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There exist a number of complex and often nonlinear phenomena in physical and biophysical systems
that can be efficiently approached by systems of differential equations. Even though the determin-
istic character of the solutions is typically not adequate to describe the actual behaviour of given
systems, this approach is very well suited to describe the influence of the well-defined factors on the
evolution of the systems described by properly chosen dynamical models. For example, a compartmen-
tal model with three groups of people (susceptible, infected, and recovered) is able to capture some
of the general principles related to the dynamics of a pandemic in a biophysical system such as the
human population. Here, motivated by the ongoing COVID-19 pandemic, with the help of a proper
generalisation of the simple model, we analyse influence and efficacy of commonly invoked counter-
pandemic actions — lockdowns and mandatory face masks — in reducing the number of fatalities.
To reach this goal, our model takes into account the number of hospitalised persons and the frac-
tion of those hospitalised who need special treatment in intensive care units. We show that even if
there is an optimal time for introduced lockdowns to be effective, it is impossible to reach in practice
due to the limited capacity of the health system. The calculations indicate that wearing face masks
decreases the number of hospitalised people and the total death toll. Half of the population appro-
priately wearing masks, even the home-made ones (with an efficacy of only about 60%), would halve
the peak value of those needing intensive medical treatment. Our study indicates a slightly greater
effectiveness of masks worn by healthy people, which is related to the fact that ill people do not protect
themselves.

topics: COVID-19, lockdown, face masks, SIR-like model

1. Introduction

(2022)

The dynamical systems, in which different classi-
cal or quantum states change in time, are usually
formulated in terms of differential equations, some-
times called maps [1]. The examples range from
classical and quantum physics, through chemistry,
to biophysical and biological problems. In the lat-
ter context, the different states are called compart-
ments. The system’s evolution is usually described
by non-linear equations and needs not to be deter-
ministic. Here we propose to use a compartmental
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model to study the dynamics of the COVID-19 pan-
demic. Our main aim is to quantitatively analyse
the role of face masks and lockdowns in combating
the pandemic.

The surprisingly rapid development of the
COVID-19 pandemic caused by severe acute respi-
ratory syndrome coronavirus 2 (SARS-CoV-2) in-
fection at the beginning of 2020 has spread fears
about and, in some regions, caused [2| the break-
down of the medical systems. Under these cir-
cumstances, the governments of many countries
have adopted different measures and policies of
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non-medical character to slow down the spread of
pandemic [3] — with only some being scientifically
motivated [4-6]. As the main route of spread of
the pandemic has been found to be via air [7-10],
the main measures included: quarantining people
with fever symptoms, wearing face masks in public
places™ [11], restricting direct social contacts, and
lockdowns or even curfews in some countries [12].
Many of these actions, e.g. lockdowns, albeit, as
discussed later, are effective in temporal slowing
down the epidemic, have a negative influence on
the economy and cause significant social costs. How-
ever, despite general recommendations [13, 14], the
non-medical measures are often contested [15]. For
instance, the direct observation performed by one of
us some time ago in Warsaw, capital city of Poland,
found that many individuals were hesitant to wear
masks'?, with some of them being not convinced
about their usefulness.

Obviously, vaccinations against the SARS-CoV-2
virus constitute the main tool to combat the
COVID-19 pandemic. However, the vaccine hesi-
tancy observed in many countries [16-18] provides
a barrier to herd immunity. Also, the waning im-
munity after both natural infection and vaccina-
tion [19], as well as novel pathogen mutations’ [20]
make uncertain the future development of the
COVID-19 pandemic. In such a situation, non-
medical measures will remain an important tool in
the fight against COVID-19.

To reach our goal, we have modified the standard
model of epidemic dynamics [21], commonly known
as the SIR model — short for the names of the
main compartments: susceptible (5), infected (I),
and recovered (R). The modifications take into ac-
count the hospitalised persons (H) and those who
need intensive treatment (7T') in our baseline model
(see Sect. 2). In the next step, we additionally di-
vide the population into masked (M) and unmasked
(U) (see Sect. 5). The novel compartments allow
quantitative analyses of the role of face masks in

1 All information regarding the actual situation in Poland
can be found on the governmental pages. The actual mea-
sures are described in [11].

t2The direct observations performed by one of us (H.K.)
in various randomly chosen public places in Warsaw (capital
city of Poland) between 1 December 2020 and 31 January
2021 on the probe of total 6583 individuals found that 4230
of them wore masks, while the rest i.e. 2353 did not. This
means that roughly 35.7% of population is not convinced
about masks efficacy. In smaller cities this percentage may
be even larger. It has to be stressed that Poland does not
belong to the countries where wearing masks is an accepted
cultural norm.

3 The early studies of the omicron variant are not conver-
gent [20] with some of them (mainly South African) indicat-
ing that it is less severe but others (UK, Denmark) suggest
that this variant leads to similar as delta hospitalisation rates
of infected, recovered and vaccinated. However, the propor-
tion of positively tested and hospitalised children seem to be
larger then earlier, which might be due to the fact that many
have not yet been vaccinated.
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preventing the collapse of the national health sys-
tem with a limited number of beds and ventilators
in intensive care units.

The SIR model [22-24] and its modifica-
tions [25-30] have often been used to quantitatively
analyse the dynamics of the ongoing pandemic. The
accuracy of the outcome depends on the question
asked [31, 32] and the availability of the proper in-
put parameters. It is generally believed that a sim-
ple SIR model is unable to quantitatively capture
the dynamics of the pandemic [26]. However, it is
a very good model to study the changes in the dy-
namics due to some external actions affecting its
parameters [29], as is the case in the present work.

We note that other possible states in the pan-
demic, like exposed, asymptomatic, subclinical, etc.,
and complex social (e.g. age structure) and cultural
or political aspects would make the model more re-
alistic. For instance, as exposed in the Hong Kong
example, despite nearly universal mask-wearing,
an outbreak of the pandemic has been observed,
as many infections took place in households [33].
We refrain in the present paper from taking these
important factors into account.

As a first problem, we study the optimal time
to introduce the lockdown. We quantify it by the
threshold fraction of individuals (Tip,) needing in-
tensive medical treatment. Interestingly, we found
a first-order phase transition of total mortality for
the critical value of T, beyond which the final
death toll is the same independently of the dura-
tion of lockdowns. In sum, our analysis suggests
that lockdowns can be effective only in the short
run and that any too late or too early lockdown
is counterproductive, especially in light of severe
economic consequences. Regarding face masks, we
have studied how their usage and effectiveness cor-
relate with the fraction of the population needing
hospitalization or treatment in intensive care units
(ICU). In accordance with the early review [34], we
conclude that even simple cloth masks are likely
life-saving measures in a resource-limited environ-
ment. Namely, we found that half of the popula-
tion appropriately wearing masks, even the home-
made ones (with an efficacy of only about 60%),
would halve the peak value of those needing inten-
sive medical treatment. Interestingly, our study in-
dicates a slightly greater effectiveness of masks worn
by healthy people, which is related to the fact that
ill people do not protect themselves.

