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In the study of decays, it is quite common that an unstable quantum state/particle has multiple distinct
decay channels. In this case, besides the survival probability p(t), also the probability w;(t) that a decay
occurs between (0,t) in the i-th channel is a relevant object. The general form of the function w;(t) was
recently presented in PLB 831, 137200 (2022). Here, we provide a novel and detailed “joint” derivation
of both p(t) and w;(t). As it is well known, p(t) is not an exponential function; similarly, w;(t) is not
one either. In particular, the ratio w;/w; (for ¢ # j) is not a simple constant as it would be in the
exponential limit. The functions w;(t) and their mutual ratios may therefore represent a novel tool to
study the non-exponential nature of the decay law.
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1. Introduction

In the study of unstable states, both in quan-
tum mechanics (QM) and in quantum field theory
(QFT), the survival probability p(t) (the probabil-
ity that the state formed at ¢ = 0 has not de-
cayed yet at a later time ¢ > 0) is of crucial impor-
tance [1-15]. Yet, usually unstable states can decay
in more than a single decay channel [16]. Then, an
equally useful and relevant object is the decay prob-
ability w;(¢) that the decay has occurred between 0
and ¢ > 0 in a certain i-th channel. Of course, the
equality

N
p(e)+ > wilt) = 1 1)

must hold for each ¢ because at any given time the
state has either decayed in one of the N possible
channels or it is undecayed (tertium non-datur). As
it is well established, the survival probability p(t)
can be well approximated with an exponential ex-
pression p(t) ~ e~*/7 but the latter is not exact
as shown by direct and indirect experimental anal-
yses [17-21]. Since p(t) is not an exponential, it fol-
lows that the functions w;(t) are also not such.

The explicit form for w;(t) was recently derived
in [22]. The preliminary approximate expression was
previously put forward in [11]. Here we present the
novel joint determination of p(t) and w;(¢) that
makes use of the Lippmann—Schwinger equation at
the level of operators, see e.g. [23].
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2. Evaluation of p(t) and w;(t)

Let H be the Hamiltonian of a physical sys-
tem that contains an unstable state |S). We as-
sume that H can be split into H = Hy+H;,: with
Hine = Zfil H;, where H; is responsible for the
i-th decay channel. The orthogonal-normalized—
complete (ONC) eigenstates of the non-interacting
Hamiltonian Hy are {|S),|E,i)} : Hy|S) = M |S),
Hy |E,i) = E|E,i) with E > Ey,;, where Ey,;
is the energy threshold of the i-th channel; here,
we assume as the definition that Fip1 < Eipo <
... < B, n. The ONC conditions of the underlying
Hilbert space read

(515) =1, (S|E,i) =0,
(B,i|E, j) = b 6(E - E'), (2)
and
N (o)
S)si+y [ el El-1 @
Kk OXNp
The decays |S) — |E, i) are encoded in the matrix
elements
. I'i(E)
(SIHGIE, j) = bij\| —— (4)

where I;(E) is the i-th decay width, which gener-
ally is a function of energy (it reduces to a con-
stant in the exponential limit or the Breit-Wigner
(BW) limit [24-26]). (Note, in (4) the sum over
other d.o.f. such as spin and momenta has been
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implicitly taken into account; the functions I;(E)
are assumed to be known for a specific quantum
system, even though usually this is not a simple
task.) An explicit expression for H that fulfills the
properties listed above can be written in the form of
the Friedrichs—Lee Hamiltonian [27, 28] (for various
applications, see [29-41] and refs. therein)

H = Hy + Hipy, (5)
with
N o0
Hy=M|S)(S|+>_ [ dEE |E,i)(E,il,
= B (6
N o0
Ii(E , .
Hi =Y / dE/ T(w ) (|E,z><S|+|S><E, z|).
=1 B (7)

Note, H actually represents an infinite class of mod-
els, since it depends on the functions I (FE).

The quantity U(t) = e */" is a well-known
time evolution operator. In our case, we are inter-
ested in the evaluation of the survival probability
amplitude and the i-th channel decay amplitude

(SU®IS)y, (EiU@)IS). (8)
In order to accomplish it, let us introduce the oper-
ator F(t) (F for “future”) as

+oo .
Py -1 [ 9E e iBUL { U(t), fort >0,

" 2r )] E-Htie 0, fort<0.
- (9)
The previous equation should be understood as

an operatorial equation, i.e., for an arbitrary eigen-
state | Wy) with H |¥y) = Ey | %), one has

“+o0
i dEefiEt/h
F(t)[¥o) = 5 / m|%>:

i T AE e 1B e ot/ )
== ) =
o7 | E-Eoric |0 for ¢ >0,
—00 0, fort<O (10)

where the last equation is obtained by integrating
on the lower half-plane of the complex variable F
for ¢ > 0 and on the upper half-plane for ¢t < 0.
Formally, F(t) is not defined for ¢ = 0 since the
integral fjocf dE m
we summarize (10) by writing

