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In order to investigate the effect of the number of meta-atomic layers on the propagation of the me-
chanical wave, studies on the propagation of the Gaussian impulse in structures with from one to five
five-atomic layers in the phononic structure were carried out. The structure consisted of square-section
meta-atoms made of polylactic acid. Wave propagation was analyzed using the finite difference time
domain and fast Fourier transform algorithms. The conducted research showed the appearance of local
resonance fields in the inter-meta-atomic space, resulting from the phenomena of diffraction and inter-
ference, which reduced the speed of wave propagation in the structure and caused the occurrence of
gaps in the analyzed quasi-two-dimensional structures.
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1. Introduction

In order to determine the band gap for phononic
structures, the frequency response in the analyzed
frequency range of mechanical waves should be
determined. There are many methods that can
be used for this purpose, for example, the one-
dimensional transmission line model (TLM) [1],
the eigenmodes matching theory (EMMT) [2], mul-
tiple scattering theory (MST) [3, 4], the plane
wave expansion method (PWE) [5–7], the plane
wave finite element (PWFE) [8], the finite ele-
ment method (FEM) [9–11], the boundary element
method (BEM) [12, 13], the boundary integral equa-
tion method (BIEM) [14], the unfitted Nitsche’s
method [15], the local radial basis function collo-
cation method without mesh (LRBFCM) [16], the
transmission matrix method (TMM) [17–20], and,
among others, the finite difference time domain
(FDTD) algorithm [21–23].

The study investigated the effect of the number
of meta-atom layers in two-dimensional phononic
structures on the propagation of the Gaussian im-
pulse.

2. Finite difference time domain

Mechanical wave propagation is described by
a system of differential equations, which consists of
the continuity equation and the Euler equation, as,
respectively,


1
ρc2
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ρ∂v(x,t)
∂t = −∇p (x, t) ,

(1)

where p(x, t) is the pressure field in Cartesian space
x and time t, v(x, t) is the vector velocity field,
ρ and c are respectively the density and the phase
velocity of the mechanical wave propagating in the
material.

The gradient was defined as
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and the divergence specified for a Cartesian space
is
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Using (2) and (3) and transforming the system of
equations into a two-dimensional case, the following
result was obtained
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After converting the derivatives into difference
equations and the discretization of space into a two-
dimensional form, the following result was obtained
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The notation p|ti,j determines the pressure value at
a point in space defined by coordinates i and j at
the moment of time t. To ensure stabilization of
the simulation, the Courant condition must be sat-
isfied, which connects (after discretization) step in
time ∆t with step in space ∆z and the maximum
phase velocity cmax in the simulation of the prob-
lem under consideration. The Courant condition for
a two-dimensional problem is defined as

∆t <
1

cmax

√
1

(∆x)2
+ 1

(∆y)2

. (10)

For a square mesh, where ∆z = ∆x = ∆y, a stable
simulation is obtained with the assumption

∆t = ∆z
2cmax

. (11)
The perfect matched layers (PML) algorithm was
used to suppress the wave at the boundary of the
simulation area and to prevent internal reflections
of the waves. Time domain signals are transformed
into the frequency domain using a discrete Fourier
transform (DFT) which allows the band gap range,
the signal power spectrum, and transmission to be
determined.

3. Results and discussion

The parameters necessary to initiate the FDTD
algorithm include the maximum speed cmax of me-
chanical wave propagation in the simulation, the
minimum wavelength λmin, and the parameters re-
lated to the discretization of space and simulation
time, ∆z and ∆t, respectively.

In this work, the ambient material was air with
a density of ρa = 1.29 kg/m3 and the speed of sound
propagation ca = 331.45 m/s, and the material from
which meta-atoms were constructed was assumed
to be polylactic acid (PLA) with a density of ρm =
1240 kg/m3 and the speed of sound propagation
cm = 2220 m/s [24–26].