Some aspects related to face masks and their
effect on the pandemic have been studied ear-
lier [28, 35-37]. They include social, economic and
health issues related to diminishing the infection
rate and changes in the epidemic dynamics. The
agent-based model to examine the effectiveness of
wearing masks has been developed [36], while the
dynamics of the COVID-19 pandemic of individual
agents were simulated by the generalised SIR-like
model. The outcome of the studies is that social
distancing alone is not effective in slowing down
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Fig. 1. (a) Schematic representation of the stan-
dard SIR model enriched by the H and T compart-
ments denoting infected individuals who are hospi-
talised H and the part of those hospitalised who
need medical treatment 7' in ICU. (b) The modifi-
cation of the first two compartments of our model
if the population is divided into those masked (M)
and unmasked (U). We also show here various infec-
tion rates. Note that thick solid arrows indicate the
flow of individuals between compartments, while
dashed arrows indicate all possible contacts between
susceptible and infected.

the disease. However, in conjunction with a high
degree of compliance in the use of masks, regard-
less of whether the wearer displays symptoms, slows
the spread of infection. Interestingly, the study
finds [38] that used face masks are unsuitable to
replace nasopharyngeal swabs in COVID-19 diag-
nosis.

Previous studies on the efficacy of wearing face
masks mainly concentrated on their protective role
for an individual person. The present work, on the
contrary, focuses on the entire population, using the
estimated effectiveness of face masks in individuals
to learn about the pandemic evolution in the whole
population. Our study adds significant quantitative
arguments in favour of obligatory face masks in
public spaces as an important preventive measure.
It shows a slowdown in the spread of COVID-19-like
disease and a reduction in the number of people re-
quiring intensive medical treatment and also in the
total death toll, in the community with a high frac-
tion of the population wearing properly fit, albeit
not necessarily the most effective masks.

The rest of the paper is organised as follows.
In the next section (Sect. 2), we present our base-
line model with six compartments. In Sect. 3, we
discuss the values of parameters used in the actual
calculations. The dynamics of the COVID-19-like
epidemic, which follows from the baseline model,
are briefly presented in Sect. 4, with particular em-
phasis on the effectiveness of lockdowns depending
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on their effectiveness and duration. Section 5 intro-
duces face coverage into the model. The effect of the
efficacy of face masks and the fraction of the popu-
lation wearing them on the number of hospitalised
and mortality is studied in Sect. 6. The discussion in
the context of dental practices is the subject of Ap-
pendix A. We end up with the concluding Sect. 7.
The paper is supplemented by a simple discussion
of the reproduction number, which is presented in
Appendix B.3.

2. The baseline model

Our main goal in this work is to generalize the
standard SIR model of epidemic [21] in two direc-
tions. First, we take into account the number of
hospitalised (H) persons and the number of those
patients who need intensive care treatment (7") and
evaluate the effect of lockdown very often adminis-
tered by governments. The second direction is re-
lated to the effect of usage of the face masks on the
dynamics of the epidemic. In this section, we first
formulate the model with additional compartments
but without the effect of face masks. After the pre-
cise formulation of the baseline model, we discuss
its general properties. In particular, we pay special
attention to the effect of the lockdown on shortening
the pandemic.

We denote by S(t) all individuals who at time ¢
are susceptible and may contract a disease through
contact with a member of an already infected
group I(t). To track those who need intensive care
treatment, we allow for the compartment of hospi-
talised H (t) and those who need special treatment,
like ventilation. The latter compartment is called
T'(t) and represents a number of individuals who at
time t occupy beds in intensive care units (ICUs).
Some of the individuals from this group, which we
denote by D(t), will die (at rate dp), and some
will recover with the y7 g rate. The group of recov-
ered is denoted by R(t). The interrelation between
the considered compartments is illustrated on the
graph shown in Fig. 1a. We assume that not all in-
fected need hospitalisation. Some of those infected
are asymptomatic (and, at the same time, very dif-
ficult to identify), and some of those identified will
recover after a few days of stay at home. Indeed,
the results of paper [39] suggest that the number of
detected people with infection may be one to two
orders of magnitude lower than the actual num-
ber of infected. This uncertainty is the main rea-
son why we do not introduce the compartments of
asymptomatic or pre-symptomatic infected individ-
uals 28, 29]. We denote by p the fraction of those
infected who need hospitalisation. Among hospi-
talised, there is a pr fraction needing intensive care
treatment, and they enter the compartment T  at
the vy rate. Some of the individuals from this
compartment will recover, and others will unfortu-
nately die. In principle, the rates of these two events
may differ depending on age and comorbidity, but
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we will not tweak the model any further and will
keep it as simple as possible. Thus we do not intro-
duce other compartments. We do not consider the
asymptomatic or pre-asymptomatic compartments,
as it is difficult to reliably estimate the precise num-
ber of patients belonging to those classes [40], as
well as determine their true transmission capabil-
ity. The careful reader may wonder why we are us-
ing the multiplicative parameters here, as it is the
product that counts in the calculation. There are
two reasons. Firstly, we do not want to increase the
number of compartments, e.g. those who will re-
cover without hospitalisation after becoming ill and
those who will recover without intensive treatment
only after hospitalisation. Secondly, such notation
provides a clear physical interpretation.

We underline that extracting the compartment
T(t) out of H(t) is of critical importance in the pro-
cess of decision-making in order to slow down the
pandemic development. This is because the number
of accessible beds in ICUs is the parameter limiting
the maximum health service efficiency. In the case of
the COVID-19 pandemic, it is related to the number
of respirators V', which cannot be easily expanded.
In contrast, the number of beds in hospitals is vir-
tually limited by the country’s health/economy ca-
pacity. In principle, field hospitals can be opened in
large objects like stadiums if the economy allows it.

In the following, we normalise the number of in-
dividuals in every compartment by the total popu-
lation N but use the same upper case symbols to
denote the (normalised) compartments. The model
does not take into account newborns and those
whose death is not related to the considered epi-
demic, so the population is constant (N = const).
Thus after the normalisation the conservation of
population is given by S(t) + I(t) + R(t) + H(t) +
T(t)+ D(t) = 1.

The equations describing the dynamics of the
continuous version of the model read

%ﬁ” = —apSH)I(t) + AR(t), (1)

%Sft) = apS(t)I(t) — (1—p)virI(t) — pyrul(t),
(2)

dljit) = (1=p)yrrI(t) + (1—pr)yaRH()

+rrT(t) — AR(1), (3)

dzft(f) = pyiul(t) — (1—pr)yarH(t)
—pryarH(1), @

dflitt = pryarH(t) — yrrT(t) — 0pT(t), (5)

d?hgt) = opT(t). )
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The most important assumption our model shares
with the standard one is homogeneous mixing,
which means that all uninfected people face the
same risk of contacting those already infected. Gen-
erally, this might not be true, as the chance of
getting infected while working at home is smaller
than in a crowded place. We relax another impor-
tant assumption of the original SIR model, which
is related to the total immunity of persons who
enter the R compartment. In the above model,
the parameter A\ is responsible for possible wan-
ing immunity after disease or vaccination. This is
an important parameter, as the extent of protec-
tion against asymptomatic infection and the dura-
tion of vaccine-induced humoral and cellular immu-
nity [41] are indeed still unknown [42]. One possible
scenario is that COVID-19 may become an endemic
disease [41].

