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A theoretical model of ionization and ion extraction in hot cavity ion sources is presented. The model
enables the calculation of the total ionization efficiency in the hot cavity, as well as to study changes in
the number of ions and neutral particles inside the cavity. A general formula describing the evolution
of the system is derived — which could be especially useful for fast numerical calculations. Examples of
calculation results are presented and discussed, showing that high ionization efficiencies (significantly
exceeding the predictions of the Saha–Langmuir formula) can be achieved especially for small extraction
openings. An alternative (to the ion and neutral numbers) description of the system has been proposed
in terms of the total number of particles and the difference between the neutrals and the ions, which in
some cases makes understanding the dynamics of the system much easier. The possibilities of the model
are illustrated considering four special cases: closed cavity, cold cavity, and the cases of weak extraction
and super-efficient extraction (“each ion” mode). The theoretical formulae enabling total ionization
efficiency for the two latter cases are derived in the paper, and their predictions are compared to the
results of numerical calculations.
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1. Introduction

The isotope on-line separation (ISOL) facilities
employed a variety of different kinds of target–ion-
source systems [1], including discharge, forced elec-
tron beam induced arc (FEBIAD), hollow cathode,
electron cyclotron resonance (ECR) and other ion
sources. Among them, the hot cavity thermal ion-
ization ion sources are of significant importance.
They were developed in the 1970s and employed
mostly in nuclear spectroscopy to find new, usu-
ally unstable, isotopes [2, 3]. Ion sources of that
kind were characterized by a simple construction
and robustness. Moreover, they required the mi-
croamounts of the substance to be ionized in order
to produce a high-quality ion beam with extreme
purity and very low energy spread. This, combined
with the fact that ions spent a very short time in-
side a cavity ionizer, made them ideal candidates for
on-line separation of short-lived nuclides produced
by bombardment of specially tailored targets by en-
ergetic beams [4–6].

In its “canonical” form, the most important part
of the hot cavity is the semi-open, tubular ionizer
(spherical ionizers have also been designed in [7, 8]).
There are different approaches concerning the deliv-
ery of the substances to be ionized: (i) the ionizer
could be connected to the irradiated target by lin-
ear transfer [7], (ii) the target is placed in contact
with the ionizer [9], or (iii) the ionizer wall itself is
an irradiated target releasing a variety of created
nuclides directly into the hot ionizers cavity [10].

Large ionization efficiency of a hot cavity ion source
is achieved due to the fact that the atoms to be ion-
ized undergo numerous collisions (up to thousands)
with the cavity walls, which leads to the ionization
degrees of orders of magnitude larger than those
predicted by the Saha–Langmuir equation, describ-
ing a single collision/surface ionization event. The
general expression for ionization in thermal equilib-
rium is given by

α =
Nion

No
= G exp

(
−V−ϕ
kBT

)
, (1)

where Nion and No are respectively the numbers of
ions and neutrals leaving the surface of tempera-
ture T . In (1), V and ϕ are the ionization poten-
tial of the atom and the work function of the ion-
izer, respectively, and G is a specific constant of the
particle–surface combination, including e.g. reflec-
tion coefficients for ions and neutrals.

Despite the fact that the original construction
was designed approximately fifty years ago, it still
attracts the attention of scientists involved in nu-
clear spectroscopy, isotope separation and various
ISOL projects [11, 12], as well as the precise de-
termination of isotope ratio in geoscience stud-
ies [13–15].

It should be mentioned that hot cavity ion sources
have evolved over the years into the resonant ion-
ization laser ion sources (RILIS) [16–21]. Their
principle of operation makes use of the stepwise ex-
citation of the valence electron of atoms by high-
power tunable lasers. In such solutions, a hot cavity
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is used as a trap for atoms that undergo excitations
and ionization by a high repetition rate laser beam.
Due to the fact that the eigenstate energies are the
fingerprint of each element and ion, the RILIS main
feature is the extraordinary elemental selectivity.

