds to the
in-plane spin order. We shall see that the general
structure enables us to analyze the problem of the
Weyl node formation in a clearer way. The essen-
tial ingredients mentioned above lead to a pair of
Weyl nodes, as shown in Fig. 1a (ckz0 = 0.5774)
and Fig. 1b (ckz0 = 0.1925) for θ = 0, η1 = 0, and
η2 = 1. Here, we have plotted the four energy eigen-
values of H4B , namely ej (kx, ky, kz = kz0) with
j = (1, 2, 3, 4). These are

ej = ±
[(
M ± vkz0 +∆ cos(θ)∓ ζ

)2
+ v2K2

+∆2 sin2(θ)± 2v∆ sin(θ)
(
η1kx + η2ky

)]1/2
(1)

as a function of akx for the chemical potential of
the fermion number µ = 0, where K = (kx, ky).
The bands of opposite chirality almost linearly cross
each other (with band inversion) at Weyl points
along the kx axis (at kx = ±kw) in some parameter
ranges. It must be noted that even a slight deviation
from linearity implies that the hosted Weyl fermions
are not perfectly massless. The Weyl points are lo-
cated above and below the Fermi level (EF = 0).
The points behave as monopoles of Berry curva-
tures with positive and negative chirality. The nu-
merical values of the parameters used in the plots
are ∆ = 1, M0 = 0.23, M1 = 3, µ = 0, ζ = 0.8,
v = 0.26, θ = 0, η1 = 0, and η2 = 1. However,
the plots in Fig. 1c and d are different. While in
Fig. 1c there is no Weyl point pair, in Fig. 1d, the
two points of the pair do not seem to be equidistant
from kx = 0. The tentative conclusion is that the
in-plane spin order lacks the presence of the Weyl
nodes at some points in the Brillouin zone (BZ). We
shall seek the confirmation below by examining the
Berry curvature. In this paper, except for the case
of the light–matter interaction in Sect. 3, and the
Ozawa–Nomura model in Sect. 4, we choose ∆ to be
the unit of energy (∆ = 1). Thus, the energy values
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Fig. 1. Plots of the energy eigenvalues in (1) as a function of kx for ky = 0, kz0 = 0.5774 (a) and 0.1925 (b).
The numerical values of the parameters used are M0 = 0.23, M1 = 3, ∆ = 1, µ = 0, ζ = 0.8, v = 0.26, θ = 0,
η1 = 0, and η2 = 1. The bands of opposite chirality almost linearly cross each other (with band inversion) at
kx = ±kw (c, d). The numerical values of the parameters used are M0 = 0.23, M1 = 3, ∆ = 1, µ = 0, ζ = 0.8,
v = 0.26, θ = π/2, η1 = ±

√
3

2
, and η2 = −1/2. The solid horizontal lines represent the Fermi energy EF = 0.

in Figs. 1–3 are dimensionless numbers. Similarly,
the wave vector is made dimensionless by multiply-
ing them by lattice parameter a.

The intrinsic anomalous Hall conductivity
(AHC) may be calculated by integrating the
Berry curvature on a k-mesh-grid of the Bril-
louin zone. The expression of AHC is σxy =

−( e
2

h )
∑
n

∫
BZ

d3k
(2π)3

f(en(K, kz0)−µ) Ωz
n(K, kz0)

at a given value of kz = kz0 , where µ is the chemical
potential of the fermion number, n is the occupied
band index, f

(
en(K, kz0) − µ

)
is the Fermi–Dirac

distribution, and Ωz
n(K, kz0) is the z-component

of the Berry curvature (BC) for the n-th band.
Here-in-after, we shall drop kz = kz0 appearing in
the argument of various function above. Using the
Kubo formula, one can calculate
Ωz
n(K) =

−2}2Im

[ ∑
m 6=n

〈n,K|v̂x|m,K〉 〈m,K|v̂y|n,K〉(
en (K)− em (K)

)2
]
.

