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Local density approximation is used to study the band structure of Pb1−xMnxTe and
Pb1−x−ySnxMnyTe alloys with about 6% of cation sites occupied by magnetic Mn ions. The topo-
logical phase diagram as a function of chemical composition, hydrostatic pressure, and magnetization
is presented. Three phases: normal, topological crystalline insulator, and Weyl semimetal are identified.
The possibility of transitions between these phases induced by the external magnetic field and crystal
deformation is analysed.
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1. Introduction

The IV–VI mixed crystals Pb1−xSnxTe,
Pb1−xSnxSe and Pb1−x−ySnxMnyTe are nar-
row gap semiconductors crystallizing in the rock
salt structure [1, 2]. By changing the chemical
composition, external pressure, or temperature, it
is possible to drive a transition from the trivial
insulator to the topological crystalline insulator
(TCI) phase. In the mentioned alloys, the mirror
symmetry with respect to the (110) crystallo-
graphic planes [3–6] is responsible for the presence
of a nontrivial topological phase in the bulk, and
of the zero-gap Dirac-like states on certain high-
symmetry crystal facets. Recently, we analysed the
influence of Mn ions on the topological properties of
Pb1−x−ySnxMnyTe [7]. In particular, we predicted
that an external magnetic field or the presence
of low-temperature spontaneous magnetization in
Pb1−x−ySnxMnyTe can induce a transition from
the trivial as well as from the nontrivial phase to
the Weyl semimetal (WSM) phase.

Let us remind that WSM is a system in which the
conduction and valence bands touch each other at
an even number of isolated points in the momentum
space in the first Brillouin zone — the system’s en-
ergy gap is therefore zero. Each of these points, also
known as the Weyl node, has an interesting topolog-
ical property, namely, the calculation of the Berry
flux through the surface surrounding a single node
gives an integer number called topological charge
equal to ±1. Since the total topological charge in

the first Brillouin zone is always zero in semimet-
als, the number of the Weyl nodes must be even. In
contrast to the Dirac semimetals, in Weyl systems
the linearly dispersing electronic states of a given
cone are nondegenerate.

We recently performed calculations of the
band structure and topological properties for
Pb1−xSnxTe [8] and Pb1−x−ySnxMnyTe [7]. Our
analysis shows that the zero energy gap regions be-
tween the topologically trivial and nontrivial phases
are of a nonzero width as a function of a lattice
parameter or tin concentration. Let us stress that
these zero energy gap regions are mainly due to the
presence of different cations in the system, i.e, the
different chemical properties of lead and tin. Later,
Wang et al. [9] have noticed that these zero energy
gap regions may be considered the WSM phases.
The experimental confirmation of the existence of
this region is very difficult, because in IV–VI semi-
conductors it is very problematic to grow a crystal
with a vanishing free carrier concentration. In the
literature on the subject, we found only one work
that may confirm our predictions [10].

In this short communication, we analyse the in-
fluence of magnetization due to the manganese
ions on the range of existence of the WSM phase
and present two experimentally relevant topological
phase diagrams. In the first one, the control parame-
ters are magnetization and the lattice parameter for
Pb1−xMnxTe (x ≈ 6%), while in the second case we
consider the variations of magnetization and the Sn
concentration for Pb1−x−ySnxMnyTe (y ≈ 6%).
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2. Technical details of calculations

Ab initio calculations are done using the
OpenMX package [11]. We use local density ap-
proximations with the Ceperly–Alder [12] exchange-
correlation functional. Pseudopotentials for Pb and
Te were generated previously [13], and those for Sn
and Mn were taken from the package.

