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Elastic waves have emerged as a paradigm of condensed matter physics since many dynamical effects
of the latter can be emulated with these waves. Molecular π-orbitals are of great interest in this area
because they play a key role in the electronic transport of 2D materials and aromatic molecules such as
benzene and borazine. In this work, we show the design, construction and characterization of an elastic,
artificial borazine structure that emulates the π-orbitals of borazine. The elastic structure consists of
hexagonal resonators that act as artificial elastic atoms coupled to each other through finite phononic
crystals that in turn act as artificial π bonds. When the resonant frequency of an artificial atom falls
within the gap of the phononic crystal, the vibrations are trapped in the artificial atom and interact
weakly with neighboring artificial atoms through evanescent Bloch waves. Thus, a tight-binding regime
for elastic waves emerges. Here, these ideas are applied to emulate the π-orbitals of borazine. The design
relies on extensive finite element numerical simulations. The experimental results show an excellent
agreement with both, the tight-binding formalism and the numerical results.
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1. Introduction

Elastic waves have emerged as a paradigm in con-
densed matter physics as several phenomena occur-
ring in this field can be found in elastic wave systems
in a new field known as elastic or phononic meta-
materials. Topologically protected edge states [1, 2],
artificial graphene [3, 4], mechanical negative refrac-
tion [5], and other effects appear in elastic waves.
In fact, it has been recently demonstrated that it is
also possible to emulate molecular π systems with
elastic waves and thus a tight-binding (TB) regime
for elastic waves emerges [6–9]. Thus an alternative
to microwave systems with dielectric resonators [10]
has been found in elastic waves.

In the TB regime for elastic waves, coupled-
resonator elastic (or phononic) metamaterials
(CREMs) emerge. These metamaterials are inspired
by the coupled-resonant optical waveguides [11, 12]
that gave rise to the coupled-resonator elastic

waveguides [6–8, 13–15]. In contradistinction to
these works, the CREMs [6–9] is used to emulate
quantum systems and not to guide acoustic waves.
In elastic waves, the spectrum and orbitals of arti-
ficial elastic ethylene [6], hexatriene [7], and those
of the artificial elastic benzene [9] have been mea-
sured. Also, a theoretical framework for 1D systems
has been developed [8]. In the CREMs the elastic
resonators are coupled to each other through finite
phononic crystals (FPC) also known as locally pe-
riodic elastic systems [16–22]. When the normal-
mode frequency of the resonator falls within a for-
bidden band of the FPC, the normal-mode wave
amplitudes localize in the resonators due to the elas-
tic Bragg reflection and the TB regime for elastic
waves emerges.

Borazine, also known as inorganic benzene, is
a ring-shaped plane molecule composed of three
nitrogen atoms interspersed by three boron atoms
and six hydrogen atoms at the border (see Fig. 1).
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Fig. 1. Schematic diagram of borazine. It is com-
posed by three boron atoms (B), three nitrogen
atoms (N) and six hydrogen atoms (H).

In borazine, partial localization and moderate
aromaticity has been found by DFT and using
group theory with the TB model [23, 24]. In this
paper, the elastic borazine is studied numerically
and experimentally, using finite elements and the
single frequency resonant ultrasound spectroscopy,
respectively.

In Sect. 2, the elastic borazine is presented. Its
frequency spectrum is calculated numerically using
finite elements; this is done in Sect. 3. In Sect. 4
the tight-binding model for the elastic borazine is
given. In Sect. 5 experiments based on a variation
of the resonant ultrasound spectroscopy technique
are presented. They show good agreement with the
numerical simulations and with the results of the
TB model. As it will be seen in the conclusions,
the spectrum and symmetries of the orbitals of
the elastic borazine agree with those obtained from
the quantum tight-binding model and show partial
localization.