(2)

Here, k = (kx, ky, kz) is the Bloch wave vec-
tor, en(kx, ky) = e(K) is the band energy,
|n, kx, ky〉 are the Bloch functions of a single
band. The operator v̂j represents the velocity
in the j direction. We recall that for a system
in a periodic potential and its Bloch states as
the eigenstates, the identity 〈m,K ′|vα|n,K〉 =
1
} (en(k

′
x, k
′
y)−em(kx, ky)) 〈m, k′x, k′y| ∂∂kα |n, kx, ky〉

is satisfied. This requires the Heisenberg equation
of motion i} dx̂

dt = [x̂, Ĥ]. Upon using this identity,
we obtain Hall conductivity in the zero tempera-
ture limit as σxy = ν ( e

2

} ), where ν =
∑
n νn, νn =∫ ∫

BZ
d2k

(2π)2 Ωxy(kx, ky). The z-component of the

Berry-curvature is Ωxy(kx, ky) = (
∂An,y
∂kx

− ∂An,x
∂ky

) =

−2 Im〈∂ψn,K∂kx

∣∣∂ψn,K
∂ky
〉, where ψn,K = |n,K〉. The

vector potential An(kx, ky) is the Berry connection,
and ∇K×An(kx, ky) = Ωn(kx, ky) is the Berry cur-
vature. Since TRS is broken in Co3Sn2S2 due to its
intrinsic ferromagnetism, it possesses finite values of
Berry curvature throughout the Brillouin zone and
sharp peaks at the locations of the Weyl nodes.
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Fig. 2. The 3D plots of the z-component of the Berry curvature as a function of (kx, ky). Here, the eigenvectors
corresponding to eigenvalues in (1) have been used — (a) ckz0 = 0.5774 and (b) ckz0 = 0.1925. The angle θ
formed by the Co spin moments and the axis perpendicular to the plane is zero and the factors η1 = 0 and
η2 = 1 ((c) kz = 0.5774, θ = π/2, η1 = 0.8660, and η2 = −0.5; (d) ckz0 = 0.5774θ = π/2, η1 = 0.80, and
η2 = 0.6). The used parameter values are ∆ = 1, ζ = 0.8, µ = 0.019, M0 = 0.23, M1 = 3, and v = 0.10. The
Hall conductivity is (a) σH = 0.8274 ( e

2

} ), (b) σH = 1.0343 ( e
2

} ), (c) σH = 0.0778 ( e
2

} ), and (d) σH = 0.0836 ( e
2

} ).
The dashed line in the polar graph represents the variation in the anomalous Hall conductivity value with the
angle θ for η1 = 0.80, and η2 = 0.6.

In Fig. 2a and Fig. 2b, we have plotted the z-
component of the Berry curvature as a function of
(kx, ky) for ckz0 = 0.5774 and ckz0 = 0.1925, re-
spectively. Here, the eigenvectors corresponding to
eigenvalues in (1) have been used. We find peaks

at the location of nodes. The parameter values in
Fig. 2a and b are ∆ = 1, ζ = 0.8, µ = 0.00,
M0 = 0.23, M1 = 3, v = 0.10, θ = 0, η1 = 0, and
η2 = 1. The Hall conductivity is σH = 0.8274 ( e

2

} )
in the former case, while in the latter case, it is
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σH = 1.0343 ( e
2

} ). The BCs corresponding to the
in-plane spin order (θ = 90◦) are shown in Fig. 2c
and d for ckz0 = 0.5774. In Fig. 2c, η1 = 0.8660
and η2 = −0.5, whereas in Fig. 2d — η1 = 0.80
and η2 = 0.6. The Hall conductivity is found to
be σH = 0.0778 ( e

2

} ) and σH = 0.0836 ( e
2

} ) for the
former and the latter cases, respectively. The non-
appearance of sharp peaks in BC in these figures
clearly validates our note above regarding the lack
of the presence of the Weyl nodes. The variation in
the value of the anomalous Hall conductivity with
the angle formed by the spin moments and the axis
perpendicular to the plane is shown in Fig. 2e for
η1 = 0.80 and η2 = 0.6.