We employ 2 × 2 × 2 supercells containing 64
atoms, 32 cations and 32 tellurium atoms. In the
case of Pb1−xMnxTe, two Pb atoms are replaced
by two Mn atoms, corresponding to the composition
of 6.25 at.%. In this case, we consider crystals pos-
sessing two symmetries: cubic and tetragonal. The
latter holds when the crystal is grown epitaxially on
a substrate that is not fully lattice matched. In all
the cases, the Mn ions are placed in the middle and
at the corner of supercells. Due to the difference in
ionic radius between Mn and Pb, the Mn–Te and
Pb–Te nearest neighbour distances differ as well.
To estimate the effect of those microscopic lattice
distortions on the band structure for cubic crystals,
we compare two cases: that of the ideal lattice and
that with fully relaxed Mn–Te and Pb–Te bonds.
In the first case, all the atoms are at ideal rock salt
lattice sites, and in the second case, the positions of
Te atoms surrounding Mn atoms are relaxed. The
experimental distance between Pb and Te in this al-
loy is approximately 3.23 Å, while the distance be-
tween Mn and Te is only 2.95 Å. We use these values
without any further optimization of the alloy geom-
etry. For Pb1−x−ySnxMnyTe, the cations distribu-
tion in supercells are chosen according to the spe-
cial quasirandom structures method [14], and the
atomic positions are relaxed to find the ground state
configuration like in [7].

The important feature of the OpenMX package is
the ability to fix spin directions of atoms in the su-
percell, in this case, the directions of the Mn spins.
The method is based on the material presented in
technical notes [15] and was also briefly described
in [16]. It allows us to gradually change the rela-
tive orientation of spins of the two Mn ions in the
supercell from ferromagnetic (FM) oriented along
the [001] direction, to antiferromagnetic (AFM), by
changing the angle between the Mn spins. There are
no constrains imposed on the remaining atoms. Af-
ter optimizing atomic configurations, we find the
final magnetization due to Mn ions. This proce-
dure is supposed to model different degrees of Mn
spin polarization, from the maximal one to the
paramagnetic case with vanishing Mn magnetiza-
tion. We aim to avoid costly calculations employ-
ing large supercells and averages over several Mn
configurations.

The OpenMX package also provides tight bind-
ing parameters, which enables efficient calculations
of energy bands on a dense k-point mesh in the Bril-
louin zone. This way, we can determine the number
of Weyl points for a given magnetization and chemi-
cal composition of Pb1−x−ySnxMnyTe. The nonzero

number of the Weyl nodes implies that the system
is in the Weyl semimetal phase. The same proce-
dure can be applied to Pb1−xMnxTe. However, in
this case, a more efficient method is to fix the angle
between the two Mn spins in the supercell and cal-
culate the dependence of the absolute value of the
energy gap Egap on the lattice parameter.

3. Results

The calculated dependence of the absolute value
of the band gap on the lattice parameter is shown
in Fig. 1 for tetragonal Pb0.94Mn0.06Te. In the con-
sidered case, a biaxial compression in the (001)
plane is assumed, and the perpendicular lattice pa-
rameter a⊥ is determined by the in-plane a‖ lattice
parameter in accordance with the assumed Poisson
ratio ν = −0.3 for the equilibrium lattice parameter
of 6.46 Å.

Three relative orientations of the two Mn ions
in the supercell are considered. Angles 0◦ and 180◦

correspond to the FM and the AFM spin orienta-
tions, respectively, and the results for the interme-
diate case of 80◦ are also shown. With decreasing
a‖, Egap decreases as well and changes its value to
negative. The transition from positive to negative
band gap occurs in the finite window of pressures
(lattice parameters), even when the magnetization
vanishes. This effect stems from the broadening of
levels originating in the alloy disorder (see [8]) which
is neglected in Fig. 2 (see the discussion in Sect. 4).

As it follows from Fig. 1, on both sides of the
zero energy gap regions the dependences Egap ver-
sus lattice parameter are nearly linear, and thus it is
possible to accurately determine the region in which
the band gap vanishes.

