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The way of modeling the contact phenomena of two bodies — with a finite and infinite radius of
curvature — is presented in the paper. The basic method used in the research was the finite element
method. A model to simulate deformations occurring during rotational and translational movement of
a wheel on a flat surface was developed. The research was based on the own design solution of the mobile
platform’s running gear. The model takes into account all geometrical parameters, the flexibility of the
contact zone loaded, and orthotropic material properties of the analyzed meso-structural bodies. The
work contains the values of all parameters of the material model that were obtained experimentally.
The final result of the study was to determine the relationship between rolling resistance and external
loads.
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1. Introduction

The development of electromobility is related to
the technique of controlling the movement of ve-
hicles. One of the elements of effective control is
the examination of the physical phenomenon as-
sociated with the movement. Moreover, identifying
the constants and variables parameters is necessary
to describe the state of the object. For this pur-
pose, there is a need to develop models which can
map these phenomena and predict the behavior of
an object when changing the state parameters, and
so the scope of these changes can be predetermined.
One of the electromobility objects is a wheeled mo-
bile platform. Wheeled mobile platforms are usu-
ally used for short-distance transport, and the ve-
hicle is moved on a flat surface [1–3]. The move-
ment of wheeled platforms is related to the inter-
action between road wheels and the ground. The
effect of these interactions are deformations of con-
tact zone wheel–ground and the frictional moment
called the rolling friction torque [4]. Various meth-
ods of modeling wheeled mobile platforms’ move-
ment with determining track displacements on the
basis of dynamic interactions have been presented
in [1–3]. In each of these models, sliding friction
forces were taken into account. However, the motion
resistance resulting from deformations of the con-
tact zone was omitted. The models of interaction

between the wheel and the ground have been the
subject of many studies focused on problems such
as:

• energy dissipation during complex rotational
motion of the spinning disc on a flat sur-
face [5];

• application of the phenomenon of rolling fric-
tion in a design solution of the friction isola-
tion system (a seismic isolator) [6];

• testing the effect of tire material properties on
the tire-ice friction coefficient [7].

The original design solution of the wheeled mobile
platform has been presented in the paper [3]. In or-
der to develop the dynamic model of the platform, it
is necessary to determine the dependence between
force directly acting on the wheels Fy and rolling
friction torque T . Therefore, developing a numeri-
cal model which will be used to determine such a re-
lationship became the subject of this work. When
selecting the modeling method in accordance with
the guidelines contained in [4, 6], the mechanical
properties of bodies in contact had to be taken
into account. Taking into consideration the devel-
opment of additive manufacturing techniques [8, 9],
the Zortrax Z200 3D printer was used to produce
the mobile platform’s wheel. During 3D printing,
the synthesis of plasticized filament takes place. As
a result of this synthesis, the performed component
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has a meso-structural structure. Cross-orientation
of the structure generates free micro-spaces, the lo-
cation of which is determined by the direction of
movement of the 3D printer head. The experimental
studies of the strength properties of such structures,
which depend on the printer operating parameters,
have been presented in the publication [10]. Taking
into consideration the results of the work [11], it can
be concluded that the printed platform’s wheel will
demonstrate orthotropic properties.

The effect of the macrotexture properties of the
tire’s top layer on the rolling friction torque has
been demonstrated in work [12], but in the model
of the contact zone, the local slip was omitted. Fric-
tion coefficients of the polymeric material that can
be used during modeling the slip are included in
the paper [13]. The extensive analytical model of
rolling friction, taking into account the elliptical dis-
tribution of contact pressures, has been presented
in the paper [14]. The problem of friction modeling
was presented in the works [1–7, 14], but in any of
the presented research methods the finite element
method (FEM) for modeling has not been used.
Taking into account the description of the classic
model of rolling friction [4] and the orthotropic ma-
terial properties of the platform’s wheel [3], it was
decided that the model of the wheel–flat surface
system would be developed by using the finite el-
ement method. Therefore, the aim of this work is
to develop a model for determining the rolling fric-
tional torque associated with the rolling motion of
the wheel on a flat surface, taking into considera-
tion the susceptibility of the material structure and
contact phenomena.

2. FEM model assumptions

Considering the conditions of modeling the mo-
tion of the mobile platform [3] and the classifica-
tion of friction models presented in [15], it was as-
sumed that a static friction model would be devel-
oped. The static friction model is shown schemati-
cally in Fig. 1.