In order to re-confirm the non-appearance of
the sharp-peak aspect, we carry out an investi-
gation with an extension [20–22] of the Hamil-
tonian H4B . The extension, which corresponds
to the eight-band Hamiltonian, may be given as
H8B = [M(kx, ky, kz) − ξζ + ξ v ckz0 ] τ0 ⊗ σz +
∆ cos(θ)τz ⊗ σ0 + ξv κx τz ⊗ σx + ξv κy τz ⊗ σy,
where the renormalized wave vector components are
ξv κx = [ξv kx + η1∆ sin(θ)] and ξv κy = [ξv ky +
η2∆ sin(θ)]. As before, we shall assume kz = kz0 =
0.5774 and 0.1925. The Pauli matrices σ and τ are
acting in the space of bands that make contact at
Weyl point pairs. It must be mentioned that the
Kane–Mele type spin–orbit coupling [17, 18, 23] is
absent in this model. The eigenvalues of this Hamil-
tonian for kz = kz0 are

Ei (kx, ky, kz0) = ±∆ cos (θ)±
[
(M+v kz0−ζ)

2

+ v2
(
k2x + k2y

)
+∆2 sin2(θ) + 2v∆ sin(θ)

× (η1kx + η2ky)
]1/2

(3)

for i = 1, 2, 3, 4, and

Ej (kx, ky, kz0) = ±∆ cos(θ)±
[
(M−vkz0+ζ)

2

+ v2
(
k2x + k2y

)
+∆2 sin2(θ)− 2v∆ sin(θ)

× (η1kx + η2ky)
]1/2

(4)

for j = 5, 6, 7, 8. Whereas the single-particle ener-
gies Ei(k) (i = 1, 2, 3, 4) correspond to ξ = +1, the
energies Ej(k) (j = 5, 6, 7, 8) — to ξ = −1. We
have plotted these energy values as a function of
akx in Fig 3. While there are two pairs of nodes in
Fig. 3a (kz0 = 0.5774) at kx = (±kw1 ,±kw2) and
the band-touching at the T point for θ = 0, η1 = 0,
and η2 = 1, in Fig. 3b (ckz0 = 0.1925) there are
four pairs as shown for same values of θ, η1, η2. The
bands of opposite chirality non-linearly cross each
other, with the band inversion, at these Weyl points.
The absence of linearity implies that the system is
unable to host massless Weyl fermions. The param-
eter values in Fig. 3a and b are ∆ = 1, ζ = 0.8,
µ = 0.00, M0 = 0.23, M1 = 3, and v = 0.10. The
single-particle excitation spectra have been plotted
in Fig. 3c and Fig. 3d for ckz0 = 0.5774 and ckz0 =

0.1925, respectively, with the same parameter val-
ues, but θ = π

2 , η1 =
√
3
2 , and η2 = −0.5. In Fig. 3c,

there is no Weyl point pair. In Fig. 3d, however, the
two Weyl points are equidistant from kx = 0. There
are only four bands in these figures due to the van-
ishing of the term ∆ cos(θ). Figure 3c re-confirms
the lack of the presence of the Weyl nodes at some
points in the first BZ for the in-plane spin order.

3. Interaction of polarized radiation
with WSM film

The radiation-induced response has been found
to be very useful in gaining a deep comprehension
of the unusual properties of WSM films [24–26].
Though some features of Weyl physics in Co3Sn2S2
thin films have been investigated [27–29], the sur-
face exposition to circularly polarized radiation
(CPR) in the case of FMWSM thin films has been
rarely explored so far. We now carry out this in-
vestigation for FMWSM with an extension of the
model Hamiltonian H8B by adding the inter-block
coupling matrix hz = 1

2 [vkz(τx + iτy) ⊗ σx +
vkz(τx − iτy) ⊗ σx]. In order to obtain the surface
state Hamiltonian hsurface, we make the replace-
ment ckz → − ic∂z and look for states localized
within the surface z = 0 of the form exp(− ikzz).
We seek such a value of the unknown wave num-
ber kz (kz = − iχ, where χ > 0) for which the
exponential exp(−cχ z

c ) � 1 for z > 0. For ex-
ample, if we assume χ ∼ 1 and z

c ' 5, the ex-
ponential exp(−cχ zc ) ∼ exp(−5) which is much
smaller than unity. Given that the parameter c '
17 nm for Co3Sn2S2 crystal structure, we obtain
z ' 85 nm. Therefore, kz = − iχ (χ > 0) ensures
a decaying term for z > 0 in the surface states.
The example shows that there is possibility of a
fairly localized states at z = 0. The surface state
Hamiltonian obtained in this manner is of the form
hsurface(kx, ky, ξ, ζ, χ) = ϑ(kx, ky, ξ, ζ, χ) τ0 ⊗ σz +
∆ cos(θ)τz⊗σ0+ξv a κx τz⊗σx+ξv a κy τz⊗σy+hz1,
where hz1 = 1

