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We study atomic number fluctuations in a spinor Bose–Einstein condensate and use it to characterize
behaviors of dynamical quantum phase transitions. We observe that the quench dynamics of the atomic
number fluctuations exhibit a nonanalytical change with respect to a parameter in the final Hamilto-
nian and demonstrate that the atomic number fluctuations can be used to detect both the ground state
phase diagram and the highest energy state quantum phase transition. We further analyze the dynamics
of atomic number fluctuations for finite magnetization and show that the quantum fluctuations could
also be used to probe the phase transitions of the highest energy level and the ground state.

topics: atomic number fluctuations, spinor Bose–Einstein condensate, dynamical quantum phase tran-
sitions

1. Introduction

In recent years, nonequilibrium quantum many-
body dynamics have attracted significant interest
and seen rapid progress due to experimental tech-
nology advances in various physical systems, such as
trapped ions [1, 2], Rydberg atoms [3], and ultracold
atoms [4–6]. A most important question in this field
is dynamical quantum phase transition (DQPT),
which usually arises when the quench dynamics un-
dergo a nonanalytic change with respect to a system
parameter in a quenched Hamiltonian of the sys-
tem [2–6]. Generally, the DQPTs are closely related
to the quantum phase transition of the ground state.
However, it was shown that the DQPT with no
correspondence in the ground state quantum phase
transition was related to an excited state phase di-
agram that may occur [7–11].

Spin-1 Bose–Einstein condensate is an ideal plat-
form to study the nonequilibrium dynamics. The
spinor condensate shows many interesting phenom-
ena, such as topological defects [12–16], spin do-
mains [17–21], the quantum Kibble–Zurek mecha-
nism [22–31], and DQPTs. The DQPTs were ob-
served in the recent spinor condensate experi-
ment [32, 33]. It showed that the DQPTs not only
reflect the ground phase transitions [32] but also
correspond to an excited state phase transition [33].
In the previous works, the DQPTs were usually sig-
naled by measuring the fractional population in the
spin-mf component. However, the DQPTs may be
related to quantum fluctuations, which have a close
relation to quantum metrology [34–51].

In this paper, we investigate the dynamics of
the atomic number fluctuations and the DQPTs in
a spin-1 condensate. We show that atomic number
fluctuations can be used to describe the behaviors of
the DQPTs. We find that the dynamical behaviors
of the atomic number fluctuations reflect both the
ground state phase transition and the phase transi-
tion for the highest energy level. Starting an initial
state with all of the atoms equally condensed in the
mF = ±1 modes, we find the quench dynamics of
atomic number fluctuations exhibit sudden changes
at two critical points of the quadratic Zeeman en-
ergy, which correspond to the ground state and the
highest energy level phase transitions, respectively.
We investigate the quantum Fisher information of
the state generated by the spin mixing dynamics
and show that the optimal quantum Fisher informa-
tion attains a Heisenberg scaling of the metrologi-
cal sensitivity with N2. We further investigate the
quantum phase transition with nonzero spin mag-
netization mz and show that the dynamics of the
atomic number fluctuations characterize the ground
state and the excited state phase transitions with
nonzero mz.

2. Atomic number fluctuations
in a spinor condensate

We consider a system of spin-1 Bose–Einstein
condensate with an external magnetic field, which
has been realized in the experiment with 23Na
(or 87Rb) atoms [52–54]. For both 23Na and 87Rb
atoms, the spin-dependent interactions are typically
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much smaller than the spin-independent ones. In
such a case, we can use the single-spatial-mode
approximation, which allows us to decompose the
atomic field operator as ψ̂m(r) = âmφ(r) with âm
being an annihilation operator of themth spin mode
and φ(r) being a spin-independent mode function.
Under the single-spatial-mode approximation, the
Hamiltonian of the system takes the form [55, 56]

Ĥ =
c2
2N

Ŝ2 +

1∑
mf=−1

(
q m2

f − pmf

)
â†mf

âmf
,

(1)
where Ŝ is the total angular momentum opera-
tor, N is the total particle number of the system,
mf = −1, 0, 1 being the magnetic spin quantum
number, q and p correspond to the quadratic and
linear Zeeman energy shift, respectively. The pa-
rameter c2 is the spin-dependent interaction en-
ergy, and c2 < 0 and c2 > 0 correspond to the
ferromagnetic and antiferromagnetic, respectively.
Here, we notice that the term of the magnetization
Ŝz = â†1â1 − â