The symbols vry and ygr denote, respectively,
the rate at which the group of infected persons is
being hospitalised and the rate at which those who
need special treatment enter the 7' compartment.
Assuming that each person in the ICU needs a res-
pirator for, say, 7y days, one notes that, on average,
the number of individuals in the T compartment
should not exceed V/1y, where V is the number of
available respirators. If it does, the medical system
will have too low a capacity to treat all those who
need ventilation™ [43], and this will result in addi-
tional fatalities. The parameter X is related to the
period of full immunity after the COVID-19 symp-
toms or after the vaccination. The ongoing obser-
vations report [44] that only 8.4% of all COVID-19
cases occurred in fully vaccinated individuals, and
relatively few of these patients required hospitaliza-
tion. The infections in July 2021 in England were
driven mainly by the Delta variant and mostly con-
cerned younger unvaccinated individuals [45]. The
same is true as far as the Omicron variant is con-
cerned.

3. Model parameters

The estimation of the parameters entering the
model requires significant inputs from clinical ob-
servations of the disease and statistical, geographic,
demographic and other data. For the presented cal-
culations, we assume values close to those used in
related previous studies [28, 29, 46]. As noted ear-
lier, our main aim is to study the effect of the usage
of face masks and some general trends in the dy-
namics of pandemic under this non-pharmaceutical
personal prevention measure. Thus we shall use
a simple set of parameters — for most purposes,

t4For comparison at the beginning of COVID-19 epidemic
in Poland there were in total 27 respirators per 10000 people.
According to the official information the number of respira-
tors available in 2021 exclusively for COVID-19 patients is
about 8 per 100000 people [43].
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(panels (a) and (b)) from its beginning with the initial
and all recovery and death rates equal 0.1 and A = 0.

Panels (c) and (d) show the evolution of the epidemic over 1000 days for A = (1/365) day ™' corresponding to
the average duration of immunity of about one year. After about 3 years, the epidemic becomes an endemic
disease with a roughly constant number of people in each compartment and a linear in time total death toll.

we take ag = 0.3, and all rates related to the re-
covery or death are assumed to be the same and
equal 0.1. Throughout the paper, all parameters de-
scribing the dynamics of the pandemic are expressed
in [days]~!. So, for example, the recovery rate 0.1
above means that, on average, the illness lasts 10
days. The rate v = 0.1/day translates to the time to
recovery = 1/ = 10 days. To take into account the
fact that some infected are asymptomatic and oth-
ers recover after a few days of stay at home, we have
introduced a parameter p, which denotes the frac-
tion of infected who needs hospitalisation and pp
is a fraction of hospitalised needing intensive treat-
ment. The clinical observations indicate [30] that
p ~ 0.2 and pr =~ 0.06. As a side remark — these
rates are dimensionless numbers.

Now, with the vaccination available in many
countries for all willing to accept it'® [16], the im-
portant question is how will the epidemic evolve
with waning immunity. In order not to increase the

t5Contrary to the early days of vaccination campaign, the
vaccines are easily accessible now in Poland. The actual prob-
lem being that a number of people remain hesitant to vac-
cination. This observation agrees with preliminary studies
reported recently [16]. Around 44% in France and 66% re-
spondents in Italy say they would accept a COVID-19 vac-
cine.

number of parameters and compartments, we have
not explicitly introduced the group of vaccinated
people. The existing preliminary studies [47] seem
to indicate that the period of full immunity after
infection lasts around 9 months. There exist very
preliminary estimates of vaccine efficacy [48], which
is still under debate [49]. Most practitioners [50] ex-
pect the need to repeat the vaccination after some
time. It is a matter of future studies and observa-
tions to find out if booster vaccination will make
immunity persistent or if COVID-19 will become
an endemic disease. Due to these uncertainties, we
keep the parameter \ as a free one and consider
scenarios with various values of A~!'. We consider
A~ = 365 days as a representative value for wan-
ing immunity after the infection/vaccination.

4. Simple predictions of the baseline model

From (2) and (1), assuming A = 0 and denoting
¥ =(1—p)vir + pyrH, one finds the relation
dr 5
I e
ds + OéoS7
which after integration leads to

I(t) + S(t) — alo n(S(t))

(7)

1(0)+ S(0) — alo In(S(0)) = const,

(8)
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the relation, which our baseline model shares with
the original SIR model [21]. The parameter <
coincides with the basic reproduction number Ry
(see Appendixes). The other important parameter
related to the vaccinations is the so called herd im-
munity threshold; for simple SIR-like models it is
defined as 1 — %0 For our standard set of param-
eters Rp = /7 = 3, one finds the herd immunity
at the level ~ 67%, which is still well above the vac-
cine acceptance ratio in many countries. It has to be
added that the herd immunity of the heterogeneous
model [51] is expected to be lower and of about 43%.
However, new virus mutations and vaccine efficacy
may lead to higher values of herd immunity, and
this lower number may not be correct.

To get more feeling about the dynamics predicted
by the baseline model, we have assumed the fol-
lowing (standard) set of parameters: vigp = yrg =
vaR = YR = YT = 0.1, p = 0.2, pr = 0.06, and
initial values I1(0)=5000/Npr,, S(0) = 1—1(0). The
value 5000 corresponds to the number of infected at
the beginning of September 2021 in Poland.

In Fig. 2a and b, we show the short
time behaviour of the pandemic for A =0 and
in Fig. 2c and d, the long time behaviour assum-
ing A = 1/365 day—!.

Figure 2a shows the relative occupation of each
compartment, and A\ = 0 means that after recov-
ery the person is immune to the disease. With the
assumed parameters, the maximal number of in-
fected appears after about 62 days from the out-
break of epidemic and reaches 30% of the popu-
lation, with about 5% needing hospitalisation and
0.15% requiring intensive medical treatment. Prob-
ably no country in the world could survive such
an epidemic, as these are huge ratios, which, e.g., for
Poland (with the total population N = Np;, with
Npr, = 38 x 10°) translate into the following num-
bers of about 11.4 million infected, 1.9 million hos-
pitalised, and 0.57 million in ICUs. Figure 2b shows
the number of patients needing intensive medical
treatment and the total number of deaths. Note
that the mortality reaches nearly 0.6% of the pop-
ulation. In the inset of Fig. 2b we show the time
dependence of the basic reproduction number. It
diminishes from the initial value of 3, while the
number of infected grows until Ry takes on a value
equal to 1. Only after that point I(t) starts to de-
crease in agreement with the general discussion in
Appendixes. The number of infected rises exponen-
tially over the first couple of weeks after the out-
break of the pandemic, reaches the maximum, and
goes down, albeit at a slower rate, until it essentially
dies out after more than 120 days of pandemic du-
ration. There is a well visible delay between maxi-
mums of I(t), H(t) and T'(¢t) with the shift of about
10 days (= 1/7%).