2 i [χv(τx+iτy)⊗σx+χv(τx− iτy)⊗σx],
ϑ(kx, ky, ξ, ζ, χ) = [M(kx, ky, χ) − ξζ + ξv c χ], and
M(kx, ky, χ) =M0−M1a

2K2−M1c
2χ2 with K =

(κx, κy). The renormalized wave vector components
(κx, κy) are already defined in Sect. 2. As we see be-
low, this form is suitable for investigating the inter-
action of CPR with FMWSM film using the Floquet
theory.

In the Floquet framework [30], the time-
dependent problem could be mapped into an ef-
fective time-independent formulation analogous
to the Bloch theory involving quasi-momentum.
We assume the normal incidence of CPR on the
surface of FMWSM thin film with the thick-
ness d=50 nm. Suppose the optical field of
frequency ω incident on the film is of wavelength
λin≈1700 nm. Therefore, the ratio d/λin≈0.029�1.
Upon assuming incident optical field as
E(t) = −∂A(t)

∂t = −E(cos(ωt), cos(ωt + ϕ), 0),
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E = A1ω, where ϕ is the phase term and
A1 is the amplitude of the corresponding vector
potential A, we make the Peierls substitution
hsurface(t) = hsurface(k− e

}A(t)). The dimensionless
quantity a2A2

0 = (aeE}ω )2 corresponds to the light
intensity. In particular, when the phase ϕ = 0
or π, the optical field is linearly polarized. When
ϕ = +π/2 (ϕ = −π/2), the optical field is
left-handed (right-handed) circularly polarized.
Our Hamiltonian hsurface(t) = hsurface(t + T ), i.e.,
becomes time-periodic with the angular frequency
ω and period T = 2π/ω upon taking the field into
consideration. The Floquet theory can now be ap-
plied to our system. The solution of the Schrödinger
equation of the system involving Floquet quasi-
energy ε appears as |κ(t)〉 = exp(− iεt)|κ(t)〉,
similar to the Bloch formalism. Upon extending
this comparability further, one arrives at the fact
that the Floquet state satisfies |κ(t)〉 = |κ(t + T )〉
and, therefore, could be expanded in a Fourier
series |κ(t)〉 =

∑
n exp(− inωt) |κr〉, where n

is an integer. Then the wave function, in
terms of the quasi-energy ε, has the form
|κ(t)〉=

∑
n exp(− i(ε/~+nω)) |κr〉. This leads to an

infinite dimensional eigenvalue equation in
the extended Hilbert space [31], namely∑
s hsurface,r,s |κsn〉=(s}ω δr,s+ 1

T

∫ T
0

dt hsurface(t) ×
e i (r−s)ωt) |κsn〉 = εn|κsn〉. The matrix element of the

Floquet Hamiltonian is now given by hsurface,µ,ν =

µ}ω δµ,ν+ 1
T

∫ T
0

dt hsurface(t)e
i (µ−ν)ωt, where µ

and ν are integers. These lead to a static ef-
fective Hamiltonian, in the off-resonant regime,
using the Floquet–Magnus expansion [32–39]
for high-frequency as hFlsurface(k)=hsurface,0,0+
1
}ω [hsurface,0,−1, hsurface,0,1] + O(ω−2), where
hsurface,µ,ν = 1