†
−1â−1 commutes with all the other

terms in the Hamiltonian. If we consider the initial
state of the system an eigenstate of Ŝz, the dynam-
ical evolution is restricted in the subspace of Ŝz,
and thus we can neglect the linear Zeeman term.
In this work, all the atoms have been initially pre-
pared in the mf = ±1 modes, i.e., |N/2, N/2, 0〉.
In the so-called ‘pairs’ basis |N, k〉, where N is the
total particle number and k is the number of pairs
of atoms in the mF = ±1 states, it is convenient to
write the above initial state as |N, 0〉. The effective
Hamiltonian in such a subspace becomes

Ĥ =
c2
2N

Ŝ2 − q â†0â0. (2)

The Hamiltonian exhibits different phases by tun-
ing the value of the quadratic Zeeman effect q and
the spin-dependent collision interaction c2.

In Fig. 1, we plot the atoms in the mf = 0 mode,
N0 ≡ 〈N̂0〉/N , of the ground state and the highest
energy state for different q/c2 with c2/h = 15 Hz,
which corresponds to the case of antiferromagnetic.
As shown in Fig. 1a, the ground state exhibits
a phase transition at q = 0. When q > 0, the ground
state is a polar phase with all atoms occupying the
mf = 0 mode, while when q < 0, the ground state
is an antiferromagnetic (AFM) phase with equally
populated atoms in themf = ±1 modes. In Fig. 1b,
the highest energy state shows a phase transition
at q = −2c2. When q < −2c2, the state is a po-
lar phase, while when −2c2 < q < 2c2, the state is
a broken axisymmetry (BA) phase with a nonzero
population in the mf = 0 mode. When q > 2c2, the
highest energy state is an AFM state.

Next, we study the dynamical property of the sys-
tem and discuss DQPT. To study the spin-mixing
dynamics, we tune the quadratic Zeeman energy q
in the dynamical process. The quadratic Zeeman ef-
fect q can be tuned by controlling a magnetic field
and a microwave pulse, i.e., q = qM + qB , where
qB and qM correspond to the quadratic Zeeman en-

Fig. 1. The order parameter N0 for the ground
state (a) and the highest energy level (b) as a func-
tion of q/c2 with the total atom number N = 2 ×
103. The same phase diagrams were shown in [33].

ergy induced by a magnetic field and a microwave
dressing field, respectively. For the spinor conden-
sate, Zeeman energy qB is always positive, while qM
can be swept from −∞ to +∞ in the current ex-
periment [57].

We prepare the initial state to be the AFM
state, where all of the atoms are condensed in the
mf = ±1 modes. Such an initial state can be gener-
ated by setting the initial quadratic Zeeman energy
qi → −∞. We then quickly turn on a microwave
dressing field and lead the quadratic Zeeman energy
to the final qf . Then we hold the system at qf for
a given time t and then measure the fractional pop-
ulations in the mf = 0 mode and the correspond-
ing quantum fluctuation, ∆N̂2

0 = 〈N̂2
0 〉 − 〈N̂0〉2.

In Fig. 2, we plot N0 and ∆N̂2
0 as a function of

t for different qf . It clearly shows that N0 and ∆N̂2
0

exhibit different behaviors for different qf . When
qf > 2c2 and qf < 0, N0 and ∆N̂2

0 exhibit periodic
oscillations over time. While qf = 0 or qf = 0.5c2,
we find that the phenomena of periodic oscillations
disappear.

3. Signatures of dynamical quantum
phase transitions

Generally, a dynamical phase transition is de-
scribed by an asymptotic longtime steady value
of an order parameter which can be described as
〈Ō〉∞ = lim∞

1
T

∫ T
0

dt Ō(t). However, it is difficult
to measure the quantity 〈Ō〉∞ in the practical ex-
periment because it requires averaging over a long
evolution time t. For our system, several challenges
will inevitably appear for a long evolution time t,
such as invalidity of the single mode approxima-
tion (SMA) and significant atom losses [22, 58, 50],
which prevent the practical observations of DQPTs.