Before reporting the results of the ab initio calcu-
lations, let us outline qualitatively what is the ex-
pected influence of manganese spin polarization on
the phase diagrams — magnetization versus lattice

Fig. 1. Dependencies of the modulus of energy gap
on the in-plane (001) lattice parameter for three
chosen angles between Mn spins for tetragonally
distorted crystals Pb1−xMnxTe. The distorsion is
described by the Poisson ratio ν = −0.3 with equi-
librium lattice parameter equal to 6.46 Å.
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Fig. 2. Schematic view of the conduction and va-
lence band sp–d exchange splittings caused by
a nonzero Mn spin polarization.

parameter for Pb1−xMnxTe or magnetization ver-
sus tin concentration for Pb1−x−ySnxMnyTe. For
simplicity, in this qualitative analysis we concen-
trate on the Pb1−xMnxTe system. For zero spin
polarization, the decrease of the lattice parameter
leads to the decrease of the energy gap down to
zero when the system attains the WSM phase. Fur-
ther decrease of the lattice parameter drives the
system into a nontrivial topology state, the en-
ergy gap opens again and (being negative) increases
its modulus. It is well known that the spin po-
larized magnetic ions lead to the spin splitting of
both the conduction and the valence bands con-
trolled by sp–d exchange coupling [17, 18]. This is
shown in Fig. 2, which schematically explains the
main factors determining the topological phase di-
agram of Pb1−xMnxTe. Figure 2 shows the con-
duction band minimum (CBM) and the valence
band maximum (VBM) together with spins of car-
riers. Importantly, the result highlights the differ-
ence between Egap in the case of the AFM and the
FM configurations of the Mn ions. By the case of
AFM, we understand the situation of the vanish-
ing spin polarization of the Mn ions as the spin
splittings of the bands vanish. In this case, there
is no spin splitting, the bands are double degen-
erate. Consequently, the band gap Egap(AFM) is
higher than in the case of FM, where Egap(FM) is
reduced by

∆Egap = Egap(AFM) − Egap(FM) =
1

2
(∆c + ∆v),

(1)
where ∆c (∆v) is the spin splitting of the CBM
(VBM). These spin splittings cause the decrease of
the energy gap, which results in earlier attainment
of the WSM phase when the lattice parameter de-
creases. Due to the same reason, the transition be-
tween WSM and TCI phases takes place for smaller
lattice parameters for nonzero Mn spin polarization.
This is shown in Fig. 1.

Figure 3 presents the phase diagram for
Pb1−xMnxTe. One can see that the increasing pres-
sure, i.e, the decreasing lattice parameter, drives
the transition from the normal (N) to the WSM
phase and then to the TCI phase with a negative
band gap. The corresponding range of the lattice
parameter widens with increasing magnetization.

Fig. 3. Calculated topological phase diagram for
Pb1−xMnxTe with x ≈ 0.06, which corresponds to
a 64-atom supercell with 2 Mn ions. The two pa-
rameters are the lattice parameter controlled by hy-
drostatic pressure (solid line) or layer compression
in [001] plane (broken line) and the mean magnetic
moment. For comparison we show also topological
phase diagram for cubic relaxed system. The values
of magnetic moment are given for 2 Mn ions.

Fig. 4. Calculated topological phase diagram for
Pb1−x−ySnxMnyTe with y ≈ 0.06, which corre-
sponds to a 64-atom supercell with 2 Mn ions. The
two parameters are the Sn concentration and the
mean magnetic moment. The values of magnetic
moment are given for 2 Mn ions.

For small lattice parameters the band gap is neg-
ative (inverted), whereas it is positive for larger lat-
tice parameters which corresponds to a topologi-
cally trivial situation).

For Pb1−x−ySnxMnyTe crystals, the transition
between the normal and the TCI phases is mainly
driven by the increase of Sn content rather than the
changes of lattice parameters. However, the main
ideas of the above analysis apply also to this case.

