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We discuss the possibility of localizing an electron in a highly excited Rydberg state. The second-order
correlation of emitted photons is the tool for the determination of electron position. This second-order
correlation of emitted radiation and, therefore, the correlation of operators describing the acceleration
of the electron allows for a partial localization of the electron in its orbit. The correlation function is
found by approximating the transition matrix elements by their values in the classical limit. It is shown
that the second-order correlation, depending on two times, is a function of the time difference and is
a periodic function of this argument with the period equal to the period of the corresponding classical
motion. The function has sharp maxima corresponding to large electron acceleration in the vicinity of
the “perihelion.” This allows the localization of the electron in its consecutive approach to the perihelion

(2023)

point.
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1. Introduction

The measurement process, since the early days
of quantum physics, has been one of the central is-
sues in many attempts to understand the relation
between the classical and quantum description of
physical systems [1] (for a more recent analysis,
see, e.g., [2]). The most common theory of quan-
tum measurement [3-5] assumes that the quantum
system is coupled to a meter. The interaction be-
tween them entangles the two systems. The mea-
surement, described as a projection onto the state
of the meter, provides information on the state of
the system. Continuous measurements of quantum
systems treated as stochastic processes were first
considered in [6] in the context of photon counting.
The formalism based on path integrals was initiated
in [7] and further developed in [4] (see also [8]).

The classical motion of the electron bound in
a Coulomb field is periodic. The wavefunction de-
scribing the bound electron in a stationary state
does not show any time-dependent features. Time
dependence, and hence classical features of wave-
functions, can be obtained for non-stationary states,
linear combinations of energy eigenstates with dif-
ferent energies. Such a construction is well known
in the case of a harmonic oscillator, and the most

classical states are well-known coherent states [9]
(see also, e.g., [10]). The corresponding time-
dependent states in the case of Rydberg states were
introduced in [11] (see also [12-15]).

Another point of view was presented in [16],
where it is pointed out that when a measurement
breaks the time-translational symmetry of a sta-
tionary state, a periodic motion of the system is
initiated. This approach was further elaborated
in [17, 18].

The classical limit of quantum mechanics is still
a vivid subject of investigation (see, e.g., [19]). One
of the recently discussed problems in this area re-
lates to the successive measurements of particle po-
sition and detection of the trajectory. Most of the
interest has been limited to free particles, and not
much has been done in the case of bound states.

Quantum description of the hydrogen atom is
well known. All energies and wavefunctions of sta-
tionary states are well known. The classical limit
is approached in the limit of large quantum num-
bers — the wavefunction should be related to classi-
cal trajectories. This relation has been discussed in
many papers. Both time-dependent states, analogs
of harmonic oscillator coherent states, and station-
ary states in the limit of high excitation were shown
to exhibit classical features.
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In this paper, we will present yet another aspect
of the classical limit in the case of Rydberg states.
Namely, we will use the radiation emitted from the
highly exited state to determine the electron posi-
tion as a function of time. Detection of radiation at
a given time breaks the time-translational symme-
try and allows observation of the time dependence of
subsequent evolution. This approach provides a par-
tial but straightforward way of estimating the el-
ements of the time-dependent classical trajectory
hidden in the stationary wavefunction.

Radiation from a quantum system, such as a hy-
drogen atom, is usually studied in the frequency do-
main. The spectrum consists of several lines. Mea-
surement of the spectrum is not the only possibil-
ity — time dependence of radiation can be studied
as well. The time dependence of the spontaneous
emission from a highly excited vibrational state of
a diatomic molecule was used to determine the time-
dependent relative position of the constituents. This
allowed us to demonstrate the time dependence of
various states, such as coherent states and others,
e.g., the Schrodinger cat state [20]. Let us note that
in the case of Rydberg states with the principle
quantum number n = 100, the characteristic fre-
quency of radiation is v ~ 10'° Hz, so the time de-
pendence of the radiation for times smaller than 1/v
is within experimental reach. Radiation observed for
such small times of the order of 1/v exhibits differ-
ent features as compared to the long-time measure-
ments. This and the relation to the position mea-
surement will be discussed below.

