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The optical absorption of the donor impurity in the two-dimensional GaAs quantum ring was studied
with the effective mass approximation using the finite element method. The influence of the magnetic
field, light intensity, and impurity position on the optical absorption coefficient is analyzed. The results
reveal that the application of a magnetic field can increase the peak value of the absorption coefficient
and cause a blue shift phenomenon. With the increase of light intensity, the peak splitting in total
optical absorption appears. With the increase of the distance between the impurity and the center of
the quantum ring, the spacing of the energy level decreases, resulting in a decrease in the peak value
of the total absorption coefficients, and a red shift occurs. On the other hand, when the impurity is
located between the inner and outer radius, the opposite effects appear as the impurity is far from the
center of the quantum ring.
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1. Introduction

Quantum dots have a limiting effect on space car-
riers, resulting in completely discrete energy level
structures and discrete absorption spectra (in the
band and between bands) [1, 2]. Low-dimensional
semiconductor quantum dots such as quantum dots,
quantum well wires, and quantum wells can be pre-
pared by means of metal-organic chemical vapor de-
position and molecular beam epitaxy [3]. Unique
structures of energy levels are found in each shape
of quantum dots which makes quantum dots have
excellent optical properties.

Recently, with the rapid development of nanos-
tructure technology, the quantum ring (QR) topic
has found application in both experimental and the-
oretical fundamental research of photoelectric struc-
ture. It has also become a hot spot in the research of
condensed matter and optoelectronics [4–10], which
is why it is also used in optoelectronic devices
such as lasers, photodetectors, and single photon
sources [11]. Consequently, the optical properties of
QRs structures have become focus of interest of con-
densed matter and applied physics [12–24].

The optical absorption properties in QR de-
pend mainly on the carriers interaction, the im-
purity effect, the confinement potential, and the
applied external field. For example, one inves-
tigated intersubband optical absorptions in QRs
respectively with an exciton [12] and two elec-
trons [13] with the effective-mass approximation in
the presence of a magnetic field or an electric field.

The optical properties in QR with both the con-
finement potential and the Aharonov–Bohm effect
were also studied [14, 15]. The relative refractive
index change and the absorption coefficient in the
double δ-doped GaAs MIGFET-like structure [16]
and parabolic two-dimensional QRs [17] have been
investigated under the electric and magnetic field
effects. Recently, one has explored the effects of
hydrostatic pressure [18], hydrostatic pressure, and
aluminum concentration [19], as well as spin-orbit
coupling [20] on the intraband optical absorption
properties in QR. The hydrogenic impurity-induced
effect on the optical properties of low-dimensional
semiconductor QRs have raised a lot of concern in
some areas of applied physics [21–24].

The above-mentioned research results are mainly
calculated using the variational procedure, the com-
pact density-matrix approach, and the perturbation
method. These methods focus on Hamiltonian prob-
lems consisting of simple-form kinetic energy terms
or carrier motions not far from the harmonic region
of the potential energy. However, if the carrier mo-
tion is far from the harmonic (equilibrium) quantum
structure, the dynamics operators tend to become
quite complex, e.g., when solving the high-energy
states of the complex quantum structure, due to
the difficulty of choosing suitable basis functions,
and then the above methods become less applica-
ble. In addition, due to the limitations of computa-
tional methods, most of the above theoretical works
focus on analyzing the eigenstates of impurities sit-
uated in the QR center and the transition from the
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ground state to the excited state. Fortunately, the
finite-element method was proposed to solve the
two-dimensional Schrödinger equation [25] and has
been applied in sever al typical examples.

In this paper, within the effective mass approxi-
mation, the energies of the lowest and first excited
states are calculated in a two-dimensional GaAs QR
within a donor impurity under an applied mag-
netic field, using the finite element method pro-
posed by [25]. We have studied the effect of the
donor impurity-related linear and nonlinear optical
properties on the impurity position, magnetic field
strength, and incident optical intensity. The rest of
this paper is organized as follows: the theoretical
model is described in Sect. 2; in Sect. 3 the research
results are analyzed and discussed; and finally the
conclusions are presented in Sect. 4.