T

∫ T
0

dt hsurface(t)e
i (µ−ν)ωt with

µ 6= ν. We now consider the case where ∆ � M1.
In this case, we obtain

hsurface,0,0 = ϑ (kx, ky, ξ, ζ, kz0) τ0 ⊗ σz

+ξv kx τz ⊗ σx + ξv ky τz ⊗ σy + hz1

−M1(a
2A2

0) τ0 ⊗ σz, (5)

hsurface,0,−1 = iM1

(
akx + e− iϕaky

)
aA0 τ0 ⊗ σz

− i

2
ξ(vA0) τz ⊗ σx −

i

2
ξ (vA0) e

− iϕ τ0 ⊗ σy
(6)

hsurface,0,1 = − iM1

(
akx + e iϕaky

)
aA0 τ0 ⊗ σz

+
i

2
ξ(vA0) τz ⊗ σx +

i

2
ξ(vA0)e

iϕ τ0 ⊗ σy.
(7)

Upon using these results, we can write the Floquet Hamiltonian, in units such that } = 1, as

hFlsurface(kx, ky) =


ϑ+OP ξA+

OP (ak−) 0 − iA+
OP c χ

ξA+
OP (ak+) −ϑ+OP − iA+

OP c χ 0

0 iA−OP c χ ϑ−OP −ξA−OP (ak−)
iA−OP c χ 0 −ξA−OP (ak+) −ϑ−OP

 , (8)

ϑ±OP (kx, ky, ξ, ζ, χ) =

(
M0−M1a

2(k2x+k
2
y)−M1c

2χ2

−ξζ − iξv c χ

)
+

(
a2A

2
0M1 ∓

v2

a2
sin(ϕ)

)
,

(9)

A±OP =
v

a

(
1∓ 2M1 sin(ϕ)

(
a2A2

0

ω

))
, (10)

k∓ = kx ∓ iky. (11)

We now obtain quite an interesting result. Suppose
we drop the renormalized inter-block coupling ma-
trix (the counterpart of hz1) from (8). We assume
the time reversal operator as Θ = − iτ0 ⊗ σyK. We
find ΘhFlsurface(kx, ky)Θ

−1 = hFlsurface(−kx,−ky) +
4
ωA

2
0v

2 sin(ϕ)σz⊗τz, where ΘhFlsurface(kx, ky)Θ−1 =

hFlsurface(−kx,−ky), when ϕ = 0 or π, i.e., when the
optical field is linearly polarized. In this case, the

time reversal symmetry (TRS) is not broken. How-
ever, when ϕ 6= 0 or π, TRS is broken. This result
may be interpreted as the emergence of a novel state
with broken TRS (despite ∆ = 0) due to the inci-
dence of the circularly polarized radiation. The op-
tical field is left-handed circularly polarized for ϕ =
+π/2, whereas it is right-handed for ϕ = −π/2. One
may note that, in the former case, there is a critical
intensity of the incident radiation a2A2

0 ≈ }ω
2M1

at
a given frequency at which the A+

OP will be zero. In
the latter case, for the same critical value, A−OP will
be zero. This may affect the topological nature of
the material. Furthermore, it is worth mentioning
that hFlsurface(kx, ky,∆ = 0) is the Qi–Wu–Zhang
(QWZ) model [40–43] when the inter-block cou-
pling matrix is hz1 dropped in (8). The Hamiltonian
hFlsurface(kx, ky,∆ = 0) corresponds to the quantum
spin Hall (QSH) state as shown by these authors.
The case, when hz1 is retained, needs a detailed
investigation.
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Fig. 3. Plots of the energy eigenvalues in (3) and (4) as a function of kx for ky = 0. The numerical values
of the parameters used are M0 = 0.23, M1 = 3, ∆ = t1 = 1, µ = 0, ζ = 0.8, and v = 0.1 ((a) ckz0 = 0.5774,
θ = 0, η1 = 0, and η2 = 1; (b) ckz0 = 0.1925, θ = 0, η1 = 0, and η2 = 1). The bands of opposite chirality
almost linearly cross each other (with band inversion) at kx = ±kwj (c) ckz0 = 0.5774, θ = π

2
, η1 = 0.8660,

and η2 = −0.5. There is no Weyl point pair when (d) ckz0 = 0.1925, θ = π
2
, η1 = 0.8660, and η2 = −0.5. The

two Weyl points are equidistant from kx = 0.