Several attempts have been made to describe the
processes taking place in hot cavity ion sources us-
ing computer modelling, especially those based on
the Monte Carlo methods. Some of them focused
on thermal ionization in the hot cavity [11, 22, 23],
describing the crucial effect of multiple collisions
with the walls of the hot cavity, while other pa-
pers presented issues such as vapour transport from
the bombarded target to the ionizer [24, 25] or
the release of nuclides from the walls of the ion-
izer [26, 27]. Various shapes of ionizers were con-
sidered in the literature; the most popular being
tubular [23, 28–30], rarely employed spherical or
hemispherical [31–33], but also conical [34–36], and
even the most exotic, resembling a kind of mace
with spikes [22]. Recently, a cavity having the shape
of a flat disc was considered [37], being a case of
tubular ionizer characterized by a very small length
compared to its diameter, which results in a large
number of particle–wall collisions during the par-
ticle’s travel to the extraction aperture. Some ver-
sions of the numerical models were only suitable for
stable (non-radioactive) nuclides, whilst the latter
were upgraded to take into account the effects of ra-
dioactive decay and delays due to diffusion and ef-
fusion [32, 38]. It was also shown that in the case of
hard-to-ionize nuclides, the other ionization mecha-
nism included in the model, i.e., electron ionization,
could also give a substantial contribution to the to-
tal ion source yield [28, 29, 32].

On the other hand, several theoretical models of
ionization in the hot cavity have been proposed over
the decades [39–43]. They are mainly based on the
fact that a state of thermal equilibrium between
the plasma and the particle-emitting hot walls is
achieved. This results in a potential step that pre-
vents positive ions from hitting the walls and losing
their charge. In the other words — the plasma po-
tential acts like an “ionization amplifier” [41]. How-
ever, there is an open question pointed out by the
authors [40, 42] whether plasma in thermal equi-
librium could be achieved in the condition of rather
low gas pressure, typical for ion sources of this kind.
A simple theoretical model was proposed based on
a different approach, in which the evolution of the
particles inside the ionizer was divided into a large
number of stages engaging a single collision of each
particle with the wall. The proposed model takes
into account mostly the geometry of the ionizer [43].
Surprisingly, the variation of the model assuming
the optimal extraction condition (each ion is ex-
tracted from the ionizer almost instantly after its
creation) provides almost the same results as those
discussed in [41, 42]. The model, which was pro-
posed for stable nuclides, was later slightly im-
proved to the case of radioactive species [38].

In the paper, a generalized version of the theo-
retical model discussed in [43] is presented. Some
particular assumptions are made regarding the ion-
izer geometry, thus the model parameters take
into account rather the probability of particle
loss/extraction. As previously, the evolution of the
system is discretized into stages, with the assump-
tion that each particle hits the inner surface of the
ionizer once during the stage. The changes in the
numbers of ions and neutrals inside the cavity are
calculated for the j-th stage and the general for-
mula describing the evolution of the system is given
— also in the matrix formalism, which could be es-
pecially useful for numerical calculations. Several
general examples of results are presented and dis-
cussed. An alternative description of the system
state has also been proposed in terms of the to-
tal number of particles and the difference between
neutrals and ions, together with the formulae de-
scribing the evolution of the system. This new rep-
resentation appears to be useful for the interpre-
tation of system behaviour. Some special cases are
also presented and discussed, including weak extrac-
tion, super-efficient extraction (so-called “each ion”
mode [38, 43]), and also the cold cavity case. The
proposed model can contribute to the understand-
ing the processes taking place in various hot cavity
ion sources.

2. The ionization model

Let us consider a cavity of the internal area S,
with an extraction opening of the area Se. A sketch
of the ionizer cavity is shown in Fig. 1. One should
keep in mind that the cavity does not have to be
neither spherical nor characterized by any other
symmetry. The only geometrical parameters of the
model are the above-mentioned areas. The initial
number of particles inside the cavity is denoted No.
These particles can undergo ionization on the
internal cavity surface and then leave it as ions.
On the other hand, ions that are adsorbed on the
surface could be neutralized. The probability of the
ionization/neutralization, in other words, the ratio
of the number of ions desorbing from the surface
to the number of all particles leaving it (ions
and neutrals), is defined by the Saha–Langmuir
equation

β =
Nion

No +Nion
=

a

a+ 1
. (2)