Fig. 1. The system of forces in the flexible model
of rolling friction in contact zone roller–flat surface.

To map the conditions of cooperation between the
platform’s wheel with a diameter of d = 200 mm
and the flat surface, it was assumed that the wheel
would be subject to the resultant forces Fy. This
force includes the range of loads resulting from the
permissible weight, which will rest on the platform
body. The translational and rotational movement
will be caused by an action of resultant force Fx.
This force in a real system results from the driving
torque of an engine seated in the power train [16]
and a sliding friction force, not indicated in Fig. 1
(the sliding friction force will be applied in the
FEM model). In the present model, the forces Fy
and Fx will be the active forces acting on the
wheel. These forces will be introduced into the sys-
tem through the moving body and contact condi-
tions defined between the individual bodies of the
model. Forces Fy and Fx cause deformations of bod-
ies, especially deformations of the wheel wk. Com-
ponents Rx and Ry replace a resultant reaction,
which is generated between the wheel and the sta-
tionary body. The position of the resultant reac-
tion at the ground is determined by parameters e
and wr. The equation of static equilibrium condi-
tion for the assumed forces system has the following
form

eFy = Fx

(
d

2
− wk + wr

)
. (1)

It follows from the above that the limit rolling fric-
tion torque will depend on the nature of the de-
formation in the contact zone, and the parameter
identifying the deformation may be the distance e.
Therefore, on the basis of the above assumptions,
the rolling friction torque can be determined in the
considered system based on the dependence

(ef(Fy)F )y = T. (2)
The parameters indicated above will be the input
and output data of the FEM model. The values of
Rx, Ry, e, and wr will be determined based on the
solution of a contact task in the contact zone of
a cylinder–flat surface as a system of deformable
bodies, which are loaded to external forces. In or-
der to find the solution to (2), it is necessary for
the FEM model to take into account the Fy force,
which increases in steps, and the Fx force, which
changes periodically. The sought unknown can be
obtained by formulating the equations of equilib-
rium of 3D solid finite element nodes [17] subjected
to loads and displacements in successive time steps
∆t. Taking into consideration the natural behavior
of the objects, it was found that they would expe-
rience large displacements and large rotations [17].
In order to solve this problem for all times t + ∆t,
an incremental Lagrange displacement analysis can
be used. The analysis is based on the principle of
virtual displacements described by [17]

(t+∆t)∫
V

dV t+∆t τ
ij(t+∆t) δe

(t+∆t)
ij

= R(t+∆t), (3)
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Fig. 2. Graphical interpretation of displacements
and deformations of 3D solid finite elements.

where τij is Cartesian components of the Cauchy
stress tensor (internal force per unit area), eij —
Cartesian components of the small strain tensor
i, j = 1, 2, 3, and δ — variance operator. These pa-
rameters are expressed as

δe
(t+∆t)
ij ≡ 1

2

(
∂δui

∂x
(t+∆t)
j

+
∂δuj

∂x
(t+∆t)
i

)
. (4)

Infinitely small strain is related to the yet unknown
configuration of the element. Hence, the variation
of the deformation components is equivalent to the
virtual strain during the virtual work of the body
subjected to virtual displacements. External virtual
work is given by

R(t+∆t) =

(t+∆t)∫
V

dV (t+∆t) F
B(t+∆t)
i δui

+

(t+∆t)∫
S

dS(t+∆t) F
S(t+∆t)
i δui, (5)

where FBi is vector of volumetric forces, FSi — vec-
tor of surface forces, and δui — the i-th component
of the virtual displacement vector.