4. Ozawa–Nomura model of Co3Sn2S2

The transition metal-based kagome compound
Co3Sn2S2 is a charge transfer metal, where the p
bands of post-transition metal atoms overlap and
hybridize with the transition metal d bands near
the Fermi level. An archetypal tight-binding model
was put forward by Ozawa and Nomura [17, 18]
for the compound Co3Sn2S2. In this model, the in-
tralayer lattice vectors and the interlayer lat-
tice vectors of kagome layers (the first-nearest-
neighbour vectors) are represented, respectively,
by ((b1, b2, b3), (d1,d2,d3)), and (c1, c2, c3). This
model involves the nearest-neighbour and the next-
nearest-neighbour hopping parameters denoted by
t10 and t2, respectively, between the orbitals in the
kagome plane. It also involves the hopping integral
(tdp) between the nearest Co and Sn1 sites [17, 18],
the Kane–Mele type spin–orbit coupling (tsoc) [23],
and the nearest-neighbour hopping parameter (tz)
between the interlayer orbitals. The parameter t10

was set as a unit of energy. Thus, energy values
in in Figs. 4 and 5 are dimensionless numbers. The
momentum-space representation of the Hamiltonian
matrix, in the basis (d†k·A,σ, d

†
k,B,σ, d

†
k,C,σ, p

†
k·σ)

†
is

expressed as

H =


−J |m|σz A1 A2 B1

A∗1 −J |m|σz A3 B2

A∗2 A∗3 −J |m|σz B3

B∗1 B∗2 B∗3 εpσ0

 ,

(12)
where
A1 = −2t10 σ0 cos (b1 · k)− 2t2 σ0 cos (d1 · k)

−2tz σ0 cos (c1 · k) + 2itsoc σz cos (d1 · k) ,
(13)

A2 = −2t10 σ0 cos (b3 · k)− 2t2 σ0 cos (d3 · k)

−2tz σ0 cos (c3 · k)− 2itsoc σz cos (d3 · k) ,
(14)
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Fig. 4. Plots of the dimensionless energy eigenval-
ues Ej(k) (j = 1, 2, . . . , 8) corresponding to the ma-
trix in (12) as a function of akx for aky = 0, and
ckz = 0.5774. The numerical values of the various
parameters are t10 = 1, t2 = 0.6, tz = −1.0, tdp =
1.80, εp = −3.5, and J = 2.0 as in [17]. In panel
(a) tsoc = 0, while in panel (b) tsoc = 1.80. The
vertical (horizontal) lines indicate avoided crossing
momenta (the Fermi energy EF = 0).

A3 = −2t10 σ0 cos (b2 · k)− 2t2 σ0 cos (d2 · k)

−2tz σ0 cos (c2 · k) + 2itsoc σz cos (d2 · k) ,
(15)

B1 = −2itdp σ0 sin
(
1

2
a1 · k

)
,

B2 = −2itdp σ0 sin
(
1

2
a2 · k

)
,

B3 = −2itdp σ0 sin
(
1

2
a3 · k

)
.

(16)
Here, d†

kȦ,σ
and p†k·σ are the creation operators cor-

responding to d- and p-electrons, respectively. The
letters (A,B,C) are sub-lattice indices. The σ

′

js
are the Pauli matrices. Thus, the Hamiltonian H
is an 8 × 8 matrix. The term −J |m|σz describes
the ferromagnetic ordering within the mean-field
approximation, and the energy difference between
p orbital and d orbitals is represented by εp. We

Fig. 5. Plots of the energy eigenvalues Ej(k)
(j = 1, 2, . . . , 8) corresponding to the matrix in (12)
as a function of akx for aky = 0, and ckz = 0.1925.
The numerical values of the various parameters are
t10 = 1, t2 = 0.6, tz = −1.0, tdp = 1.80, εp = −3.5,
and J = 2.0 as in [17]. In panel (a) tsoc = 0, while
in panel (b) tsoc = 1.80. The vertical (horizontal)
lines indicate avoided crossing momenta (the Fermi
energy EF = 0).