Some simplifications have been proposed in or-
der to make the mathematical description easier.
First of all, it is assumed that the process of ion-
ization/extraction of all particles in the cavity is di-
vided into an infinite number of short stages. Within
one stage, each particle (neutral or ion) hits the sur-
face once and undergoes ionization/neutralization
with probability β. After that, the particles could
leave the cavity with probability k+ for ions and
probability k for neutrals. The extraction proba-
bility for the neutral atoms can be estimated as
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Fig. 1. Schematic view of the considered system.
Note that the cavity does not have to be spherically
symmetric.

the ratio of the area of the extraction opening
Se and the total area of the internal surface S.
Thus,

k =
Se

S
. (3)

On the other hand, the probability k+ for ions could
reach a higher value, because the effective area Seff

of the extraction opening for ions is larger due to
the penetration of the extraction field, as shown
in Fig. 1, changing trajectories of charged particles.

Let us introduce the following annotations:
nj — number of neutrals in the cavity at the
j-th stage;
ij — number of ions in the cavity at the j-th
stage;
N ′j — number of neutrals leaving the cavity
at the j-th stage;
I ′j — number of ions leaving the cavity (ex-
tracted) at the j-th stage;
Nj — number of neutrals left in the cavity at
the j-th stage;
Ij — number of ions left in the cavity at the
j-th stage.

In fact, there is a balance of the quantities
nj = Nj +Nj

′,

ij = Ij + Ij
′.

(4)

As it was stated previously
N

′

j = k nj ,

I
′

j = k+ij .
(5)

In the first stage, one has
i1 = βNo,

n1 = (1− β)No.
(6)

Similarly, one obtains the number of particles that
stay in the cavity after the first stage, i.e.,

I1 =
(
1−k+

)
i1 =

(
1−k+

)
βNo,

N1 = (1−k)n1 = (1−k) (1−β)No.
(7)

Taking both ionization and neutralization into ac-
count, one obtains the numbers of particles in the
second stage as

i2 = βN1 + (1− β) I1 =

β (1− k)n1 + (1− β)
(
1−k+

)
i1,

n2 = (1− β)N1 + βI1 =

(1− β) (1− k)n1 + β
(
1−k+

)
i1. (8)

The general recursive relations for nj and ij are
ij+1 = (1− β)

(
1−k+

)
ij + β (1−k)nj

nj+1 = β
(
1−k+

)
ij + (1− β) (1−k)nj .

(9)

In turn, using the matrix formalism, the dynamics
of the state of the system (described by pj vector)
could be written as

pj+1 = Apj , (10)
where

pj =

(
ij
nj

)
(11)

and

A =

(
(1− β) (1− k+) β (1− k)

β (1− k+) (1− β) (1− k)

)
. (12)

The total ionization efficiency of the ion source is
the ratio of the number of ions extracted form the
cavity to the number of all particles introduced
into it (No). This can be written in the general
form

η =
(

k+

No
0
)
·
∑
j=0

Aj

(
i1
n1

)
. (13)

The formula (13) could be very useful and easily
applied to estimate the ionization efficiency using
e.g. interactive tools like Matlab, Mathematica etc.

3. Results

Exemplary results of the calculations are pre-
sented in Fig. 2. The η(β) curves were calculated
for a relatively small size of the extraction open-
ing k = 0.01 and three different values of k+
(i.e., 2k, 5k, 10k). One can see that all presented
curves converge asymptotically for small β. On
the other hand, for high ionization probabilities,
a stronger extraction (or rather larger penetration
of the extraction field) results in a higher total
ionization efficiency, which is in a good agreement
with the results obtained using numerical mod-
els [30–38]. The efficiency exceeds the predictions
of the Saha–Langmuir formula and is higher than
0.5 even for β = 0.01, provided that k+ is large
enough.

Before the presentation of some chosen special
cases, there should be introduced an alternative rep-
resentation of the considered system, namely

Pj = nj + ij ,

∆j = nj − ij .
(14)

769



M. Turek

Fig. 2. Ionization efficiency as a function of β for
different values of k and k+ parameters.

The first quantity is just the total number of
particles in the cavity (Pj), while the second
quantity (∆j) is the difference between neutrals
and ions and can have both positive and negative
values. The inverse transformation could be easily
obtained

nj =
Pi +∆j

2
,

ij =
Pj −∆j

2
.