In Fig. 4 we present the phase diagram for
Pb1−x−ySnxMnyTe for a varying Sn concentration.
We recall that in the case of Pb1−xSnxTe, the in-
crease in the Sn content drives the N-to-TCI transi-
tion, and the intermediate WSM phase is related to
the alloy broadening of the energy bands [7]. From
Fig. 3 it follows that the presence of Mn makes the
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Sn content window of the WSM phase wider, even
in the absence of magnetization. Increasing magne-
tization considerably widens this window.

One can observe that the boundary between the
normal and the WSM phase is not monotonic. We
ascribe this effect to the limited accuracy of the
special quasirandom structures method. Averaging
over many atomic configurations with fixed x and y
would make the boundary smooth. We met similar
problems in our previous papers [7, 8].

4. Discussion

Changes in the lattice parameter of a given sam-
ple can be realized either by changing tempera-
ture or by applying external pressure. Both meth-
ods were previously experimentally examined. The
thermal expansion coefficient for IV–VI semicon-
ductors is of the order of 2 × 10−5 K−1, thus the
decrease of the temperature by 200 K reduces a
by 0.025 Å. Alternatively, hydrostatic pressure of
5 GPa decreases the PbTe lattice parameter from
a0 = 6.46 Å(at T = 300 K) to 6.26 Å [19]. In these
cases, the crystal retains its cubic symmetry.

On the other hand, the crystalline structure of
layered epitaxial heterostructures is typically char-
acterized by a biaxial crystal deformation brought
about by lattice mismatch or by thermal expansion
mismatch between a Pb1−x−ySnxMnyTe layer and
the substrate or a buffer layer. In such situations,
the symmetry is lowered to tetragonal. In partic-
ular, in Pb1−xMnxTe and Pb1−x−ySnxMnyTe epi-
taxially grown on BaF2 or KCl, the in-plane lat-
tice deformations δa/a are of the order of 0.1%
or −0.5%, respectively [2, 20].

Given the above possibilities, the predicted phase
diagrams for Pb1−xMnxTe shown in Fig. 3 can be
verified experimentally by the application of hydro-
static pressure. The changes of temperature or the
lattice mismatch effects appear too small to drive
a system in interesting regions of the diagram.

The Pb1−x−ySnxMnyTe case shown in Fig. 3 can
be verified experimentally. We are aware, however,
that in this case the main experimental difficulty
is caused by high hole concentrations originating
from high concentrations of Sn vacancies. For this
reason, it will be very difficult to obtain crystals in
which the WSM phase can be studied. But, as it
was shown in [10], for Pb1−xSnxTe it is possible.

In both Figs. 3 and 4, the averaged z-component
of the magnetic moment is considered as a free pa-
rameter. Its magnitude is determined by the ex-
ternal magnetic field and temperature. We also
note that Pb1−x−ySnxMnyTe at sufficiently high
Mn concentration and sufficiently low temperatures
spontaneously transforms to the FM phase, while
magnetization vanishes at vanishing magnetic field
and sufficiently high temperatures [21, 22]. The win-
dow in which the WSM phase is stable depends
on the magnetization M , and it increases with the
increasing M .

As it was mentioned, the considered ranges of pa-
rameters are realistic from the experimental point of
view. Thus, it seems that the phase diagrams shown
in Figs. 3 and 4 can be verified experimentally.

5. Conclusions

Theoretical topological phase diagram of
Pb1−xMnxTe and Pb1−x−ySnxMnyTe containing
≈ 6 at.% of Mn was calculated. We find that,
depending on the chemical composition, hydro-
static pressure, and magnetization (the latter being
determined by the composition, external magnetic
field, and temperature), those alloys assume the
normal phase, the Weyl semimetal phase, or the
topological crystal insulator phase. The possibility
of transitions between them induced by the mag-
netization is addressed in detail. We also consider
an experimentally relevant case of tetrahedrally
deformed epitaxial layers of Pb1−xMnxTe. In prac-
tice, the Mn spin polarization can be controlled by
an external magnetic field, which implies that the
band gap can be tuned. That opens the possibility
of the controlled transitions between the N, WSM
and TCI phases.
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