Here we propose to identify DQPTs using the
quantum fluctuation ∆N̂2

0 , which can be directly
measured within short-time evolutions and has
a close relation to quantum metrology. We define
a quantity ∆Nm being the value of ∆N̂2

0 at the
first peak of the fluctuation oscillations and denote
the corresponding time of the occurrence of the
first peak as tm. Similarly, we define the particle
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Fig. 2. The fractional populations N 0 (a–d) and the atomic number fluctuations ∆N̂2
0 (e–h) as a function of

t starting with an initial state |N/2, N/2, 0〉 for different q. The total particle number is chosen as N = 2×103.

Fig. 3. The quantum fluctuation ∆Nm (a) and
Nm (b) as a function of qf/c2 with the initial state
|N/2, N/2, 0〉. The total particle number is chosen
as N = 2× 103.

number in themf = 0 mode at tm as Nm. As shown
in Fig. 3, ∆Nm and Nm are plotted as a function
of qf/c2. We find that ∆Nm and Nm exhibit differ-
ent behaviors in different regions of qf and display
nonanalytic sudden jump at exactly the same qf as
that shown in Fig. 1. It indicates that the dynami-
cal behaviors of ∆Nm and Nm can be used to probe
DQPTs.

For a quantum state ρ̂θ = Ûθρ̂ inÛθ, where Ûθ =
exp(iθK̂) with K̂ being an operator. The param-
eter θ can be estimated through proper measure-
ments. It is well known that the precision of the
estimation is limited by the quantum Cramér–Rao

bound, i.e., ∆θ > 1/

√
F (ρ̂in, K̂), where F (ρ̂in, K̂)

is the quantum Fisher information. For pure states,
we have F (ρ̂in, K̂) = 4∆K̂2. Obviously, the preci-
sion of the estimation can be improved by choosing
a proper input state ρ̂in for a given operator K̂.
In general, the entangled states are useful for the
precision of the estimation because the correspond-
ing variance of K̂ is large. Here we choose a single
generator to consider — K̂ = N̂0. In Fig. 3, we find

Fig. 4. Scaling of χ2 as a function of N with the
initial state |N/2, N/2, 0〉. The circles are numerical
results, while the solid blue line is a linear fit with
N a constant. It is obvious that χ2 ∝ 8/N .

that when qf = 0, ∆Nm attains its maximum value.
For the spin-1 system, the maximal possible value
of the quantum Fisher information is 4N2, which
corresponds to the Heisenberg limit. To investigate
the precision of the sensitivity, in Fig. 4, we plot
the scaling of χ2 = 4N/F as a function of N with
qf = 0. We find χ2 ∝ 8/N , which means it is close
to the Heisenberg limit.

Next, we discuss the phase transition for a finite
spin magnetizationmz. In Fig. 5a and b, the ground
state and the highest energy level phase diagrams
are mapped out in the plane of q and mz, respec-
tively. When mz rises from 0, the critical points for
the ground state phase transition slightly increase
from 0, and for the highest energy level slightly de-
creases from 2c2. Unlike in the case of mz = 0 for
the ground state, we find the BA phase appears with
nonzero mz (see Fig. 5a).

Now we study the DQPT with a nonzero spin
magnetization. We prepare a state correspond-
ing to an AFM phase with a large negative q,
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Fig. 5. The fractional population N′ versus qf/c2 and magnetization mz for (a) the ground state and (b) the
highest level. Numerical results of ∆N0 (c) and N0 (d) with respect to q/c2 and mz.

then suddenly tune q to qf and calculate ∆Nm and
Nm as time evolves. In Fig. 5c and 5d, we plot ∆Nm
and Nm in the plane of mz and qf , respectively. We
can find that the transition curves of ∆Nm and Nm
coincide well with the curves shown in Fig. 5a and b.
Thus ∆Nm and Nm can be used to probe the phase
transition of the ground state and highest energy
level with nonzero magnetization mz.

4. Conclusions

In summary, we have studied the dynamics of
the atomic fluctuation in a spinor condensate and
shown that atomic number fluctuations can be used
to characterize the DQPTs of the spinor conden-
sate. The dynamical behaviors of the atomic num-
ber fluctuations reflect both the ground phase tran-
sition between the AFM phase and polar phase and
the transition between the polar phase and the BA
state for the highest energy level. We show that
the generated state by the spin mixing dynamics
with qf = 0 exhibits Heisenberg scaling of the
metrological sensitivity with N , as quantified by
the quantum Fisher information. We further inves-
tigate the atomic number fluctuations for nonzero
spin magnetization mz and show that the quantum
fluctuation can be used to probe the phase tran-
sitions of the ground state and highest level with
nonzero mz.
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