(15)

The dynamics of the system in (∆, P ) coordinates
could be obtained from (8) and (15) after some
tedious but straightforward calculations

Pj+1 = Pj − κ+Pj + κ−∆j

∆j+1 = (1− 2β)
(
∆j + κ−Pj − κ+∆j

)
,

(16)

where

κ+ =
k+ + k

2
,

κ− =
k+ − k

2
.

(17)

The evolution of the system in both (n, i) and
(∆, P ) coordinates is presented in Fig. 3a and b,
respectively. The considered cases are the same as
in Fig. 2.

The trajectories in the (n, i) coordinate set could
be also approximated by two straight segments cor-
responding to the prevailing ionization and extrac-
tion phases. The curvature of the arc connecting
these segments depends on the parameter k+ —
the stronger the extraction, the more rounded the
trajectory and closer to the n axis (one has to keep
in mind that i is the number of the ions inside the
cavity, hence it gets smaller for larger k+). One can
also observe that the peak is shifted to higher n
values as k+ increases. In other words — maximal
ionization is achieved sooner.

The shape of the trajectory in the (∆, P ) co-
ordinates is a composition of two trends, i.e., the
change of ionization degree (movement along the ∆

Fig. 3. Evolution of the system in (i, n) and
(P,∆) coordinates. The same cases are presented
as in Fig. 2.

Fig. 4. Evolution of the number of extracted ions
per stage/time unit.

axis) and the loss of particles, which is represented
as the decrease of P . One can see that the trajec-
tory starts at the (No, No) point and the first phe-
nomenon dominates at the first phase of evolution,
while the extraction prevails later on.

The evolution of the number of extracted ions
for different values of k+ is shown in Fig. 4. The
stronger is the extraction (i.e., large k+), the larger
are the obtained I ′ values, which could be expected
from the data in Fig. 3. Moreover, for larger k+
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Fig. 5. Evolution of the system in the case of
a closed cavity.

values, the maximum is achieved sooner, because
the extraction can be considered to be more effi-
cient: in the case of k+ = 0.1, it is for j = 7, while
for k+ = 0.02 the much broader peak is observed
for j = 15.

3.1. Special case — closed cavity

This case could be defined by putting k = k+ = 0,
i.e., no particle is able to leave the cavity. In that
case, the A matrix has the form

A =

(
(1− β) β

β (1− β)

)
(18)

and (16) is simplified accordingly. It is quite
straightforward to show that

Pj+1 = Pj , (19)
which means that particles are not lost due to the
lack of extraction and

∆j+1 = (1−2β)∆j , (20)
which indicates that the amount of ions changes at
a constant ratio in each step. Figure 5 presents the
dynamics of the system in the (∆, P ) coordinates.
One can see that the system moves along the line
P = No with a rate that depends largely on the ion-
ization coefficient β. In this case, there is no point
in considering the total ionization efficiency since
no particles leave the cavity. However, it is easy to
see that the amounts of ions and neutrals inside
the cavity are equal when equilibrium is achieved
(∆ = 0).

3.2. Special case — cold cavity

In the considered case, ionization does not take
place because the condition β = 0 is set. Having
in mind that typical values of the ionization poten-
tial for a wide class of substances are several (or
of the order of 10) eV, while the work function is
usually smaller (say 4–5 eV), both α and β decrease
with decreasing T , asymptotically approaching 0.
The case β = 0 should be understood as a limiting

Fig. 6. Evolution of the system in the case of
a cold cavity (β = 0, different values of k and k+).

case when surface ionization is virtually impossible.
The dynamics of the system is governed by the loss
of particles with constant rates

ij+1 =
(
1−k+

)
ij (21)

and
nj+1 = (1−k)nj . (22)

Dynamics in (∆, P ) coordinates is given by
Pj+1 = Pj − κ+Pj + κ−∆j ,

∆j+1 = ∆j + κ−Pj − κ+∆j .
(23)

As long as the condition ∆o = Po is true, one gets
instantly

∆j = Pj . (24)
The evolution of the system in that regime is pre-
sented in Fig. 6. The system moves along the ∆ = P
line toward the (0, 0) point with a rate that in-
creases with the probabilities k and k+. As one can
see, this rate increases twice as both k and k+ are
larger by a factor of 2. This is another limiting case
as the area above the ∆ = P line is inaccessible.