2. A simple case — harmonic oscillator

We will begin the discussion of electromagnetic
radiation in the time domain and its relation to the
measurement of the electron position with a sim-
ple example of a harmonic oscillator. The charged
particle oscillates with the frequency w along the
2 axis; its motion is given by x(t) = Acos(wt).
This electron is a source of electromagnetic radia-
tion. We will find the x component of the electric
field in the far zone along the y axis (to simplify the
geometry). We have, in the dipole approximation,

e
E‘w(.l?,7 t) = _47T€0R Wzl‘cl(tret)a (1)

where t,.t = t — |R|/c is the retarded time, and
c is the speed of light. We have skipped the R
dependence of the field — it is just like in clas-
sical electrodynamics, namely E, ~ R™!. It fol-
lows from (1) that the electric field oscillates with
the frequency w. This classical treatment does not
take into account radiation damping, thus it is valid
only for a short time, shorter than the characteristic
damping time.

We will now discuss an emission of radiation, tak-
ing into account the quantum nature of the oscilla-
tor. We will concentrate on the highly excited states
of the oscillator and hence on the classical limit.

The position of an oscillating particle is described
by the position operator x. It can be expressed in
terms of the lowering and raising operators a and
at, respectively, as follows
(a+a')

N

,/%, h is the Planck constant, and

r = X9 (2)
where g =
M denotes the mass of the oscillating particle. The
component E, of the electric field operator (the ra-
diated part) in the dipole approximation is given by

e

E(R,t) = dreg R
just like in the classical case. This time, however,
the electric field is an operator, and we will find
the expectation values of this operator. We assume
that at time ¢t = 0, the oscillator is in the energy
eigenstate |n) with energy E,, = hwn. Thus the ex-
pectation value of the x operator, and hence of the
E.(r,t) operator, is equal to zero. The first-order
correlation function becomes

1 e2
(Be(R 1) Bu(R 1)) = 5 g w'ad

W2 (trer), (3)

X [n elwlta=t) 4 (n + %) e_i‘”(tr“)] (4)

In the case of the highly excited state, i.e., when
n > 1, we can approximate y/n(n+1) = n =
v/n(n —1). Then we get
<E:C(R7 tQ)Ew(Rv t1)> =
2

e
720.;4;16311(305 (w(tg—h)), (5)

(47T60R)

just as in the classical case. The average intensity of
radiation given by the first correlation function at
to = t1 is a constant. The first correlation function
for to > t1 gives the spectrum of radiation and, in
this case, consists of one line only.

The second-order correlation function is more in-
teresting. For n > 1, we get

(E2(R, 1) EX(R, t,)) = n? {1 + cos (2w(t2—t1))] .
(6)

The second correlation function oscillates with the
frequency 2w. This tells us that the maxima of radi-
ation occur every half period of the electron motion.
Thus, the second correlation function can be used
to determine the position of the oscillating particle
in the vicinity of a turning point. The high inten-
sity is due to the large acceleration of the oscillat-
ing charge and this takes place when the electron
is close to one of the turning points. Thus, if high
intensity has been detected at ¢;, then the elec-
tron will reach another turning point half the pe-
riod later, and the intensity will be high once more.
Thus, the time dependence of the second correlation
function provides information about the motion of
the electron. The information is not complete, as
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the radiation does not distinguish between the two
turning points. It is worth noting that the corre-
lation function allows the detection of the particle
close to the turning point in spite of the dipole ap-
proximation.

3. Classical radiation from Kepler orbit

Before we discuss radiation from the Rydberg
states, we will give a classical description of mo-
tion in the Coulomb field [21]. If the motion is in
the xy plane, the coordinates x and y as functions
of time are given by

z(t) = a[cos (£(t)) — €],
y(t) = a/1— € sin (£(t)),

where
wt + ¢ = £(t) — esin (£(1)), (8)
where ¢ is an arbitrary phase. The radial variable

r = y/x2 + y2 can also be expressed as a function
of time

r=all —ecos (£(1))]. (9)

The parameters a, w, and € characterize the tra-
jectory. They can be related to energy and angular
momentum in the standard way [21].