2. Theory and calculation

In this work, we assume that a donor impurity
can be located at arbitrary positions. The electron is
confined in a two-dimensional GaAs QR of the inner
radius R1, outer radius R2, and width d = R2−R1.
A uniform magnetic field is applied along the plane
(direction z) perpendicular to the two-dimensional
QR (see Fig. 1). In the polar coordinate (r, ϕ) sys-
tem, the effective mass Hamiltonian of an electron
in QR is obtained as follows

H =
1

2me

(
p +

e

c
A
)2

+ V (r), (1)

where |e| and me are the electron charge and the
effective mass, respectively; p is the momentum;
A = 1

2B × r and B = Bzz are the magnetic po-
tential vectors; r =

√
x2 + y2 is the distance be-

tween the electron and the center of QR. In (1),
V (r) = Vh(r)+Vc(r) and it consists of the het-
erostructure confinement (i.e., the geometric con-
finement) and the Coulomb interaction between the
donor impurity and the electron within the ring. In
the infinite potential well model, the confining po-
tential Vh(r) is given by

Vh(r) =

{
0, R1 < r < R2,

∞, elsewhere.
(2)

Fig. 1. Schematic diagram of QR under applied
magnetic field; R1 = a∗, R2 = 5a∗ [26].

The Coulomb interaction potential Vc(r) is written
by

Vc(r) = − e2

ε |r − ri|
, (3)

where ε denotes the dielectric constant; |r − ri| =√
(x− xi)2 + (y − yi)2 is the distance between elec-

tron and impurity in two-dimensional GaAs QRs;
xi and yi are the coordinates of impurity; ri =√
x2i + y2i is the distance between the impurity and

the center of QR.
From (1), the Schrödinger equation obtained in

the Cartesian coordinate system can be expressed
as [

− ~2

2me
∇2 +

meω
2
m

8
(x2+y2) +

~ωm
2

L̂z

+V (x, y)

]
ψ(x, y) = E ψ(x, y), (4)

where ωm = eB/(mec) is the electron cyclotron fre-
quency, c is speed of light in vacuum, Lz is the pro-
jection of the electron angular momentum in the z
direction.

When the impurity is located in the center of the
quantum ring (ri = 0), both Vc(r) and Vh(r) ex-
hibit no dependence on the polar angle for a ring
with cylindrical symmetry. From (4), Schrödinger
equation can be obtained in polar coordinate sys-
tem (r, ϕ), expressed as [26][
− ~2

2me

( ∂2
∂r2

+
∂2

r∂r
+

∂2

r2∂φ2

)
− i~ωm

2

∂

∂φ
+
meω

2
mr

2

8

− e
2

ε r
+ Vc(r)

]
ψ(r, φ) = E ψ(r, φ). (5)

For (5) the corresponding two-dimensional eigen-
state ψ(r, φ) is given by the following formula

ψ(r, φ) =
1√
2π

e imφR(r). (6)

Substituting (6) into (5), we get the equation that
only includes the radial wave function R(r), as fol-
lows[

− ~2

2me

1

r

d

dr

(
r

d

dr

)
+

~2

2me

m2

r2
+
me

8
ω2
mr

2

+
m

2
~ωm −

e2

εr

]
R(r) = EnmR(r). (7)

Using RB = mee
4/(2π2ε2) as energy unit, a∗ =

ε~2/(mee)
2 as a unit of length, (7) can be simpli-

fied as[
− 1
r

d
dr

(
r d
dr

)
+m2

r2 + r2

16γ
2+m

2 γ−
2
r−Enm

]
R(r)=0,

(8)

where γ = ~ωm/RB represents the magnetic field;
m = 0,±1,±2 . . . is the magnetic quantum number;
n is the principal quantum number. For a given m,
the energy levels Enm and the wave function ψnm
can be obtained by solving (8) with the use of the
one dimensional finite element method.
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When the impurity is distant from the center of
the quantum ring, the Coulomb interaction poten-
tial Vc(r) becomes related to the polar angle. In or-
der to investigate the effect of the impurity position
on the optical absorption properties, we consider
Lz = 0. The Schrödinger equation (see (4)) is sim-
plified as[
−∇2+γ2(x2+y2)

16 − 2√
(x−xi)2+(y−yi)2

−E
]

×ψ(x, y) = 0. (9)
The eigenvalue problem in (9) is solved by the two-
dimensional finite element method.