The coordinates corresponding to the successive
time steps with displacements in the single finite
element, according to Fig. 2, are given by

x
(t)
i = x

(0)
i + u

(t)
i , (6)

x
(t+∆t)
i = x

(0)
i + u

(t+∆t)
i . (7)

For time t, the Piola–Kirchhoff stress ten-
sor Sij [17] is related to the initial (base) config-
uration of time t = 0. The designation used in the
formulas below corresponds to (configuration; time
step) or (time step)

S
(0;t)
ij =

ρ(0)

ρ(t)

∂x
(0)
i

∂x
(t)
m

τ (t)
mn

∂x
(0)
j

∂x
(t)
n

(8)

or after conversion

τ (t)
mn =

ρ(t)

ρ(0)

∂x
(t)
m

∂x
(0)
i

S
(0;t)
ij

∂x
(t)
n

∂x
(0)
j

, (9)

where ∂x(t)
m

∂x
(0)
i

is deformation gradient.
An important property of the Piola–Kirchhoff

second type tensor is that its components are in-
variant during the rotation of the material body,
i.e., the motion of the rigid body. The vir-
tual work expressed by the above formula uses
the Piola–Kirchhoff type stress tensor and the
Green–Lagrange strain tensor as the basis for de-
scribing the incremental Lagrange equations used
to describe non-linear structures of a continuous
medium. Generally speaking, the body may expe-
rience large displacements and large deformations,
the constitutive relationships are non-linear, and
the relationship (3) cannot be solved directly. How-
ever, an approximate solution can be obtained for
all the variables previously calculated with a known
equilibrium (initial) configuration and linearization
of the solutions to these equations. This solution
can be improved by additional iterations. The for-
mula called total Lagrangian (T.L.) has been used
to develop directional equations for approximate so-
lutions obtained by linearization. In this solution,
all static and kinematic variables are related to the
initial configuration over time t = 0. Thus, the ref-
erence may be made to a know configuration of
stresses and strains. Therefore, the T.L. formula
takes into account all kinematic non-linear effects
resulting from large displacements and large rota-
tions, but in the case of large deformations, the
modeled displacements depend on the constitutive
equations. Using an approximation based on consti-
tutive law, i.e.,

S
(0)
ij = C

(0)
ijrs e

(0)
rs , (10)

δε
(0)
ij = δe

(0)
ij , (11)

the following approximations of the equation of mo-
tion is obtained

(0)∫
V

dV (0) C
(0)
ijrse

(0)
rs δe

(0)
ij

+

(0)∫
V

dV (0) S
(0;t)
ij δ

[
1

2

∂uk

∂x
(0)
i

∂uk

∂x
(0)
j

]
=

R(t+∆t) −
(0)∫
V

dV (0) S
(0;t)
ij δe

(0)
ij . (12)

The constitutive law based on the generalized
Hooke’s law, in which the component of material
constants is written in the form of a Cijrs tensor,
can be included in the vector–matrix notation pro-
posed by Voigt. According to Voigt’s notation for
the generalized Hooke’s law, the tensor Cijrs is re-
duced to the stiffness matrix Cij . The components
of the finite element stiffness matrix used to model
objects with isotropic properties are as follows [17]

65



S. Śpiewak

Cij =
E

1 + ν



1−ν
1−2ν

ν
1−2ν

1−ν
1−2ν 0 0 0

1−ν
1−2ν

1−ν
1−2ν 0 0 0
1−ν
1−2ν 0 0 0

1
2 0 0

symmetric 1
2 0

1
2


. (13)

where E is the Young’s modulus and ν is the Poisson’s ratio.
On the other hand, the components of the stiffness matrix of finite elements used to model objects with

orthotropic properties are as follows

Cij =



1−νbcνcb
EbEc∆

νba+νbcνca
EbEc

νca+νbaνcb
EbEc∆

0 0 0
1−νacνca
EaEc∆

νba+νbcνca
EbEc∆

0 0 0
1−νabνba
EaEb∆

0 0 0

Gbc 0 0

symmetric 0 Gac 0

0 0 Gab


. (14)

where

∆ =
1− νabνba − νbcνcb − νcaνac − 2νbaνcbνac

EaEbEc
.

(15)
Due to the fact that the stiffness matrix is created as
a result of the operation of the susceptibility matrix
inversion, the constants of the orthotropic material
state must realize the following relationships

EiGij > 0, (16)

|νij | <

√
Ei
Ej
, (17)

where i, j = a, b, c, and

νbaνcbνac <
1

2

(
1− νabνba − νbcνcb − νacνca

)
<

1

2

(
1− ν2

ba

(
Ea
Eb

)
− ν2

cb

(
Eb
Ec

)
− ν2

ac

(
Ec
Ea

))
.

(18)

3. Determination of the stiffness matrix
parameters for a meso-structural body

The final stage of creating the FEM model is de-
termining the parameters of a material model. The
modeled wheel of the mobile platform is made of
the material which is called acrylonitrile butadiene
styrene (ABS).