We will also need more general trajectories that
differ by an orientation in the plane of the motion
described by the phase x and by the phase of the
motion, . Thus we define

X (t) = a(t) cos(x) + y(t) sin(x),

Y (t) = —(t)sin(x) + y(t) cos(x),

(7)

(10)

with wt + ¢ = £(t) — esin(&(t)).

The classical description of the radiation of
a charge moving along such an orbit is found to be
in complete analogy to the harmonic oscillator case.
We will use the dipole approximation since the size
of the orbit is much smaller than the characteristic
wavelengths of the emitted radiation. The electric
field in the far zone is given by

E(R,t) = %n x [nx a(tre)], (11)

where a is the acceleration, and n = R/|R|. Radi-
ation damping is neglected, as in the previous sec-
tion.

Also, the Fourier decomposition of the trajectory
can be found (see [21]). Here we will give the Fourier
decomposition of the x variable

x(t) = Zexp(ik(wt+gp)) Tk, (12)
k
where
a
= [Jk_l(ke) — Jei(ke)], E£0. (13)
A similar formula holds for y(t). This will be used
in the next section.

Tk

4. Classical limit of matrix elements

From now on, we will use atomic units.

Consider the quantum description of an atom in
a highly excited energy eigenstate. We label the
states by standard quantum numbers: n — principle
quantum number, [ — angular momentum quantum
number, and m — magnetic quantum number. The
energy FE, of this state depends on the principal
quantum number n as E, = —1/(2n?). We will be
interested only in states with m = [, thus, we will
skip the magnetic quantum number to avoid confu-
sion. This means that the wavefunctions considered
in this paper are well concentrated in the xy plane,
which is perpendicular to the angular momentum.
This can be seen from the explicit form of the spher-
ical harmonics function |Y;(0, ¢)|?> ~ sin?(6) that
has a sharp maximum at ¢ = 7 for large [. We
will, therefore, not consider the wavefunction de-
pendence along the z axis.

The expectation values of the radiated field de-
pend on the matrix elements of the position op-
erator between the quantum states of the atom,
ie, (Wniilz|Yw ), where z is the coordi-
nate. In spherical coordinates, x = rsin(f) cos(p),
and a similar expression is valid for the gy co-
ordinate, y = rsin(f)sin(p). The wavefunctions
Una1(r0,0) = Ry (r)Y:(0,¢) are the standard
states of the hydrogen atom, with R, ;(r) describ-
ing the radial part of the wavefunction and Y; ; (6, ¢)
denotes the spherical harmonics. Because of selec-
tion rules, these matrix elements are different from
zero only if I’ =1+ 1.

The radial part of the matrix element of r* (for
any k), i.e.,

/ dr r2+kRn’l(r)Rngl/ (r), (14)
0

can be found explicitly in terms of special func-
tions [22]. In fact, the classical limit of this expres-
sion, valid for n — oo, I = oo with [/n = const, has
been found in [23]. In this limit, (14) approaches
the Fourier transform of the classical trajectory
Tk sicar fOr the frequency w = (E,—FE,/)/h. The
classical trajectory r(t) corresponds to the aver-
age energy E = L(E, + E,) and the eccentricity
e =+/1— (I/n)?. Thus, for the matrix element of r,
we find for I’ =1 £ 1 that

7’L2

2(n—n’)
% [Tnrs (0=1)e) = T (n=n')e)].

(15)
where ag denotes the Bohr radius, and € corresponds
to the eccentricity of the classical orbit with en-
ergy and angular momentum equal to the average
of the energies of the initial and final state. It should
be noted that (15) is analogous to (5) for the har-
monic oscillator, where y/n(n + 1) is replaced by n
for large quantum numbers n.

U U rn, 1,1) =~ ag
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Fig. 1. The first correlation function of accelera-

tions (23) (normalized to the average square of ac-
celeration) as a function of w(t2—t1) for two periods
(e =0.8).

The transition elements for x can also be found
<n',l—|—1,l—|—1’x|n,l,l> +{n',1-1,1-1|z|n,1,1)

SE (16)
where x,,_, is given by (13). These formulas allow
describing the radiation from the Rydberg states
using classical approximations.