F(t) =0t U(t) (11)

does not converge. Now,

J

1

together with the choice 6(0) = 3, thus F(0) = 1.
Similarly, let us introduce the operator P(t) (P for
“past”)

i T dE e—iEt/h

PO=FC0 =500 | o=z ~
0, fort >0, (12)
U(t), fort<0

hence P(t) = 6(—t)U(t) and P(0) = 3. For each
time ¢ (including ¢t = 0) we get a consistent result

U(t) = e  HHY/ = P(t) + P(t) =

; +OodEefiEt/h ; +oodEefiEt/h
%/ E—H+ie *%/ E-H—ie
too Foo

1 dE ¢ o—iEt/h )
YK iy PP
™ (E—H)" +£2
—00 —00 (13)
Next, we return to the time evolution of the ex-
pectation values of (8). To evaluate them, we need
to determine propagators defined as

GS(E)—<S' ! s>,
s>. (14)

- E—H+ie
E—H+ie

Namely, once these quantities are known, the time
evolution is obtained by using the “future” repre-
sentation F'(t) of (9). For this, we write down the
operatorial Lippmann—Schwinger equation

1
E Htic E_Hytic { e

T,(E',E) = <E’,z’

1
E-H +is] ’
(15)
which can be proven considering the operator O de-
fined as (note that when dealing with the operators,
the order is important)

1
O = (B—Ho+i - -
(B—Hotie) {E—Hﬂa E—HO—HJ

(E—H0+is)#+i€ —1=
(E—Ho—&—ie); - (E—H—I—ie); =
E—-H+ie E—-H+ie
(H = Ho) o = Hi ———.  (16)
E—H+ie E—-H+ie

Then, the propagator of the unstable state S reads

Gs(E) = <s‘

E— H+ ie

1 1 |
= H‘
> E—M+is+E—M+is<S‘ MEH T e

5) -

N o]
1 1 Ii(E")
dE' | “=LT,(E',E 1
E—M+15+E—M+isz;/ or LEE), (17)

1=
FEin,i

while the propagators for the transitions |S) — |E, i) are given by
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1
E— H + ic

1

T(E . E)={E.i S
(E, B) < ! E—E +ie

S>:

Plugging T;(E’, F) into (17), we obtain the Dyson—
Schwinger equation of the S propagator

1 II(E)Gs(E)
E-M+ie  E-M+ie
where the total self-energy II(FE) and the partial
self-energies II;(E) read, respectively,

Gs(B) = (19)

N

mE) =Y me) (20)
and

[ aE )
me = [ G 21
FEin,i
for which Im(II;(E)) = I';(E)/2 (optical theorem)'.
Then,
1
Gs(E) = (22)

E—-M+II(E)+ie
is the state S propagator being searched. As it is
well known, this expression can be also obtained by
performing the standard Dyson resummation, see
e.g. [39]. We thus have provided a simple alternative
derivation of this object.

The propagator Gg(FE) can be also rewritten as

, ds(E)
= [ e @
En,1
with
as(8) = - m(as(2) = T s (m)
s s (24)

The function dg(E) is a correctly normalized energy
distribution (or spectral function) of the unstable
state (dF dg(F) is the probability that the state S
has an energy between (F, E+ dE)). Then one pro-
ceeds as usual to determine the survival probability
amplitude

a(t) = (S|U()|S) "=

7

—00

Y (S| F(t)]S) =

1dE Gs(E)e 1 EBt/h
27

/ dE dg(E)e 1B/,
Eth.l (25)
This is indeed the amplitude that starting with |.S),
we still have |S) at the time ¢ > 0. The survival
probability

1Tt is often common to perform the replacements
II;(E) — II;(E) + C;, where the latter are real subtraction
constants such that Re(Il;(M)) = 0. In this way, the bare
mass M of the unstable state is left unchanged by quantum
the fluctuations.

<E’
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I _ [L(E)_Gs(B)
ZHmtE—H—i—iES>_ ot E—FE +ic
(18)
2
+oo
p(t) = / dE dg(E)e=1Et/h (26)
Ein,1

emerges. This is indeed the starting point of many
studies on the decay law [1-15].

As a consequence of the adopted formalism, once
Gs(F) is fixed, also T;(E’, E) in (18) is determined.
We then calculate the probability that the decay
takes place in the i-th channel between 0 and ¢ > 0
as

+o0

wilt) = / 4B | (i U(1)|S) |* 2
Ein1

+oo

/dE’|(E’,i|F(t)|S>]2:

Ein,1

400 +o0 2

/ 4B’ 2i / dET,(E', E)e~iBY/h
T

Eth,l —0o0
+oo , . too 2
% / dE/F(E) 1 / dE GS(E) —iEt/h
21 o E—-FE'+ice
En,1 —00
(27)

This is indeed the expression for the quantity w;(t)
that we were looking for. However, it still involves
the complex propagator Gg(E), so it is better to
recast it into a form that is simpler for practical
applications. By introducing the spectral represen-
tation of (23) of the form

+oo
i dE —iBt/h _
o / Fmrie OsE)e -
+oo +o0 .
L dE / dy dS(y)eilEt/h _
2 (E—FE'+ie)(E—y+ie)
—o0 En1
+oo d
—iE't/h —i h
/dyE/—y e t/h _ o—ivt/
Ein1

(28)
(note, the integrand contains no singularity), we ob-
tain the expression [22]

+oo
F B
Eth,l 9
+oo d ( )
sy —iE't/h —iy't/h
X /dyE/_y[e /h_ =it/

th,1

(29)
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This quantity can be calculated numerically when
the functions I3(E) (and thus also ds(E)) are
known. Roughly speaking, it is ready to be used,
just “plug in and calculate”.