This paper shows interesting results in the con-
text of optical absorption of transitions from the
lowest and first excited states. Assuming that the
incident light radiation is polarized along the x-
axis direction, the electric dipole transition ma-
trix element between the lowest and first excited
state is

M21 =
∣∣∣〈ψ2 |r cos(ϕ)|ψ1〉

∣∣∣, (10)

where Ψ1 = Ψ10 and Ψ2 = Ψ20 denote the wave
functions of the lowest and first excited states, re-
spectively.

The contributions of linear and third-order non-
linearity to the optical absorption coefficient and
the refractive index changes are calculated using the
compact density matrix method, Fermigen’s rule,
and iterative procedure. The analytical forms of the
linear and third-order nonlinear optical absorption
coefficients are obtained by [27, 28]

α(1)(ω) = ω

√
µ

εrε0

ρ~Γ21M
2
21

(E21−~ω)
2

+ (~Γ21)
2 , (11)

and

α(3)(ω, I) = ω

√
µ

εrε0

2Iρ~Γ21M
4
21

ε0nc
[
(E21−~ω)

2
+ (~Γ21)

2
] ,

(12)
where E21 = E2 − E1 is the energy difference be-
tween the lowest energy E2 = E20 and the first
excited E1 = E10 energy state; µ denotes the per-
meability of the material; ρ is the electron charge
density in QR; c is the speed of light in vacuum;
εr is the relative dielectric constant of the medium,
n =
√
εr is the refractive index; I = 2ε0nc|E|2 is the

incident light intensity; ε0 is the dielectric constant
in vacuum; Γ21 = 1/τ (τ is the relaxation time)
is the decay rate from the first excited to lowest
state; ~ω is the incident light intensity. Therefore,
the total optical absorption coefficient is written as
follows

α (ω, I) = α(1) (ω) + α(3) (ω, I) . (13)
In the same way, the expressions for linear and
third-order nonlinear refractive index changes are
defined as follows [27, 28]

∆n(1)(ω)

n
=

e2ρ

2n2ε0

(E21−~ω)M2
21

(E21−~ω)
2

+ (~Γ21)
2 (14)

and
∆n(3)(ω, I)

n
=
e4ρµcI

n3ε0

(E21−~ω)M4
21[

(E21−~ω)2+ (~Γ21)
2
]2 .
(15)

The total refractive index change is obtained as
∆n(ω, I)

n
=

∆n(1)(ω)

n
+

∆n(3)(ω, I)

n
. (16)

3. Results and discussion

In this study, the following basic parameters are
used for GaAs materials [27]: ε = 13, ε0 = 8.85 ×
10−12 F/m, ρ = 5×1022 m−3, Γ21 = 1/(0.14) ps−1,
µ = 1.256×10−6 Tm/A, n = 3.2 andme = 0.067m0

is the effective mass of the electron, where m0 is the
mass of the free electron. In the following study,
the effective unit of dimension is α∗ ≈ 100 Å, the
effective unit of energy is RB ≈ 5.7 meV.

Figure 2 describes the influence of different in-
cident light intensity on the first-order, third-order
and total absorption coefficients in QR when the
impurity is situated in the center of QR and the
magnetic field is γ = RB. As can be seen in Fig. 2,
when the incident light intensity increases, the first-
order absorption coefficient remains unchanged, and
the peak appears at photon energy 13 meV. For the
third-order absorption coefficient it increases with
the increase of incident light intensity, and the min-
imum value appears at the photon energy 13 meV.
The absorption coefficient decreases with the in-
crease of incident light intensity. The incident light
intensity increased, resulting in light absorption sat-
uration. As the incident light intensity continues to
increase, the peak absorption coefficient will split.