2. The elastic analog of borazine

The first ingredient to build the elastic analog
of borazine is a set of six hexagonal resonators,
three (R1, R3, and R5) of length L1 and three
(R2, R4, and R6) of length L2. Each resonator
is a thin hexagonal plate of thickness h. The fre-
quency spectrum of a hexagonal plate, as a function
of the hexagon length Lh, calculated numerically
using the finite element method (COMSOL Mul-
tiphysics), with free boundary conditions, is given
in Fig. 2a. As expected, the frequencies increase
as the hexagon length decreases. The normal-mode
wave amplitudes of the modes with lowest frequen-
cies are given in Fig. 2b. As it can be observed
in Fig. 2, the two lowest modes of the hexagon are
degenerate. The third mode only has an annular
nodal line whereas the fourth mode has radial nodes
that hit the center of each hexagon length. The lat-
ter mode will be used as an artificial atomic or-
bital. Finite phononic crystals [16, 17, 20–22], also
known as locally periodic systems [18, 19], are the
second ingredient needed to build the elastic arti-
ficial borazine. The finite phononic crystals used
are built repeating a 2D unit cell in one dimen-
sion. For borazine, each unit cell is composed of
a large square plate of length L and two small
cuboids of b× a/2× h. A finite phononic crystal of
nine unit cells is given in Fig. 3a whose spectrum,
as a function of the side length of the square, is
given in Fig. 2c. As can be seen, the spectrum shows
bands and gaps. When a normal-mode frequency of
a resonator falls within a bandgap of the phononic
crystal, the normal mode is trapped due to elastic
or phononic Bragg reflection [25, 26]. This is accom-
plished by changing the length of the resonator. In
Fig. 3c, a localized wave amplitude on a meta-atom
is given. This localized wave amplitude will be called
artificial elastic π-orbital, or elastic meta-orbital.

Fig. 2. (a) Frequency spectrum of a hexagonal plate as a function of its side length. (b) The fourth lowest wave
amplitudes, two of them degenerate (A and B). Mode D will be used to build the elastic borazine meta-atoms.
(c) Frequency spectrum of a finite phononic crystal composed of nine unit cells (see the text).
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Fig. 3. Finite phononic crystal (FPC) composed
of nine unit cells. Each unit cell is composed of
a large square plate and two small rectangular
plates. (b) The meta-atom is composed of a hexag-
onal plate and three connectors with one unit cell
of the FPC. (c) Artificial elastic π-orbital, or elastic
meta-orbital, associated with a localized wave am-
plitude. (d) The artificial elastic borazine molecule
is composed of three meta-atoms with Lh = L1 and
three with Lh = L2. Notice that FPCs with 4 unit
cells were used to minimize border effects (one unit
cell belongs to the meta-atom).

When a second resonator is placed close to the
first one they weakly couple to each other through
an elastic analog of tunneling [6]. Thus a tight-
binding (TB) regime for elastic waves emerges [8].
This TB regime has been used to create 1D
molecules that satisfy the quantum TB model [7, 8]
and more recently the benzene π-orbitals were em-
ulated [9]. We want to emphasize that the coupling
between resonators used here is evanescent as the
one in the dielectric resonators [10], in contrast to
that encountered in microwave networks [27].

3. Numerical simulations
of the elastic borazine

The artificial elastic borazine is shown in Fig. 3d.
It is composed of six resonators, six connectors, and
six terminators. The latter, composed of four unit
cells of the FPC (one unit cell belongs to the meta-
atom), are used to avoid unwanted edge effects from
the free surface. When all resonators are equal, arti-
ficial benzene orbitals emerge [9]. Here, to emulate
the borazine orbitals, three resonators have length
L1 and the other three L2 (see Fig. 3d). The res-
onant frequencies of both kinds of resonators are
taken in the bandgap of the FPC. By changing the
size L2 of resonators R2, R4, and R6 around the
fixed size L1 = 30.4 mm of the other resonators,
the artificial elastic borazine can be engineered.
In Fig. 4 the normal-mode frequencies of the elastic
molecule are shown as a function of L2. Although

Fig. 4. Normal-mode frequencies associated with
the artificial elastic aromatic molecules with six
atoms. Right line: benzene. Left line: borazine. The
inner curves correspond to degenerated eigenvalues;
then six levels appear.