There is another useful way to express w;(t) men-
tioned in [22]. By introducing

t
%/dt’a B/ —
0
t 400
/dt’ / dyds(y)e—iyt’/ﬁ eiE’t//h:
0 Eona
o0 t
f11 / dydg(y)/dt’ei(E,_y)t//h
Eni 0
/ dde( ) [ —y)t/h_1:| _
J iy
+o0
{elEt/h / dyéé;i(y) {e—iE’t/h_ eiy/h:|7
S (30)
we find
T , QB a(t')e B/ ’
w;(t) = / dE' ——~ I /
Eoni 0
(31)

Once a(t) is calculated (a necessary step for getting
the survival probability p(t)), w;(t) can be numeri-
cally evaluated from the previous expression.
Next, we recall some relevant properties and ex-
tensions.
e We can prove (1) by using the formal expres-
sion for the transitions w;(t) in (27) and the
completeness relation of (3)

N N T

S wit) =3 / AE' (B iU (1) |S)f =
N T

SIUt@) > / dE' |E' i) (E',i|]U(t)|S) =
i= lEthz

(S| [L—19)(SI]U@)|S) =1 —p(t). (32)
It is an important consistency check for the correct-
ness of the obtained results.

e The  exponential  (or  Breit-Wigner)
limit [24-26] is obtained for I; = const
and I' = Zfil I'; (no energy dependence).
The survival probability p(t) and the decay
probabilities w;(¢) reduce to [11, 22]

— F’L —I't
p(t) = e wi(t) = 7 (1= eI,
w;(t) — ijig = 1]:] = const. (33)
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e In the general case, the ratio w;/w; # const
(for ¢ # 7). This fact is shown in [22] with the
widths I}(E) 292\/E — Ew, i/ (E? + A?%)
inspired by the expressions derived in [42] in
the case of hydrogen-like atoms. In [11], w; /w;
was also shown to be not a simple constant (in
the framework of an approximate solution) for
various choices of I';(E).

The related interesting quantity is h;(t) =
wj(t), where h;(¢t)dt is the probability that
the decay takes place in the ¢-th channel
in the interval (¢,¢t + dt). In the BW limit,
hi(t)/hj(t) = I';/I’; = const, but this gener-
ally does not apply [11, 22].

In [43], the two-channel decay was stud-
ied by in the framework of the asymmetric
double-delta potential V(z) = Vo(6(z—a) +
ké(z+a)), where k # 1 means that two
channels were represented by tunneling to
“left” and to ‘right”. The numerical accu-
rate solutions of the Schrédinger equation
clearly shown that wgr(t)/wr(t) as well as
hr(t)/hr(t) (where R stays for the right and
L for the left) are not constant.

The results can be extended to QFT. For this,
the variable F must be replaced by s = E?
(for the relativistic version of the Friedrichs—
Lee approach, see e.g. [44-46]). The propaga-
tor reads Gg(s) = [s — M? + II(s) + ig] ™1,
where I1(s) = YN | I;(s) (with Tm(IL;(s))
V/sI;(s)) is the sum of the self energies for the
N distinct decay channels. The spectral func-
tion is dg(s) = —2 Im(Gs(s)) (e.g. [47, 48]).
The survival probability p(¢) takes an analo-
gous form of (25) (e.g. [49, 50]

2

+oo
/ dsdg(s)e™Vet/h

th,1

p¥E(t) = (34)

while the partial decay probability w;(t) reads

+oo
W (1) = / ds\/gl;i(s)

(35)

This expression can be calculated numerically once
the functions I’;(s) are known.

+oo

/ ds’ dg(s")

Sth,1

—iVst/h _ o—iVs't/h

s—s'

e In QFT, there is no BW limit and no expo-
nential decay (the threshold is always present
because s > 0). Setting I3(s) to a con-
stant leads to some inconsistencies. An in-
teresting model, discussed in [51], postulates

IIi(s) = ifi‘/s—sth,i for which Ij(s) =

plme(s — Sth,;) (Which reduces to
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a constant for large s). Despite its simplic-
ity, it allows the spectral functions of vari-
ous broad hadrons to be fitted quite well. The
function w;(t) turns out to be, as expected,
non-exponential, in agreement with the QM
case.

3. Conclusions

In this work, we presented a novel and simple way
to obtain the expressions of the survival probability
p(t) and the decay probability into the i-th channel
w; (t) by using the Lippmann—Schwinger equation at
the level of operators. The propagator for the state
S and the transition propagator for S into any decay
product are intertwined. In this way, p(t) and w;(t)
naturally emerge, and the results coincide with the
ones shown in [22]. In the future, the study of w;(¥)
in various physical systems is planned.
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