The total ionization efficiency could be calculated
from (21) and (22) by summing up the extracted
ions

η =
k+

no + io

∑
j

ij =

k+

no + io
io

[
1 +

(
1−k+

)
+
(
1−k+

)2
+ . . .

]
=

io
no + io (25)

The ionization efficiency in this trivial case is de-
termined only by the initial number of ions in the
cavity.

3.3. Special case — very small extraction voltage

Such a case could be described by the following
condition k+ = k. This means (according to for-
mula (17)) that κ+ = k and κ− = 0. This can be
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Fig. 7. Evolution of the system in the case of
a weak extraction (k = k+).

Fig. 8. Ionization efficiency as a function of β for
different values of k in a case of weak extraction.
The thin line represents the results predicted by the
approximate formula (32).

achieved by applying a very small extraction voltage
or in the case of a very small extraction opening. In
such cases, the effective surface of the opening seen
by the ion is the same as the geometrical surface of
the opening. The transformation matrix (12) sim-
plifies to

A = (1− k)

(
(1− β) β

β (1− β)

)
(26)

The behaviour of the system can be expected to be
similar to that of a “closed cavity” case, some distor-
tion will be introduced by the factor (1−k) leading
to particle loss. Using an alternative coordinate set,
one gets

Pj+1 = (1− k)Pj ,

∆j+1 = (1− k) (1− 2β)∆j .
(27)

The evolution of the system is shown in Fig. 7. All
calculations were done for β = 0.1. The shape of the
trajectory depends on the k parameter. The smaller
k is, the easier it is to see that the trajectory can be

approximated by two segments. The first of them
lies on the line P = No, and the second one on
the line ∆ = 0. A given course is achieved by the
trajectory after approximately 10 steps. It should
be mentioned that the trajectory becomes more
and more rounded for larger extraction openings
(larger k).

In the considered case, it is possible to derive
an approximate formula that estimates the total
ionization efficiency in the cavity for the cases
of small β. Let us remind that after the first
stage one has i1 = βNo and n1 = (1 − β)No.
Then, using transformation matrix (12), one can
obtain

i2 = 2β (1− β) (1− k)No

n2 = β2 (1− k)No + (1− k) (1− β)
2
No ≈

(1− k) (1− β)
2
No. (28)

Note that the term containing β2 has been omitted
as very small. Repeating these calculations one ob-
tains

i3 = 3β (1− β)
2
(1− k)

2
No,

n3 = β2 (1− β)
2
(1− k)

2
No

+ (1− k)
2
(1− β)

3
No≈ (1− k)

2
(1− β)

3
No.

(29)
Generally,

ij = jβ (1− β)
j−1

(1− k)
j−1

No,

nj ≈ (1− k)
j−1

(1− β)
j
No.

(30)

Keeping in mind that the total ionization efficiency
is defined as

η =
1

No

∑
j

Ij
′, (31)

one obtains

η =
k

No

∑
j

j β (1− β)
j−1

(1− k)
j−1

No =

kβ(
1− (1−β) (1−k)

)2 ,
(32)

by using the formula

1 + 2x+ 3x2 + 4x3 + · · · = 1

(1− x)
2 . (33)

A comparison of the η(β) curves obtained using (32)
with the exact result using the general recipe (13)
is shown in Fig. 8. One can see that the formula
(32) perfectly fits the exact results for small values
of β. The range of applicability of (32) increases
fast with k — this formula provides good results
up to β = 0.003 for k = 0.01, while for k = 0.2 it
could be applied up to ≈ β = 0.07. It should also
be noted that the order of exact η(β) dependences
changes when β is larger than 0.6 (for substances
that are easy to ionize) — in such case, higher
efficiencies are achieved for a wider extraction
opening.
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3.4. Special case — each ion extracted

The “each ion” case is a hypothetical case where
every ion is extracted from the cavity immedi-
ately after its creation. This could theoretically be
achieved by a combination of a large enough ex-
traction opening and a strong extraction field. Such
a case was previously described in [43]. Each ion
case can be described within the considered model
by putting k+ = 1 (and, hence, κ+ = k and
κ− = 0). The evolution of the system does not look
much simplified in the (P,∆) coordinates

Pj+1 = Pj −
1 + k

2
Pj +

1− k

2
∆j ,

∆j+1 = (1− 2β)

(
∆j +

1− k

2
Pj −

1 + k

2
∆j

)
.