Figure 2c and d show the results for the epidemic
with waning immunity assuming A = % day 1.
This corresponds to the average duration of im-
munity of about one year. The evolution of the
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epidemic over the first 1000 days is shown. With-
out any interventions, the pandemic shows damped
oscillatory behaviour and reaches the essentially
steady state in all compartments, except that re-
lated to D(¢), which grows roughly linearly with
time. This means that some people will always die
after contracting the disease. This is easy to un-
derstand from (6), which for truly constant T'(¢) =
Ty = const # 0 gives D(t) = dpTyt — the function
linearly growing with time. As seen in Fig. 2, the
disease enters an endemic state (see Appendixes)
about three years after the outbreak of the first
wave. Unfortunately, the death toll over this pe-
riod of time reaches more than 1.4% of the pop-
ulation and continues to grow with time. No gov-
ernment can accept such a scenario, and that is the
main reason for introducing different measures to
slow down the pandemic, make the health system
sustainable and decrease mortality. Let us remark
that in order to plot occupations of different com-
partments on the same plot, we often need some of
them to multiply or divide by a numerical factor, as
indicated.

There are two important principles that policy-
makers all around the world take into account when
handling and trying to slow down the COVID-
19 pandemic. The first one is that the number of
people needing intensive medical care (compart-
ment 7'(t)) at a given instance of time cannot ex-
ceed the available number of beds or respirators
in ICUs, which determines the health system’s ca-
pacity to avoid triage. The second principle is to
minimize the number of deaths. Even with vacci-
nation but without herd immunity or with wan-
ing immunity, the most popular actions undertaken
by policy-makers are temporal lockdowns and other
restrictions.

To study the effectiveness of lockdowns quantita-
tively, we introduce novel parameters in the model.
The decision-makers typically observe the number
of hospitalised persons and/or the number of those
who need intensive care treatment. If the corre-
sponding parameter, say T'(t), exceeds the thresh-
old value Ty, the lockdown is introduced, and this
stops the pandemic by rapidly diminishing the in-
fection rate o to a new value o = «ag/w, where
w is the effectiveness of the lockdown, duration of
which is denoted by 7. The interesting questions
are: when the lockdown has to be introduced, and
for how long in order to be most effective?

To study this, we take our standard set of param-
eters and introduce — like in [29] — the lockdown
at time t;, when the ratio of people needing inten-
sive treatment exceeds the assumed threshold value
T(tr) > Tine- If the lockdown’s effectiveness is w
and duration is 7, this means that the infection ra-
tio changes with time as

[ep t<tLa
alt) =< ag/w, tp <t <tp+T, (9)
o, t>tr +T1.
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In Fig. 3a we show the total mortality at the
end of epidemic vs the threshold Tiy,, for w = 4
and a few values of the lockdowns’ duration 7. We
use our standard set of parameters with 5000 peo-
ple infected at the start of the epidemic simulation.
There are two features worth underlying. First is
the existence of a clear minimum of D, position
of which slightly depends on the lockdown’s dura-
tion. For 7 = 100 days, the minimum appears for
Tine =~ 0.00057 and it moves to Ti,, = 0.00064 for
7 = 30 days. The increase of the lockdown’s dura-
tion decreases total mortality, unless the lockdown
is introduced too late (here for Tin, > 0.0013). For
7 = 100 days, the minimal value of D =~ 0.00405,
while for 7 = 60 days, Dyin ~ 0.00475. The second
feature is the first-order phase transition of D(Tip,)
observed for the critical value of the threshold pa-
rameter, which for a given set of parameters appears
for Tig. =~ 0.00134677. As seen in Fig. 3, this value
does not depend on the duration of the lockdown
(Fig. 3a) or its effectiveness w (Fig. 3b) but strongly
depends on the infection rate «g (not shown). In-
terestingly, beyond this critical value of the thresh-
old, the final outcome of the pandemic is the same
independently of the duration of lockdowns. This
means that any late lockdown is counterproductive
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as it leads to the same number of fatalities. Simi-
larly, earlier lockdowns are also not very effective.
We shall discuss this in the following.

Figure 3b shows the phase diagram on the plane
(Tiny, w) for the same set of epidemic parameters as
in Fig. 3a and duration 7 = 100 days of the lock-
down. For each w, there exists an optimal threshold
value when the final D is the lowest. With increas-
ing w, it slowly moves to higher values of threshold.
The dashed line at w = 4 corresponds to w assumed
in Fig. 3a. For Tt > T}, the death toll does not
depend either on T}y, or w and approaches its max-
imal value of D ~ 0.00564. It means that nearly
0.6% of the population dies if no action is taken. The
existence of the optimal threshold seems to be good
news for policy-makers. The trouble is to guess the
optimal value in practice, when the modelling may
not be accurate, e.g. due to a lack of appropriate
values of parameters. Another problem is related to
the capacity of the medical system. The total num-
ber of beds in hospitals in Poland equals 213 000,
those available to COVID-19 patients nearly 30 000
and the number of respirators for COVID-19 about
3000 [11]. This means that the realistic value of the
threshold parameter for Poland, as measured by the
plain number of respirators, is Tiny ~ 7.9 x 107°
— nearly an order of magnitude below the number
~ 6 x 10~* for the introduction of an optimal lock-
down, as can be seen in Fig. 3a. This shows that
lockdowns are effective only as short term means to
slow down the epidemic.

To get more detailed information on these is-
sues, let us assume for a while that the parame-
ters above describe a real COVID-19-like pandemic
with the initial value of basic reproduction number
of Ry = 3. This is a realistic value for the second
wave of COVID-19 [11]. To judge the feasibility of
lockdowns and the dynamics of the epidemic under
such conditions, we use the same set of parameters
and calculate the time evolution of the epidemic for
w = 4 and a few values of Tiy,;.

Figure 4a illustrates the time dependence of the
T compartment for a few values of Tiy, and shows
the mortality D(t). The duration of the lockdown
is 100 days, and its effectiveness is w = 4. In a sce-
nario without a lockdown, the model predicts a sin-
gle wave with relatively large peak values of individ-
uals needing intensive treatment (a~ 0.00135) and
a large death toll reaching = 0.56% of the popula-
tion. Introducing the lockdown when Tiy,, = 0.0006,
i.e., it is close to the optimal value, diminishes the
peak in T'(t) and results in diminishing of D by
about one third. Interestingly, the lockdowns in-
troduced at earlier stages of epidemic with T, =
0.0004, 0.0003, 0.0002 or Ty, = 0.0001 result in
second, third, etc., waves. The final number of fatal-
ities is smaller than without any action but slightly
larger than or approaching that obtained for opti-
mal Tiy,. However, as discussed earlier, the maximal
values of T'(t) exceed by orders of magnitude the ca-
pacity of the health system. Importantly, after the
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Fig. 4. (a) The compartment T'(¢) (thin lines) and

the mortality D(t)/10 (thick lines of the same
colour) are plotted as functions of time from the
start of an epidemic for a number of threshold val-
ues of Tiny when the 100 days long lockdown period
of effectiveness w was introduced. (b) The example
of the same dependence as in (a) for the realistic
value of the threshold chosen in such a way that
the maximum in 7'(t) during the first epidemic wave
does not exceed the assumed capacity of the system.
The total mortality of this 15 years long epidemic
is about 26% lower than without any action and,
moreover, the health system is properly functioning
all the time.

lockdown is introduced, the number of people need-
ing treatment still grows for some period of time
and attains a value of more than four times the as-
sumed lockdown threshold. This is related to the
number of infected I(¢;) at the time of lockdown
start and the delay in the appearance of peaks in
other compartments, as discussed earlier. That is
why the lockdown has to be introduced well before
the health system’s capacity is reached.