Figure 3 analyzes the effect of different incident
light intensity on the first-order, third-order and to-
tal refractive index changes in QR with an impurity
lied in the center of QR and the magnetic field is

Fig. 2. The linear, third-order nonlinear and total
absorption coefficient shown as photon energy Eph

with a donor impurity located at the center of the
QR for different incident light intensities.
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Fig. 3. The linear, third-order and total refractive
index changes shown as photon energy Eph with
an impurity situated in the center of QR for differ-
ent incident light intensities.

Fig. 4. The linear, third-order and total absorp-
tion coefficient as function of photon energy Eph

with a donor impurity lied in the center of QR for
different magnetic fields.

γ = RB. As can be seen in Fig. 3, as the intensity
I increases, the third-order nonlinear refractive in-
dex change decreases, while the linear refractive in-
dex change remains constant. The results show that
the total refractive index change is reduced. We can
see from these curves that the total refractive index
changes decrease sharply with increasing photon en-
ergy between 6 and 15 meV. It is an anomalous
dispersion phenomenon, defined as the absorption
band due to the strong absorption of photons. The
photon energy resonance peak corresponding to the
total absorption coefficient in Fig. 2, corresponds to
the point where the refractive index change curve
intersects the horizontal axis. So the frequency of
the energy is the resonance frequency of the sys-
tem. In addition, in the region outside the anoma-
lous dispersion, i.e., in the normal dispersion region,
the refractive index smoothly increases with the in-
crease of photon energy [22].

Fig. 5. The linear, third-order and total refractive
index changes shown as photon energy Eph with
an impurity situated in the center of QR for differ-
ent magnetic fields.

Figure 4 describes the effect of the magnetic field
on the first-order, third-order and total absorption
coefficient in QR with the impurity lied in the center
and the incident light intensity I = 0.2 × 1010 cd.
In Fig. 4, for the same light intensity, the first-order,
the third-order and the total absorption coefficient
increase with increasing magnetic field. The peak
value of absorption coefficient moves to the right as
the magnetic field increases, resulting in a blue shift
phenomenon.

Figure 5 shows the changes of the first-order,
third-order and total refractive index in QR as the
photon energy when the impurity position lies in
the center of QR and the incident light intensity
is I = 0.2 × 1010 cd. Similarly, since the curves of
the optical refractive index change with the incident
light energy, the point where the curve intersects to
the horizontal axis moves to the right with increas-
ing magnetic field.

Figure 6 investigates the effect of impurities on
the first-order, third-order and total absorption co-
efficient in QR, when the magnetic field is γ = RB

and the incident light intensity is I = 0.2× 1010 cd.
In Fig. 6, the position of the absorption peak moves
to the left due to the appearance of impurities,
which will lead to a red shift. To obtain the op-
tical absorption peak, QR with impurities needs to
absorb less photon energies, and the effect of the
impurity can induce the increase of the absorption
peak value.

Figure 7 analyzes the influence of impurities on
the first-order, third-order and total refractive index
changes in QR for γ = RB and I = 0.2 × 1010 cd.
From the curves showing the optical refractive in-
dex changes with the incident light energy, the point
where the curves intersect with the horizontal axis
moves to left when impurities appear. And the im-
purity effect induces an increase in the relative re-
fractive index changes.

245



Kang Yun et al.

Fig. 6. Influence of impurities on the linear, third-
order and total absorption coefficient with photon
energy Eph.

Fig. 7. The influence of impurity on the linear, the
third-order and the total refractive index changes
with photon energy Eph.

Figure 8 depicts the electronic probability den-
sity of the lowest and first excited states when the
impurities are located at different positions in the
quantum ring. In Fig. 8, the impurity position has
a significant effect on the electron probability den-
sity in the quantum ring. When the impurity is lo-
cated at the center of the quantum ring, the prob-
ability density distribution |ψ1|2 of the lowest elec-
tron state has circular symmetry, and |ψ2|2 of the
first excited state is symmetrical with respect to the
axis diagonal of QRs. When the impurity positions
are off from the center along the x-axis, in QRs all
probability density functions are symmetrical about
the x axis. The wavefunctions behaviors presented
in Fig. 8 will be used in the following paragraphs for
the analyses of light absorption coefficient and re-
fractive index changes as a function of the impurity
positions.