(34)
On the other hand, the behaviour of the system is
very simple in the coordinates (n, i)

ij+1 = β (1− k)nj ,

nj+1 = (1− β) (1− k)nj , (35)
and the number of ions produced in the j-th step de-
pends only on the number of neutrals in the cavity.

The evolution of the system in the (P,∆) space
(shown in Fig. 9) looks surprisingly simple. The sys-
tem moves along the straight lines in (P,∆) coor-
dinates as in the case of a cold cavity. However,
its inclination depends on the ionization factor —
the larger β is, the closer to the P axis (∆ = 0
line) the trajectory lies. In the considered case,
the rate of the evolution of the system increases
with k.

Repeating the calculations similar to the previ-
ous case and keeping in mind (35) and (6), one
obtains

i2 = β (1− β) (1− k)No,

n2 = (1− β)
2
(1− k)No,

i3 = β (1− β)
2
(1− k)

2
No,

n3 = (1− β)
3
(1− k)

2
No (36)

and generally
ij = β (1− β)

j−1
(1− k)

j−1
No,

nj = (1− β)
j
(1− k)

j−1
No.

(37)

Hence, the ionization efficiency in the considered
case can be calculated as

η =
1

No

∑
j

β (1−β)j−1 (1−k)j−1No =

β

1− (1−β) (1−k)
,

(38)
using the formula for the sum of the geometrical
series.

The formula (32) was also derived in [43] and has
a large similarity to those presented in [41, 42].

Fig. 9. Evolution of the system in “each ion” case
(k+ = 1).

Fig. 10. Ionization efficiency as a function of β for
different values of k in the “each ion” case. The thin
line represents the results predicted by (38).

Figure 10 shows the ionization efficiency as
a function of β for different k values. It could be
seen that the smaller is the extraction opening, the
larger the ionization efficiency is achieved even for
very small values of the β parameter. This is, of
course, due to the fact that each particle undergoes
a larger number of collisions in such a case, and
their chance to be ionized rises. It should be also
noted that the predictions of formula (38), shown
as the thin lines in Fig. 10, are in perfect agreement
with the results of the general calculations accord-
ing to (13). Importantly, one should keep in mind
that (38) was derived without any simplifications.

4. Conclusions

A theoretical model of ionization in a hot cav-
ity is presented. It is based on the discretisation of
the evolution of the system and makes use of only
a few parameters, involving the size of the extrac-
tion opening, the increase of the effective extrac-
tion opening size due to the extraction potential,
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the area of internal ionizer surface etc. The model
enables fast calculation of the evolution of the sys-
tem as well as the total ionization efficiency. Some
exemplary calculations show that the total efficien-
cies achieved in the hot cavity depend on the effec-
tive size of the extraction opening (which includes
the effect of the extraction voltage) and reach the
values exceeding by far the predictions of the Saha–
Langmuir formula. Two different ways of describing
the state of the system are considered in the paper.
One of them is just the number of ions and neutrals
in the cavity, the other one is the total number of
particles and the difference between the neutral and
ions numbers. Each of the two descriptions has its
advantages and depending on the case can be more
useful for the description of the evolution of the sys-
tem. In the paper, four special cases/scenarios of
ionization in a hot cavity are considered: closed cav-
ity, cold cavity, case of weak extraction and an op-
timal “each ion scenario”. For each of these cases,
formulae describing the evolution are presented and
different schemes of the system behaviour are dis-
cussed. Moreover, for the two latter cases, formu-
lae enabling calculations of the total ionization effi-
ciency are derived. Their predictions are compared
to the results of numerical calculations. The pre-
sented model gives the opportunity of a better un-
derstanding of the dynamics of ionization processes
taking place inside the hot cavity ion sources.
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