In Fig. 4b we show the results for the threshold
Tinr = 0.00002, which is well below the capacity of
the health system in Poland, and observe the dy-
namics of the epidemic over a very long period of
time. It is assumed that 100 days long lockdowns
with effectiveness w = 4 are introduced each time
the number of individuals needing intensive medi-
cal care reaches the threshold value. As can be seen,
this will result in the appearance of many epidemic
waves with lower peaks of T'(¢) in consecutive waves,
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until the epidemic finally dies out after 20 waves or
over about 16 years. The final outcome of this sce-
nario in terms of total number of fatalities is desir-
able from a social point of view but is very costly
economically. The result is only valid for the as-
sumed full immunity of recovered individuals, i.e.,
for A =0.

Needless to say, quantitatively similar data are
obtained by using different indicators for the intro-
duction of lockdown. The above results are in accord
with previous studies, in which authors coupled the
pandemic with the economy [29]. We have assumed
the homogeneous mixing model. As argued earlier,
the heterogeneity of the population significantly af-
fects the outcomes of the model [51]. The authors
of that paper analysed the effects of heterogeneity
and underlined that preventive measures may not
be effective if they are too strong.

The lockdowns are damaging to the economy,
education and social contacts. There exist, how-
ever, less demanding and not so costly ways to slow
down the epidemic and decrease mortality. One of
them is the obligatory usage of face masks in public
spaces by as large as possible part of the popula-
tion. One can imagine that usage of face masks will
decrease the effective value of infection rate ag. In-
stead of arbitrarily rescaling o to take into account
such restrictions, in the next section we extend the
above baseline model by explicitly including the
fraction of people wearing masks. The strength of
such a strategy in building the model of pandemic
dynamics is that the effectiveness of masks is a rigid
and known parameter. Also, the statistics of people
wearing masks can be obtained via direct measure-
ments. This, in turn, leads to a quantitative eval-
uation of the masks’ effectiveness and the fraction
of the population wearing them in the pandemic
dynamics.

5. The generalised model
with use of face masks

To take the effect of face masks into account, in
this section we divide each of the previously men-
tioned compartments into two. One contains those
individuals who wear and the second those who do
not wear masks. We denote them as, respectively,
Swy, Iy and Sy, Iy, etc. We also introduce four
different parameters a;;, with 4, j = M, U denoting
the corresponding infection rates. Thus if both of
the encountering individuals wear masks, the infec-
tion rate is denoted by apsas. If only the individual
from compartment Sps (Ips) wears a mask, the cor-
responding rate is denoted by a s (aum). The last
entry of the matrix a;;, namely ayy, denotes the
rate of disease transfer when both individuals do
not wear masks. By definition, this rate of infection
equals the previously used ag, so ayy = aqg. Fig-
ure 1b shows the schematic division of the S and
I compartments and the corresponding model pa-
rameters.



Why Lockdowns Are Futile and Face Masks Effective in Slowing Down. ..

In the literature 28], the infection matrix a;; is
sometimes expressed in terms of the bare infection
rate ag, the masks’ effectiveness ¢; denoting the
so-called inward effectiveness describing the pro-
tection of the susceptible (but not infected) per-
son against catching the disease, and €, — the out-
ward effectiveness. In the last case, the mask pro-
tects (others) against the transmission of the dis-
ease (i.e., it is worn by the infected individual).
The relation between the two sets of parameters
is given by ayy = ag, apm = ag(l — €)(1 — €,),
apy = ap(l — ¢) and finally apy = ap(l — €,).
In general, ¢; and ¢, need not take on the same
value.

Many other factors, in addition to wearing masks,
decide about the spread of the disease and affect
the ag rate. These other factors, like lockdowns dis-
cussed earlier, will not be directly taken into ac-
count in this section. We want to analyse the effects
of masks on slowing the epidemic down and delaying

J

the possible collapse of the health system. We keep
track of the M and U groups in all compartments, as
it is very likely that persons wearing masks before
infection will do the same after recovery and, ap-
propriately, at the rate A will move back to the Sy,
compartment. It is understood that in the following
equations, each compartment is divided into M and
U parts, so, e.g., R = Ry + Ry, etc., even though
we use a compact notation whenever possible. The
masks affect the infection rates only, as explained
above. All other rates, like the recovery rates 'y%[%
and 7Yy, for the infected population from Iy, Iy to
Rys, Ry compartments, may also slightly depend
on whether the person wears a mask or not, as the
study on the animal model suggests [52]. However,
we assume these rates to be independent of the M
and U. In this section we also assume \ = 0.

With the new notation, our compact equations
describing the dynamics of the model with masks
read

dsﬁ(t) s Sar (O Tnt (8) — conrtr St (DT (£) + ARag (1), (10)
dsgt(t) = —aynmSu(t)Ia(t) — avu Sy () Iy (t) + ARy (t), )
dlgi(t) = anvmSu () () + anu Sy () Iu(t) = (1= p)yirla(t) — pyrmIu(b), (12)
dlgt(t) = aynSu () Iu(t) + avuSu )y (t) — pyralu(t), (13)
d]fft( = (L= p)virli(t) + (1 = pr)verHi(t) +yrrTi(t) — ARi(t), (14)
YO — i Lit) — (1~ prYin(®) — pryar Hilt), 1o
dj;t(t = pryurH;(t) — yrrTi(t) — pTi(t), 1)
T =Ty, "

The subscript ¢ in (14)—(17) takes on two values,
i € {M, U}, and serves as a bookkeeping parameter
marking individuals who originally belonged to M
or U compartments.