Figure 9 studies the influence of impurity position
on the light absorption coefficient for γ = 1 × RB

and I = 0.2× 1010 cd, when the impurity positions

Fig. 8. The electronic probability density distribu-
tion of the lowest and first states when the impuri-
ties are located at different positions.

lie in the points (0, 0), (0.5a∗, 0), (a∗, 0), (2a∗, 0),
and (4a∗, 0). As can be seen in Fig. 9, the impurity
positions have a significant effect on the total light
absorption coefficient. When the distance from the
impurity position to the center is less than the inner
radius (ri < R1), the value of absorption peak de-
creases significantly as the impurity is far from the
center of QR. When the impurity is situated in the
edge of the inner ring, i.e., ri = a∗, the absorption
peak value decreases more significantly. The inci-
dent photon energy corresponding to the value of
the light absorption peak decreases as the distance
of impurity from the QR center increases, so then
the position of the absorption peak will move to the
left, resulting in a red shift. When the impurities are
located inside the quantum ring (R1 < ri < R2), the
absorption peak value begins to increase as the im-
purity is far from the center of QR. When the impu-
rity approaches the edge of the outer ring (the impu-
rity position at (4a∗, 0)), the absorption peak value
increases more significantly. The position of the ab-
sorption peak will move to the right as the impurity
is away from the ring center, resulting in a blue shift.
For example, at the impurity position (2a∗, 0), the
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Fig. 9. The total light absorption coefficient
shown as photon energy Eph for impurities situated
in different positions in QR.

Fig. 10. The total refractive index changes shown
as photon energy Eph for impurities situated in dif-
ferent positions in QR.

incident photon energy corresponding to the light
absorption peak is about 12 meV, while at the im-
purity position (4a∗, 0), it is approximately 20 meV.

Figure 10 shows the total refractive index changes
as a function of the photon energy when the im-
purity positions lie at the points (0, 0), (0.5a∗, 0),
(a∗, 0), (2a∗, 0), and (4a∗, 0), where γ = RB and
I = 0.2 × 1010 cd. In Fig. 10, there is a significant
difference between R1 < ri < R2 and ri < R1.
For ri < R1, as the impurity distance from the
center of QR increases, the total refractive index
changes decrease and the region of anomalous dis-
persion defined as the absorption band gradually
narrows. For example, for the impurity situated in
the center of QR (ri = 0), the total refractive in-
dex changes increase with the incident photon en-
ergy in the range 0–5 meV; while the total refractive
index changes will decrease as the incident photon
energy in the range of 5–16 meV. For the photon en-
ergy greater than 16 meV, the total refractive index

changes increase again. When the distance between
the position of the impurity and the ring center is
ri = 0.5a∗ compared with the impurity at the cen-
ter, the total refractive index change is greatly re-
duced. When the impurity lies at the edge of the
inner ring, i.e., ri = a∗, the total refractive index
change is almost zero. For R1 < ri < R2, as the im-
purity distance from the center of QR increases, the
total refractive index changes begin to increase, and
the anomalous dispersion region gradually widens.

4. Conclusion

1. The total absorption coefficient decreases and
splits as the incident light intensity increases
continually for a given external magnetic field.

2. The light absorption coefficient and refractive
index changes increases with increasing exter-
nal magnetic field for a given incident light
intensity. The obtained resonant peaks of the
absorption coefficients need more photon en-
ergy, and the intersections of the optical re-
fractive index change curves with the hori-
zontal axis move to the right as the magnetic
field increases, resulting in the blue shift phe-
nomenon.

3. The existence of impurities does not affect the
dependence of light absorption spectrum on
the incident light intensity, but it can induce
an increase of the absorption coefficient and
the refractive index changes.

4. The impurity position has a significant ef-
fect on the optical absorption properties in
QRs. When the impurity lies in the center
of QR, the total optical absorption coefficient
and refractive index changes are the largest.
As the impurities are far away from the cen-
ter, the total absorption coefficient and refrac-
tive index changes decrease at impurity posi-
tions ri < R1 or increase at impurity posi-
tions R1 < ri < R2 significantly. There is
an obvious red shift phenomenon at points
ri < R1 or a blue shift phenomenon at points
R1 < ri < R2.
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