The values of the matrix elements can be modeled
classically by random trajectories. Consider then
the trajectories

X(t) = x(t) cos(x) + y(t) sin(x),

Y (t) = —z(t) sin(x) + y(t) cos(x), (17)

with wt + ¢ = € — esin(€). The quantities ¢ and x
are random phases, with uniform distributions be-
tween 0 and 27. In this case, the expectation values
of the x and y operators are equal to the mean val-
ues of the classical quantities X and Y with the
same values of energy and angular momentum.

5. Radiation from a Rydberg state

In this and subsequent sections, we will use
atomic units in the description of a quantum state.

The electric field E(R,t) in the far field is given
by the same formula as in the classical field, with
the difference that the acceleration a is an operator
acting on the quantum state of the system consist-
ing of an electron and the photon vacuum. In the
quantum case, also the electric field is an operator.
Thus, for the radiated part of the field, we get in
the dipole approximation

E(Rt) = % nx [nx altre)], (18)

where mn is the unit vector in the direction of the
observation point, n = %.

In what follows, we will find the expectation val-
ues of the electric field, as well as the first and sec-
ond correlation function. It should be noted that the
radiation is weak, and therefore the measurement of

light intensity in the classical sense is questionable.
The expectation value of the electric field squared
at a given point should be understood as the photon
counting rate.

We assume that at ¢ = 0, the state describes the
photon vacuum and the atom is in the state v, ; ;.
This requires matrix elements of the operators x
and y and their second derivatives over time.

The first correlation function of the £ component
of the field radiated in the y direction is given by

<aa: (t2,ret) Ay (tl,'r‘et ) >
(47eoR)?

(Ex(R,12)Ex(R, 1)) = :
(19)
The expectation value of the product of accelera-
tions will be found in the classical limit. First, we
will linearize the energy in the vicinity of the initial

state energy with the principal quantum number ng.
We get

1 n—n
Ep~—F5 4+ ——o. 20
2n(2) + ng ( )

This allows for the approximation of the expecta-
tion values of the acceleration operator a(t) by the
expectation values of the r operator

(n',1=1,1- 1’am(t)’n,l,l> ~
—(n—n')’w§ exp (—i(n—n)wot) Tp_n,
(21)
with wg = 1/n3. Thus, for the two-time correlation

function of acceleration in the state |n,,1), the fol-
lowing can be found

(aa(t2)as(t)) = > _(n, L Uz[n/ V)T |2|n, 1,1)
n'l’
x exp (iw(ty — t1)(n —n')). (22)
The same can be expressed by the correlation of the
classical trajectories

(a0 (t2)aq(t1)) z/% dy X (t) B2X (1)

2 21 dt% dt%

(23)

This is a good approximation for large n and [. The
main point is that the matrix elements of the angu-
lar part

/d0 sin(f) d¢ Y;,(0, @) sin(@)ei“" Yi1:-1(0, ),

(24)
hence the matrix element of the position oper-
ator x weakly depends on [ for large [. The
correlation function obtained above is shown
in Fig. 1.

From the above considerations, it follows that the
average intensity of radiation is proportional to the
correlation function at ¢; = t5 and does not depend
on time. The Fourier transform of the correlation
function

/dt (ag(t)ag(0)) exp(ikwt) (25)
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determines the radiation spectrum. Thus the spec-
trum of radiation from a Rydberg state can be ap-
proximated by the spectrum of radiation from the
corresponding classical orbit.

6. Second order correlation

In this section, we will discuss the second-order
correlation function of the radiation originating
from a Rydberg state. This is given by

Glta, 1) = (Ba(t) Balta) Bu(t2) Ea(tr) ). (20)

The state is, as before, the photon vacuum and the
Rydberg state of the atom. Expressing the electric
field by the acceleration of an electron in the atom,
we get

G(tg,tl) = % exXp (721 nw(t1 — tQ))
><<ax(t1)ax(tg)ax(tg)ax(h». (27)

Just as before, we insert a complete set of states
|n,l,1) between the a operators and apply the ap-
proximation of [ independence of the matrix ele-
ments in the case of large [. This leads to the fol-
lowing representation of the correlation function

1 dy [dy
G(t%tl):ﬁ/% o

d?X (t2) d®X (t2) d®X (t1) d®>X (t1)
dt3 dt2 de? de?
Integration over the angle x can be done explicitly,
whereas integration over the angle ¢ has to be done
numerically.