6. Results: full model with masks

We shall now concentrate on the role of face
masks. To get quantitative results, one needs to
know what fraction of the population wears masks
and what is the inward and outward effectiveness
of masks. There exist partial studies related to the
masks’ effectiveness [53, 54]. The inward effective-
ness varies from more than a few % up to about 75%
for homemade cotton masks and from above 70% up
to above 95% for surgical and N95-like masks. The
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outward effectiveness of all types of masks was es-
sentially lower [28]. Albeit, as discussed in Sect. 1,
there are some controversies about masks use and
their role in flattening the pandemic curves, most
researchers and practitioners seem to agree that sta-
tistically, the usage of face masks is an important
non-pharmaceutical prevention instrument. More-
over, the obligatory wearing of face masks in public
places is arguably the simplest preventive measure
to implement. Also, as our studies indicate, it is
an efficient policy, provided the masks are properly
used. The existing studies related to dental prac-
tices, where the most popular personal protection
equipment (PPE) is simply a face mask worn by
dentists, discussed in Appendix A, seem to addi-
tionally support this point of view.
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In the following, we shall study the role of this
PPE on the dynamic of pandemics. As both the
fraction = of population (properly) wearing the
masks and the masks’ effectiveness are accessible,
but in practice not well known model parameters,
we study the dynamics of the epidemic and the to-
tal death rate as functions of x, £; and ¢,. Before
showing the numerical outcomes of the model, let
us note that the relative ratio of people in, e.g., Sys
and Sy compartments is not constant and changes
as the epidemic evolves. The point is that individ-
uals from both these compartments move at vari-
ous rates to other compartments. As found in Ap-
pendixes, the ratio Sp;/Sy changes and its time
dependence is governed by the inward effectiveness

Su(t)

of masks -
Swm(0) (SU(0)> '

Sm(t)

This result is valid for a model with A = 0 and
arbitrary values of other parameters. No similarly
general analytic dependence can be found for other
compartments. An important remark is here in or-
der. While the ratio of masked to unmasked in S
compartments does depend on time, as explained
above, the sum of masked from all compartments
is constant. We have Sy, + Ipy + Ry + Hy +
Ty +Dys = x at all times. The same is obviously
true for the fraction of the unmasked population
which equals (1 — x).

(18)

In Fig. 5a we show the dependence of the maxi-
mum value of ill people needing intensive therapy
Tmax = max;T(t) on the effectiveness of masks
€ = €, = €. Figure 5b shows a similar depen-
dence of the total death rate D towards the end
of the analysed outbreak. Various curves corre-
spond to varying fraction = of people wearing face
masks. In these calculations we used our standard
set of parameters with A = 0 and the initial val-
ues Iy (0) (1 —z)Inf, In;(0) = xzInf, where
Inf is the initial relative number of infected indi-
viduals Inf = 5000/Np,. The remaining fraction of
population is at the beginning of epidemic in the
susceptible S;,; compartment with = denoting the
fraction of those wearing masks since the first day,
ie., Sy (0) = xS and Sy(0) = (1 — x) Sins.

Note that wearing the face masks has generally
a very positive effect by diminishing the peak value
Tinax of those needing intensive treatment. It may
even contribute to sustainability of the health sys-
tem if the fraction z is large enough. In the case of
Poland the threshold value measured by the num-
ber of available respirators in ICUs is in Fig. 5a
marked by the thick solid curve. Our model pre-
dicts that 90% of the population wearing the stan-
dard cotton masks with effectiveness around 0.6 or
higher would contribute to diminishing 7},.x below
the threshold value and thus prevent the breakdown
of the health system. Having said this, we want to
stress that the model is rather simple and does not
take many effects into account, like the possibility
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Fig. 5. The peak value of the number of persons

who need intensive treatment while hospitalised
(a) and total mortality rate vs masks’ effectiveness
€; = €0 = ¢ (b) for different fractions z of the popu-
lation wearing masks. The lower solid line in panel
(a) at 0.00027 signals the breakdown of the Pol-
ish health system as Tmax(t) the relative number in
ICU exceeds the capacity of the system measured
in terms of available respirators. We used the pa-
rameters ap = 0.3, all recovery and death rates
equal 0.1, A = 0, and the initial number of infected
Inf = 5000/Npr, where Npr equals the popula-
tion of Poland. In both panels, dashed lines denote
half of the corresponding maximal value.

of infections at home, when nobody wears masks
and the presence of one asymptomatically ill fam-
ily member may contribute to larger than expected
disease spreading.

Figure 6 shows similar data as in Fig. 5, but
now vs fraction x of susceptible population wear-
ing masks. Comparing both Figs. 5 and 6 one notes
a similar positive effect of x and € on the maxi-
mal value of those who need intensive therapy Tiax-
Slightly bigger differences are observed in panels
showing total death rate. In both Figs. 5 and 6
we have assumed the inward and outward effective-
ness to be the same. One can note that =z > 0.7
of population wearing the masks (with effectiveness
of about 60%) would decrease T,ax below its value
2.7 x 10~* which was a threshold value of Polish
health care system [46] at the beginning of 2020.
The basic reproduction number decreases below the
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Fig. 6. (a) The maximal number of persons who

need intensive treatment while hospitalised vs the
fraction x of susceptible individuals wearing the
masks. (b) The total mortality vs fraction of masked
individuals. We used the parameters ap = 0.3, all
recovery and death rates equal 0.1 and A = 0.

threshold value 1 for about 80% of population wear-
ing masks with effectiveness 0.7 as follows from the
expression (B37).

Another important social factor is the delay of
the peak in the number of individuals requiring spe-
cial treatment. For the assumed values of parame-
ters the peak in T'(t) appears after about 62 days
from the beginning of the epidemic if no action is
undertaken. Assuming that wearing face masks is
the only preventive action one finds that depending
on the masks’ effectiveness (assuming €; = ¢,) that
this time may increase up to 150 days if half of the
population would wear masks with effectiveness of
about 0.7 as shown in Fig. 7a. For this set of pa-
rameters roughly the same delay may be obtained
if about 60% of the population wear the face masks
with effectiveness of about 0.5 (Fig. 7b). Compari-
son of two panels in Fig. 7 allows to conclude that
dependence of the delay in Ty, on fraction (z) of
population wearing the masks for various masks’
effectiveness is qualitatively very similar to the de-
pendence on the masks’ effectiveness for different .

With two groups of susceptible and infected peo-

ple wearing the masks, it is interesting to know more
details related to the effect of inward vs outward
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Fig. 7. (a) The time elapses from the beginning

of pandemic outbreak when 7T'(¢) takes on maximal
value vs effectiveness of masks for various fraction
of the population wearing the masks. The dashed
line denotes the doubling of the period when the
maximum occurs in comparison to no masks situa-
tion. Panel (b) shows the « dependence of the same
delay time for a number of effectiveness € = ¢; = ¢,.

effectiveness on the pandemic. Who should wear
masks: infected, susceptible or both? The simple
and certainly correct answer is both. However, it
is important to know if healthy, uninfected people
wearing masks contribute to the slow-down of the
pandemic as much as those infected? Would it be
enough for only infected people to wear the masks,
and in this way protect others? To answer such
questions, we calculate the ratio of patients requir-
ing intensive treatment by paying attention to who
wears the masks. In Fig. 8, we show the dependence
of Thhax on ¢; calculated for €, = 0 (solid lines) and
on ¢, for ¢, = 0 (symbols). To gain an even bet-
ter grip of the issue we calculate Ty, .y for z = 0.2
(magenta), x = 0.5 (green) and z = 0.8 (blue).
Behaviour that is interesting and, at a first
glance, unexpected is shown in Fig. 8a. It is a weaker
dependence of Ti.x on €, in comparison to €;. In
other words, the efficacy of masks worn by healthy
(susceptible) individuals is larger than the corre-
sponding efficacy of masks worn by infected (i.e.,
ill) individuals despite the same effectiveness e. The
absolute value of the effect decreases with increas-
ing the fraction x of the masked population. Similar
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Trnax [X 107]