need to lean on numerical analysis to obtain the
eigenvalues of (12). We use the ‘Matlab’ package
for this purpose. Here, we choose a kj-path includ-
ing a high-symmetry point. We assume the follow-
ing dimensionless values of the various parameters:
t10 = 1, t2 = 0.6, tz = −1.0, tdp = 1.80, εp = −3.5,
tsoc = 1.80, and J = 2.0 as in [17]. We assign
the above-mentioned numerical values to the pa-
rameters appearing in the expressions of the ma-
trices (A1, A2, A3, B1, B2, B3) in (13) to (16). The
numerical values of the eigenenergy and the corre-
sponding eigenvectors are obtained using the com-
mand [V,D] = eig(H). This command returns diag-
onal matrix D of eigenvalues and matrix V, whose
columns are the corresponding right eigenvectors, so
that H V = V D. For each k-point in the chosen kj-
path, this process is repeated. The plots of the en-
ergy eigenvalues Ej(k) (j = 1, 2, . . . , 8) as a function
of akx, obtained in this manner, are shown in Figs. 4
and 5 for aky = 0. In Fig. 4, ckz = 0.5774 and
the Kane–Mele type spin–orbit couplings are (a)
tsoc = 0 and (b) tsoc = 1.80. In Fig. 5a, ckz = 0.1925
and tsoc = 0, whereas in Fig. 5b — ckz = 0.1925 and
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tsoc = 1.80. The results in Figs. 4 and 5 show that
the Weyl point pairs of opposite chiralities together
with band inversion (when tsoc = 0) are conspicu-
ous by their absence, though the avoided crossing
features (indicated by vertical lines in the plots) in
the absence of tsoc are in place. When tsoc 6= 0,
the anticrossing feature is present with the opening
of spectral gaps at some points in the first Bril-
louin zone (BZ). It must be added that, as shown
in [17, 18], there is an emergence of the nodal lines
centred at the L point of BZ. This has already been
noted in Sect. 1.

5. Conclusions

Our investigation does not include many details
from [17, 18], as mentioned in Sect. 4. Notwith-
standing their absence, the noteworthy feature is
that we have been able to show that, for the spin
order along the axis perpendicular to the plane of
the system, the bands of opposite chirality almost
linearly cross each other together with band inver-
sion at Weyl points above and below the Fermi level;
for the in-plane spin order, however, the Weyl nodes
are absent at some points in the Brillouin zone. Yet
another interesting fact is that, strictly speaking, we
get the dispersion relations in the non-linear form
around the crossing points. Thus, in this case, mass-
less Weyl fermions are a very remote possibility. In
fact, the Weyl fermions with mass seem to be a cen-
tral feature of the TRS-broken WSM [44, 45]. These
are highlights of the present report.

In conclusion, we have also shown the manipu-
lation of topological states of matter by shedding
light on them; we found the possibility of the emer-
gence of a novel phase with broken TRS (despite
∆ = 0). The novel TRS-broken phase could be es-
tablished as the QSH phase only when one calcu-
lates the spin Chern number [46]. As in [46], this
requires an additional term in the system Hamil-
tonian, namely the Rashba spin–orbit coupling
(RSOC) hRSOC = [− 1

2α0 sin(kya) τx ⊗ (σz+σ0) +
1
2α0 sin(kxa) τy ⊗ (σz+σ0)], where α0 stands for the
strength of RSOC. It should be mentioned that
a new non-centrosymmetric magnetic WSM, i.e.,
CeAlSi [47], has been identified recently via angle-
resolved photoemission spectroscopy. Furthermore,
upon substituting Sn with In (Co3Sn2−xInxS2),
the system under consideration changes from a
ferromagnetic WSM to a nonmagnetic insula-
tor [48]. Zhou et al. [49] have observed an en-
hanced anomalous Hall effect in the compound
Co3Sn2−xInxS2. Also, the spin Hall conductivity of
the Ni-substituted Co2Ni1Sn2S2 exhibits peak-like
dependence, as shown in [50]. These problems need
extensive investigation. A theoretical study of the
compound CeAlSi is our immediate future task. Fi-
nally, it is expected that our theoretical investiga-
tion will open a new pathway for ultrafast manoeu-
vring of topological phases in quasi-3D FMWSMs.
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