In order to maintain the stability of the simula-
tion of the FDTD algorithm used, and at the same
time to optimize the computation time, the highest
wave propagation velocity was adopted during the
calculations, equal to cmax = 2300 m/s, which must
be greater than the highest value of the wave phase
velocity for the materials used in the simulation.

Taking into account air as the medium material,
the minimum speed of wave propagation was de-
fined as cmin = 330 m/s. By using dependencies

λmin = cmin

fmax
, (12)

Fig. 1. Pressure distribution over 1000 time steps.

where fmax = 4 kHz is the upper range of acoustic
frequencies, the minimum propagating wavelength
was determined as λmin = 8.25 cm. The recom-
mended step of space discretization should be at
least ten times smaller than the minimum wave-
length [27]. In order to increase the accuracy of the
calculations, the spatial step ∆z = 2.5 mm was
adopted (the upper range of acoustic frequencies for
this step is 13.2 kHz), which, after substituting for
the Courant stability condition (see (11)), gives the
time step equal to ∆t = 5.43 × 10−7 s. The source
of the acoustic wave Z was located 18.5 cm from the
left edge of the simulation, and points P1 and P2
were at a distance of 29 and 67.75 cm, respectively.
Points Z, P1, and P2 were located 18 cm from the
lower limit of the simulation area. The dimensions
of the space of the simulation area were 36 cm on
the vertical axis and 106 cm on the horizontal axis.
There was a four-centimeter PML layer around the
simulation area.

The Gaussian impulse IG used for the successive
values of the time step T was described by the re-
lationship

IG(T ) = sin
(

3000π T∆t
)

exp
[
−0.2

(
305−T

50

)2]
.

(13)
A soft source has been defined as

Z
∣∣T
x,y

= Z
∣∣T−1

x,y
+ IG(T ). (14)

In the first stage of the work, the disturbance of
the medium propagated in a structure with a reg-
ular system, consisting of 5 columns and 5 rows of
square-shaped meta-atoms with a side of 3 cm and
a lattice constant of 4 cm. The pressure distribu-
tion after 1000 simulation steps for a soft Gaussian
spring is shown in Fig. 1.

Figure 1 shows the source point of the mechan-
ical wave Z and the first and second measuring
points, P1 and P2, respectively. The dashed line
marks the area of the PML boundary conditions, in
which the mechanical wave quenching took place.
The figure shows the structure of meta-atoms. The
highest pressure values at a given moment in time
are marked in white, and the lowest in black.

Contrary to phononic crystals, where the infi-
nite periodicity of meta-atoms (periodic bound-
ary conditions) is analyzed, in real realizations of
phonic structures, the number of elements is finite
and defined in the studied area. Research on the
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Fig. 2. Pressure distribution over 3000 time steps.

Fig. 3. Pressure distribution over 5000 time steps.

propagation of mechanical waves in phononic struc-
tures is carried out by analyzing the time series
at selected points in space and by using discrete
Fourier transforms, and on their basis obtaining the
power spectrum as a function of frequency.

Figures 1, 2, and 3 show the pressure distribu-
tion in the analyzed space after 1000, 3000, and
5000 time steps, respectively. The wave impulse
propagating in the structure causes the formation
of local areas of increased pressure in the inter-
meta-atomic spaces, which are caused by the phe-
nomena of diffraction and interference of waves in-
side the structure. These local enhancements of the
pressure distribution of the media lead to a slower
propagation of the wave passing through the struc-
ture in relation to the surrounding wave, as can be
seen in Fig. 2. Further iterations of the algorithm
(Fig. 3) showed decreasing values of pressure am-
plitudes and the continuous occurrence of local ar-
eas of increased pressure, which contributed to the
propagating disturbances of this field.