Total mortality [x 102

Fig. 8. (a) The maximal value of T'(t) vs effective-
ness of masks for x = 0.2 (magenta, pluses), 0.5
(green, crosses) and 0.8 (blue, stars). The continu-
ous line show the dependence of Th,ax on €; obtained
for €, = 0, while lines with symbols show the de-
pendence on ¢, for ¢, = 0. (b) Similar dependence
of the fatalities rate on €,;).

behaviour is observed in the dependence of to-
tal death rate shown in Fig. 8b. The detailed de-
pendence is slightly different, with slightly weaker
changes of total death rate Dy, at low masks’ ef-
fectiveness and its faster decrease at higher effec-
tiveness and larger masks’ coverage. To gain quan-
titative information, we define the following (x and
e dependent) ratios

=T

Rp=——2, 19
T T+ 15 (19)
Dy — Do
_ e 2
Bo =5 D, (20)

where Tp, = Tmax(ei»eo:0)7 T = Tmax(ei:0760)7
Dg = Dmax(ﬁz‘,Go:O), D1 = Dmax(6i20760)- These
ratios may be used to quantify the efficacy of inward
or outward protecting masks. Assuming the respec-
tive effectiveness e = 0.7, we find Ry =~ 4.2% for
x=0.2, Ry ~10.9% for x = 0.5, and Ry ~ 15.2%
for x = 0.8. The ratio Rp takes on the follow-
ing approximate values 3.4%, 9.21% and 13.7% for
x = 0.2, 0.5 and 0.8, respectively. The above results
indicate the very important role of masks worn by
healthy people in a susceptible group. The asymme-
try and the greater importance of masks worn by
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Fig. 9. The total mortality D vs masks’ coverage
x and their effectiveness (¢ = €¢; = €,) is shown in
panel (a). Panel (b) illustrates dependence of mor-
tality on inward ¢; and outward e, effectiveness of
masks for z = 0.5.

susceptible is related to the fact that masks worn
by infected do not prevent them from the illness, as
they are already ill.

From this we conclude that for the population
as a whole it is very important that as large frac-
tion of the population as possible wears masks.
Figure 8 clearly shows that even with vanishing out-
ward masks’ effectiveness, the increase of inward ef-
fectiveness strongly reduces Ti,ax. We thus propose
another piece of advice to the general public (es-
pecially to those whose are healthy and argue that
they do not infect others): wear masks primarily to
protect yourself and by this contribute to stopping
the spread of the disease.

In view of the preceding discussion, it is impor-
tant to look at the phase portraits. With three,
essentially free, parameters: masks’ coverage x, in-
ward ¢; and outward €, masks’ effectiveness, we pro-
pose to look at the total mortality Dy,.x dependence
on the (z, €) plane with ¢; = ¢, = ¢, and at the
same characteristics on the plane (e;, €,) assuming
x = 0.5. The masks’ coverage of x = 0.5 is chosen
for illustration purposes. However, a qualitatively
similar behaviour is obtained for other values of x.

In the colour-coded Fig. 9, the mortality rate is
shown depending on the masks’ coverage x and their
effectiveness, assuming €¢; = ¢, (panel a). There is
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a slight asymmetry between the masks’ coverage
and the effectiveness. The more significant asym-
metry is visible in Fig. 9b. As discussed in connec-
tion with Fig. 8 we observe that, regardless of the
masks’ effectiveness, masks worn by healthy (sus-
ceptible) individuals have a greater effect in dimin-
ishing total mortality in comparison to masks worn
by infected individuals. This is because, in the latter
case, the masks do not protect the wearers who re-
main ill until recovery. Figure 9 summarises the re-
sults of using face masks and shows that the masks’
coverage is as important, or even slightly more im-
portant, than their effectiveness. Both infected and
susceptible should wear masks, albeit asymmetry in
the efficacy of outward and inward protecting masks
of the same effectiveness does exist.

7. Conclusions

We have formulated a compartmental model of
the spread of the disease and adapted it to study
some aspects of the dynamics of the COVID-19-like
epidemic. The compartments have been chosen in
such a way to make them useful for our goal. The
resulting model is non-linear and features some in-
teresting behaviour, like the scaling law (see (25))
and phase transition (seen in Fig. 3 and discussed
in Sect. 4). These features of the model, albeit in-
teresting in themselves, are outside the scope of the
study in this paper.

We have applied the generalised compartmental
model to study the effects of lockdowns and one
of the PPE (namely the usage of face masks) on
the dynamics of COVID-19-like epidemic. Analysis
of the baseline model without masking resulted in
the observation that lockdowns are very important
tools to slow down the evolution of the epidemic,
but have a rather weak effect on total mortality.
Their primary role is to make the health systems
sustainable. Meanwhile, wearing face masks in pub-
lic places is effective in protecting susceptible in-
dividuals. We have been mainly interested in the
question of whether the masks could contribute to
the sustainability of the health care system given
its limited resources. The general conclusion is very
encouraging, namely, a large enough fraction of the
population wearing even home-made cloth masks
may flatten the curve and delay the appearance of
the maximum of those requiring treatment in ICU.
Moreover, this PPE significantly contributes to di-
minishing the total mortality rate.

Taking into account the hesitation about the
vaccines observed across Europe, our study shows
that considering the simple prevention mechanism
is an important way of slowing down the pandemic
and saving a large number of people. This is true de-
spite the ongoing vaccination campaign. The iden-
tified novel mutations of SARS-CoV-2 viruses in
conjunction with vaccine hesitancy are responsible
for the outbreaks of new epidemic waves. The face
masks thus remain even for vaccinated individuals,
an important PPE against the disease.
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Appendix A: Discussion — lessons from
dental practices

Among different medical professions not directly
involved in the COVID-19 treatment, dentists ar-
guably belong to the group most exposed to the
SARS-CoV2 virus [55]. This is related to the fact
that part of the treatment is using dental bur or
scaler, which creates aerosols. The airborne spread
of viruses is one of their most important trans-
mission routes [7, 8]. It is followed by direct con-
tact with infected but asymptomatic patients. How-
ever, the airborne, contact and contaminated sur-
face spread, all are of great importance in den-
tal practice due to the specificity of the dental
procedures, i.e., close contact with the patient,
the droplets produced during the treatment and
unavoidable contact with saliva droplets or even
blood that may contain high concentrations of
viruses [56].

The French [57] and USA [58] studies indicate
that the number of infected dentists is below the
average, which is rather surprising in view of their
much higher than average exposure. Taking into ac-
count that the main protective equipment of den-
tists are face masks, this seems to additionally sup-
port our results. The studies related to the USA [58]
concluded that “This indicates that the current in-
fection control recommendations may be sufficient
to prevent infection in dental settings”. A simi-
lar conclusion has been reached in the French [57]
case — the authors of this paper showed that “oral
health-care professionals were surprisingly not at
higher risk of COVID-19 than the general popu-
lation”. The early studies among the dentists in
Poland [59] seem to indicate that around 0.5% of
them contracted the disease. This number is higher
than the average for the Polish population at the
same time, which was around 0.2%. The said re-
port describes the number of infected dentists as
marginal, probably taking into account a much
higher risk of this profession. This seems to indicate
that security-wise the standard practices adopted in
dental clinics provide good enough protection mea-
sures.