This is our final result. It gives the second corre-
lation function of radiation emitted by the atom in
a Rydberg state. The formula is approximated and
valid for small time differences to — t; because it
does not take radiation damping into account. It is
valid only in the case of Rydberg states with large
n and large [, with the maximal magnetic quantum
number m = .

An example of the second-order correlation func-
tion is shown in Fig. 2. One can notice very strong
correlation of radiation for small times — much
smaller than the period of motion — and the pe-
riodic behavior of the correlation.

(28)

7. Conclusions

Electromagnetic radiation from an atom in the
Rydberg state can be used to partially localize the
electron on the orbit. According to the classical view
of radiation, the electron moves along an elliptic or-
bit and emits radiation most efficiently when the
acceleration is large. This happens when the elec-
tron is close to the nucleus. The quantum wave-
function ¢ (r, 8, ¢) describing the electron state does
not indicate the time when the electron is close
to the nucleus. Therefore the emitted radiation is
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Fig. 2. The second-order correlation function of
accelerations (27) (normalized to the square of the
average square of acceleration) as a function of
w(t2 — t1) for one period (e = 0.8). Panel (b) shows
the same for smaller values of time difference.

time-dependent, and its period reflects the period
of motion. The time-averaged intensity, as well as
the spectrum of radiation, is constant in time (for
a relatively short time; radiation damping is not
taken into account). The second correlation func-
tion, G(t2,t1), depends on the time difference to —t;
and is a periodic function of time, with the fre-
quency of the classical electron motion.

In the quantum language, the atom is in a highly
excited Rydberg state with the principal quantum
number n. The state is stationary, therefore, the
average intensity of emitted radiation is constant
in time. The spectrum is stationary since radiation
damping is neglected, and consists of several nar-
row lines corresponding to the transition to lower
energy states. The second correlation function, how-
ever, breaks the time translation symmetry, and this
unravels the time evolution of radiation. Based on
the measurement of radiation, we can reconstruct
the motion of the electron.

The second correlation function was found in the
classical approximation, however, its meaning is in-
deed purely quantum. The classical approximation
means that transition matrix elements have been
approximated by the corresponding classical expres-
sion. If exact expressions for the matrix elements
had been used, the result would have been very sim-
ilar. The calculations would have been numerically
more complex.
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We have to stress that electron localization is
limited by the uncertainty principle. Thus in the
case of the state with orbital quantum number [,
the angle localization is possible up to 27/l. While
in the case of large [ considered here, this is not
a strong limitation, it does play a significant role in
the case of | of the order of 1, even for states with
large principle quantum numbers n.

Our results show that the correlation function is
strongly time-dependent. This correlation function
clearly shows that if a strong and short impulse
of radiation is detected, the next such pulse will
come after one period of the corresponding classi-
cal motion, or in the quantum language, after time
T =2n/(E,— E,_1). This is due to the large accel-
eration of an electron in the vicinity of the nucleus.

The first strong pulse localizes the electron at this
point and breaks the time independence of the ra-
diation. The second pulse comes after one period.
Between the strong pulses, the radiation is much
weaker because of the small acceleration. Thus the
observation of the time dependence of radiation al-
lows the localization of the Rydberg electron in the
vicinity of the nucleus.

This method of localizing an electron on the or-
bit is non-standard. The recent approach to quan-
tum particle localization is based on successive
measurements of a single particle. Measurement
means entangling the particle with another system
— a pointer — and then the measurement of the
pointer state. In the present approach, the electro-
magnetic field serves as the pointer. The electron
position is not measured directly — remember the
dipole approximation — the electron acceleration is
being measured. Obviously, the second-order corre-
lation gives a deeper insight into the dynamics than
the average values of observables. Also, it provides
some insight into the measurement process in quan-
tum mechanics, due to which the difficult process
of position measurement is replaced by a standard
measurement of radiation.

We have to point out that the approach described
in this paper does not discuss the probabilities of
single measurements, but rather it discusses aver-
ages such as a correlation function. Nevertheless, it
is a possible way of detecting the motion of an elec-
tron along a trajectory.
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