In the works [18, 19], it was demonstrated that
the printed components represent orthotropic prop-
erties. This means that the values of strain and
stresses will depend not only on the directions and
values of loads but also on the directions defining
the main working plane of the printer. Therefore for
modeled wheel, orthotropic axes (abc) have been
introduced in accordance with the main plane of
printing (ab). In the 3D printing process, successive

Fig. 3. Orientation of the main plane of 3D print-
ing of samples (a), wheel of platform (b). Photos of
cross-sections of samples made in accordance with
horizontal (c) and vertical (d) orientation.

layers are superimposed on the ab plane along the c
axis (Fig. 3b). In order to determine parameters of
the constitutive law for the 3D solid finite element
(see (14)), such as directional: Young’s modulus,
Kirchhoff’s modulus, and Poisson’s ratio, a static
tensile test, and a static torsion test were performed.
The tests used 5-fold cylindrical samples with a di-
ameter of 6 mm.

The samples were printed in two orientations
(horizontal and vertical) relative to the main plane
of the print ab, as shown in Fig. 3a. A arrangement
of fibers in the cross-section of the samples for given
a printout orientation is shown in Fig. 3c (horizon-
tal orientation) and Fig. 3d (vertical orientation).

The average relationships stress–strain is σ–ε and
torsion torque–torsion angle — M–Φ.

Based on the experimentally obtained relation-
ship σ–ε, the directional Young’s modulus Ea=Eb,
Poisson’s ratios νab = νba, and tensile strength
Ram=Rbm were determined for samples made in
a horizontal orientation. For samples made in
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Fig. 4. Finite element mesh of model wheel–
ground.

Fig. 5. Photo of permanent deformation (a) and
idealized geometric form (b) of the considered meso-
structure.

a vertical orientation the directional Young’s mod-
ulus Ec, Poisson’s ratio νca = νcb, and tensile
strength Rcm were determined. Whereas the rela-
tionship M–Φ allowed to determine shear modulus
Gbc = Gac for samples made in a horizontal orien-
tation and shear modulus Gab for samples made in
a vertical orientation. These values for Fig. 4 are
included in Table I.

In order to visually identify the meso-structure,
the sample was subjected to a shear load. The form
of permanent deformation of the structure is shown
in the photo (Fig. 5a). Whereas the idealized ge-
ometric model of the considered meso-structure is
visualized in Fig. 5b. The identified structure allows
to confirm that the printed wheel will demonstrate
the transverse-orthotropic properties, which are de-
scribed by the parameters given in Table I.

4. FEM model of the contact zone
wheel–ground

Based on the assumptions presented above, using
the ADINA system [20], the finite element mesh for
the model shown in Fig. 1 was generated.

The meso-structure in the geometrical model of
the wheel has been replaced by a uniform solid,
which is subjected to discretization by using finite
elements of the type 3D solid [17, 20]. The directiv-
ity of the identified structure was taken into account
by considering the finite elements of the model as
structures with orthotropic properties, which are

TABLE I

Parameters list of the stiffness matrix for all finite
elements groups of the model (Fig. 4).

Finite element
group

Parameters of
the stiffness matrix
defined in the model

EG1 according to (13)
E = 200000 MPa,
ν = 0.3,

EG2 according to (14)
Ea = Eb = 1026 MPa,
Ec = 1115 MPa,
νab = νba = −0.54,
νca = νcb = −0.38,
Gab = 425 MPa,
Gbc = Gac = 405 MPa,
Ram = Rbm = 26 MPa,
Rcm = 20 MPa,

EG3 according to (13)
E = 200000 MPa
ν = 0.3

described by parameters given in Table I. The main
plane of the print xy of the 3D printer (Fig. 3)
was replaced in the FEM model (Fig. 4) with the
xy plane. In this way, the orthotropic properties of
the meso-structure of the wheel resulting from the
specificity of the 3D printing process were mapped.