Figure 4 shows the time series of pressure values
at measurement points P1 and P2 for 6000 steps
of the algorithm. At point P1, there is a superposi-
tion of the generated and reflected pulses. Further
fluctuations in the pressure value occured as a con-
sequence of diffraction phenomena and interferences
within the structure. The reduced amplitude value
of the signal from the point P2 is related to the
wave scattering in the two-dimensional space and,
as a consequence, to the reflection of the pulse from
the phononic structure.

Fig. 4. Time series of pressure values at measuring
points P1 and P2.

Fig. 5. Pressure distribution for the four layers of
meta-atoms.

Fig. 6. Pressure distribution for the three layers of
meta-atoms.

In order to investigate the influence of the num-
ber of meta-atom layers on the propagation of
the mechanical wave, the Gaussian impulse prop-
agation was carried out in structures with four
(Fig. 5), three (Fig. 6), two (Fig. 7), and one
(Fig. 8) five-atomic layers in the phononic struc-
ture. The structure consisted of meta-atoms, with
a square cross-section of 3 cm, made of PLA, and
with a lattice constant of 4 cm. The pressure dis-
tributions in Figs. 5–8 are shown after 5 000 time
steps.

In all analyzed cases, part of the wave impulse
energy was reflected from the surface of the first
meta-atom layer.
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Fig. 7. Pressure distribution for two layers of
meta-atoms.

Fig. 8. Pressure distribution for one layer of meta-
atoms.

Fig. 9. Power spectrum for the five layers of meta-
atoms.

Fig. 10. Power spectrum for the four layers of
meta-atoms.

Fig. 11. Power spectrum for the three layers of
meta-atoms.

Fig. 12. Power spectrum for two layers of meta-
atoms.

For structures with one and two meta-atom layers
(Figs. 7, 8), part of the wave impulse energy propa-
gated through the structure without creating local
fields of increased pressure between the meta-atoms,
and diffraction at the boundaries of the structure’s
layers caused a moving focus of the wave impulse
on the line connecting the source and measurement
points. On the other hand, from three layers in
the structure (Figs. 3, 5–7), local fields of increased
pressure in the interatomic spaces appeared, which
reduce the speed of the wavefront by the structure
and its energy for selected frequency ranges.

Figures 9–13 show the power spectra of signals
at measurement points P2 after 5000 time steps for
five (Fig. 9), four (Fig. 10), three (Fig. 11), two
(Fig. 12), and one (Fig. 13) layer of the phononic
structure. In the power spectra for the P2 point,
one can notice the presence of reduced transmission
bands in the frequency range from 1.8 to 3.8 kHz,
which is not present for a single layer of meta-atoms.
As the number of layers increased, the width of this
band was observed to increase. The characteristic of
the mechanical wave power spectrum at point P2 for
the structure with four layers (Fig. 10) is similar to
the characteristic shown in Fig. 9. Adding another
layer resulted in an almost two-fold reduction in the
value of the power spectrum peaks.

In the power spectra of the transmitted mechani-
cal waves (P2), there were almost no frequency com-
ponents above 5 kHz. As the conducted research
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Fig. 13. Power spectrum for one layer of meta-
atoms.

showed, the frequency band in which the intensity
of mechanical waves was reduced was present for
two layers of meta-atoms. The structure with five
layers of meta-atoms presented in Fig. 9 was the
most advantageous. A wide band gap was obtained,
marked with vertical lines.

4. Conclusions

The analysis of mechanical wave propagation was
carried out using the FDTD algorithm, and the
power spectra were obtained from the results of the
discrete Fourier transform of the time series of pres-
sure changes at selected measurement points.

As part of the research, the presence of local areas
of increased pressure amplitude (local resonances)
of the propagating mechanical wave in the inter-
meta-atomic spaces within the phononic structure
was demonstrated, which reduced the amplitude of
selected frequency ranges of the mechanical wave
transmitted by the structure.

As shown by the research on the effect of the
number of meta-atom layers in the structure, the
reduced intensity of mechanical waves was already
present for two meta-atom layers, with the structure
with five meta-atom layers being the most advanta-
geous.
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