However, in view of high exposure to viral trans-
mission, some researchers call for a new protocol to
protect dental healthcare workers and students [60].
The encouraging fact is that the knowledge related
to COVID-19 disease is good among dental pro-
fessionals [61]. On the other hand, the hesitancy
about vaccination is relatively large among dental
students. As a recent study reveals [62], about 45%
of dental students are hesitant to receive the vac-
cine. The same study shows that 23% of medical
students hesitate to vaccinate. Very similar numbers
were reported in another study [63]. Both studies
seem to indicate the necessity of educational cur-
ricula development in dental studies in order to in-
crease the knowledge about vaccines, their safety
and effectiveness.
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Importantly, early work [64] on the impact of pe-
riodontal disease on hospitalisation and mortality
during the COVID-19 pandemic did not find com-
pelling evidence to link these two facts. The con-
nection between COVID-19 and periodontal dis-
ease has been analysed in [65]. The authors propose
a mechanism that may be responsible for the simi-
larities between COVID-19-induced cytokine storm
and cytokine expression profile involved in peri-
odontitis, and argue that oral hygiene and periodon-
tal treatment are mandatory in the COVID era.

Appendix B: Analytical results

B.1. Numerical solution of the system of
differential equations

To solve the differential system of equations rep-
resenting both the baseline and the model with
masks taken into account, we applied the Runge—
Kutta method [66] of the fourth-order.

In the studies of epidemiological models, it is im-
portant to predict the immediate future of the epi-
demic based on its current state. Such a role plays
a basic reproduction number representing an aver-
age number of infections generated at time ¢ by each
infected person. Its calculation is presented in the
forthcoming subsection. Another important notion
is the disease-free equilibrium (DFE) state. For the
model written schematically as

d
= = fy). (21)
with boldface characters denoting vectors, this state
is defined by f(y*) = 0. Our model contains
three compartments of infected (I, H,T) and ex-
hibits DFE for y* = {S*,I*,R*, H*,T*}T =
{1,0,0,0,0}™, with T denoting transpose opera-
tion. The model with A = 0 does not allow for
an endemic equilibrium point [67], characterised by
I* # 0. Meanwhile, as discussed in Sect. 4, the en-
demic state is expected for A #£ 0.

B.2. Time dependence of M and U populations

It is instructive to rewrite (10)—(13) of the general
model with the «a;; parameters expressed in terms
of inward and outward masks’ effectiveness. With
A =0, one finds

dsS
EM (L= ) [(1 = ) ar + v Sur,
(22)
ds
T; = —aol:(l—€o)IM+IU:|SU- (23)
(1—=p)vir + pyrE 0
V= —pIH (1= pr)vur + prYEHT

0 —PTYHT

Dividing both (22) and (23), one obtains
dSM dSU
—(1-e)2Y, 24
5, ~ e (24)
which can be integrated from the initial value Sj;(0)
to the final (at time t) Sps(t) to get

smn:(&w>“i (25)
S (0) Su(0) .

The scaling relation (25) depends on the initial val-
ues and inward masks’ effectiveness only. However,
it is valid for arbitrary fraction z of masked and for
arbitrary value of outward effectiveness €,. It pro-
vides the universal signature of the model. The nu-
merical results (not shown here) agree exactly with
the above scaling law.

B.3. Reproduction number

The basic reproduction number, usually denoted
by Ry, is a very useful parameter deciding about the
evolution of an epidemic. The growth of the num-
ber of infections is signalled by Ro>1, while Rp<1
signals the decline. The basic reproduction number
is a threshold parameter in models with disease-
free equilibrium (DFE). A general method of its
calculation, which we shall follow, is well suited
for compartmental models, and has been presented
in [68, 69]. The idea is to write (21) in the form

Y~ Fily) - i), (26)

with F; describing the rates of appearance of new
infections (in infected compartments), while V; de-
notes the transitions between other infected com-
partments [68, 69]. The reproduction number Rg of
the DFE is given by

Ro = p(FV 1), (27)
where p denotes the spectral radius and the matri-

ces F and V denote the next generation matrices
with matrix elements

P <[“).7-"Z-(y)> B (28)

dy;
and
V= (2 (29
0Ys /) ymy

and the indices ¢ and j run over compartments de-
scribing new infections [69]. With three infected
compartments I, H,T" in the general model with
masked compartments, one finds for the DFE

Qo 00
F=1000], (30)
0 00
and
0
0 . (31)
TR + 0T
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This leads to the basic reproduction number dies out if it is negative. Thus the first term in
Ry = Qo 7 (32) p.alrentheses7 i..e., (1*9)%%_ plays a role of ba-
(1= p)vir+ pyiE sic reproduction number. At time ¢ = 0, one has
the result a slightly more general than that of sim- I <« S,s0 S ~ 1 and the above parameter reduces
ple SIR model. To derive it on epidemiological basis, to Ro.
it is enough to rewrite the equation for the change For the general model with masks the DFE for
of I(t) in the form A =0 is given by the set
gf S _ (S&’S}ﬁ)I;[’II*}’ 7\4) E’H]TJ7H(?7TX4’T(§):
dt (1= p)yr + pyim
(z,1-2,0,0,0,0,0,0,0,0). (34)
X [(1 = p)yrr + pyru] I(t), (33)  There are six infected (I%, I, Hi,, Hy, Thp, T3

and note that the number of infected grows with compartments. The matrices F' and V' thus become

time if the term [(1#?)'?1% — 1] is positive and 6 x 6. They read

TON M Tapmy 0 0 00
(l—ZE)OéUM (1—$)OtUU 0 0 00

F— PYIH 0 0 0 00 ’ (35)
0 PYIH 0 0 00
0 0 pryur 0 00
0 0 0  pryar 00

and V is diagonal matrix with elements: (1—p)yrr + pyr, (1—=p)yir + pyre, (1—pr)vER + PTYHT,
(1=p7r)YHR + pTYEHT, YTR + 0p and yrR + dp.
Multiplying matrix F' by the inverse of V and calculating the spectral radius p(M ), which for a quadratic
matrix M = FV ! is its largest eigenvalue, one finds the reproduction number
RM _ lzapm + (1—-z)ayy + \/(xaMM — (1 —2)ayy)? +4z(l — 2)apyvaum (36)
T2 (1= p)vr + pyin
The actual value of R;™ depends on the fraction of masked, the contact rates and other (clinical) parameters.
Introducing inward and outward effectiveness of masks, as in Sect. 5, one finds

ao
(1—p)vir + pyim

In agreement with expectations, this expression immediately reduces to the result (32) when 2 = 0 or
€ =€, =0.

Rg/j(x7 €, 60) =

1—2)+z(1—€)1—e)l. (37)
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