The finite elements of the model were grouped
into three sets, which have been represented
in Fig. 1 and Fig. 4. Set EG1 is the movable body,
EG2 — wheel, and EG3 — stationary body. The
stiffness matrix for the finite elements of the EG1
and EG3 groups was defined for isotropic bodies,
i.e., according to (13), but in the case of the EG2
group, the stiffness matrix was defined according
to (14). The numerical data introduced into the
model are listed in Table I. External located nodes
of the EG3 group have had taken their freedom
of movement. An unknown value of the Fx force
(Fig. 1) in the FEM model was replaced by the
ux displacement. Load Fy and displacement ux are
defined in a common node. Displacements of this
node have been linked to the exterior nodes of EG1
group by using conditions of constraint type [20].
Node to node type contact conditions [17, 20] have
been defined between exterior located nodes of the
groups EG1–EG2 and EG2–EG3. This type of con-
tact takes into account the sliding friction. In the
FEM model, the value of the sliding friction co-
efficient µ = 0.2 was introduced. The load was
implemented through the Fy vector. Value of Fy
force was proportionally increased for subsequent
time steps. For the successively obtained equilib-
rium conditions, a displacement of u = ±10 mm
amplitude was implemented.
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Fig. 6. Distribution of contact reactions in the
contact zone wheel–stationary body.

Static linear equilibrium equations for finite el-
ements of the model considering constitutive laws,
implemented into matrix form in the ADINA sys-
tem, were solved using a sparse matrix solver. This
solver is based on the Gaussian elimination method.
The non-linear equations resulting from the need
to solve the contact problem were solved iteratively
based on the Full Newton method. The convergence
of solutions between successive time steps (itera-
tions) of calculations was determined by the de-
fined value of tolerance for strain energy and con-
tact force tolerance. The strain energy tolerance was
ETOL = 0.001, and the contact force tolerance was
RCTOL = 0.05. This means that the ratio of strain
energy between two consecutive steps must be less
than the ETOL value. For the contact force quo-
tient, it is similar [20].

5. Calculation results

The solution to the task described above was the
calculated reactions and displacements of nodes in
the contact zone (Fig. 6).

The load entered into the model mapped the ro-
tational and translational motion of the wheel on
a flat surface, taking into account the susceptibility
of contact zone. In order to determine the depen-
dence between the frictional torque T and Fy force,
it was necessary to determine the position e of the
resultant reaction Ry (Fig. 1). This position can be
identified on the basis of a distribution of the reac-
tion components in a contact zone. For this purpose,
it can be used as the method of determining the
center of parallel forces. Knowing the values of the
reaction components in the i-th nodes of the con-
tact zone, R(t)

yi , and the coordinates of these nodes
in a deformed state, x(t)

i , the value of e(t) for the
subsequent time steps t can be determined accord-
ing to the formula

e(t) =

∑
i

R
(t)
yi x

(t)
i∑

i

R
(t)
yi

. (19)

Fig. 7. Relationship of the rolling friction torque
T on the force of wheel pressure Fy on the ground.

(Note that designations of node coordinates are
compatible with the description specified in Figs. 1
and 4). Considering the position e(t) determined for
the subsequent time steps t, it was found that the
value of this position changes monotonically with
increasing Fy force. Based on (2), a relationship of
the rolling friction torque with the pressure force
acting on the platform’s wheel was determined. The
relationship is shown in Fig. 7.

The relationship obtained for simulated model
conditions (see Fig. 7), can be approximated by
a function

T = 6× 10−7 F 2
y + 0.001Fy + 0.009. (20)

(Note that the approximation does not apply to the
calculation results for the time step t = 0). Coeffi-
cient of determination for the function approxima-
tion is R2 = 0.999.

6. Conclusions

The presented method of determining the rolling
friction torque can be used for a similar study of
contact pair systems. The calculation results pre-
sented in the form of relationship (20) will depend
on the diameter of the wheel and the data describ-
ing the material model of the contact pairs. In the
studied object, the meso-structure has a structure
similar to composites and demonstrates orthotropic
properties. Therefore, using FEM, it can be mod-
eled as a homogeneous body with orthotropic-
oriented properties. The model can be used for
static and fatigue strength tests in the range of limit
states for contact and reduced stresses. While cre-
ating FEM models of the studying system, it must
be taken into account that this system will be sub-
ject to large displacement, large rotation, and in
the case of the tested meso-structure, small strain.
A comprehensive model of kinematics and dynam-
ics of the wheeled mobile platform [3], taking into
account the relationship (20), will be the subject of
future publication.
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