only four levels are visible, there are six normal-
mode frequencies, associated with each meta-orbital
of the artificial molecule. The inner levels are dou-
bly degenerated and the spectrum of the artificial
elastic borazine comprises two singlets, at the bor-
der, and two inner doublets. When all resonators are
equal, the frequency difference between the doublets
is twice the frequency difference between doublet
and singlet. This case corresponds to the artificial
elastic benzene (vertical red line at the right) [9].
The case of borazine will be taken as the one in
which the size of the resonators yields a frequency
difference ∆ between the doublets equal to 3.96
times the frequency difference δ between singlet and
doublet, as happens in the real borazine [24]. In the
artificial elastic borazine, the precision of the CNC
machines only reaches an approximate value of 3.97
for this factor. This case is indicated by the red
vertical line at the left in Fig. 4. The normal-mode
wave amplitudes are given in Fig. 5. As it can be
seen, the artificial orbitals present partial localiza-
tion. This is in agreement with the results of [24].

4. Tight-binding (TB) model
for artificial borazine

The spectrum of the artificial elastic borazine can
be obtained with the TB formalism. The nearest-
neighbor Hamiltonian for the borazine, in terms of
the meta-atomic orbitals |i〉 is given by

H =



fB C 0 0 0 C

C fN C 0 0 0

0 C fB C 0 0

0 0 C fN C 0

0 0 0 C fB C

C 0 0 0 C fN


, (1)
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Fig. 5. (a and b) Artificial borazine orbitals versus borazine orbitals versus experimental orbitals, all in
configuration space. Left column: numerical artificial borazine orbitals obtained with finite elements. Middle
column: borazine quantum orbitals obtained with the tight-binding formalism [24]. Right column: experimental
artificial borazine orbitals. Notice that there are many choices to take the orbitals corresponding to degenerate
eigenvalues.

where fB and fN are the normal-mode frequen-
cies of the boron and nitrogen meta-atoms. It is
assumed a nearest-neighbor coupling C between
meta-orbitals. The artificial elastic molecular am-
plitude or meta-molecular orbital Ψ , in terms of
the artificial meta-atom orbitals |i〉 will be∣∣Ψ〉 =∑

i

ai
∣∣i〉. (2)

The eigenvalues of the TB Hamiltonian, given
in (1), are

f1 = fc −
√
δ2 + 4C2, (3)

f2,3 = fc −
√
δ2 + C2, (4)

f4,5 = fc +
√
δ2 + C2, (5)

f6 = fc +
√
δ2 + 4C2, (6)

where fc = 1
2 (fB + fN) and δ = 1

2 (fB − fN). This
structure arises from the time-reversal symmetry
and cyclicity of H and agrees with that reported
in [24]. The eigenfunctions (wave amplitudes) are
given by

∣∣Ψ1

〉
= A1

[
− (η +

√
1 + η2)

∣∣1〉+ ∣∣2〉− (η +
√
1 + η2)

∣∣3〉+ ∣∣4〉− (η −
√

1 + η2)
∣∣5〉+ ∣∣6〉] (7)

∣∣Ψ2

〉
= A2

[
− (η +

√
1 + η2)

∣∣1〉+ (η +
√
1 + η2)

∣∣3〉− ∣∣4〉+ ∣∣6〉] (8)

∣∣Ψ3

〉
= A3

[
−
∣∣1〉− (η −

√
1 + η2)

∣∣2〉+ (η −
√
1 + η2)

∣∣4〉+ ∣∣5〉] (9)

∣∣Ψ4

〉
= A4

[
− (η −

√
1 + η2)

∣∣1〉+ (η −
√
1 + η2)

∣∣3〉− ∣∣4〉+ ∣∣6〉] (10)

∣∣Ψ5

〉
= A5

[
−
∣∣1〉− (η +

√
1 + η2)

∣∣2〉− (η +
√
1 + η2)

∣∣4〉+ ∣∣5〉], (11)

∣∣Ψ6

〉
= A6

[
− (η −

√
1 + η2)

∣∣1〉+ ∣∣2〉− (η −
√
1 + η2)

∣∣3〉+ ∣∣4〉− (η −
√

1 + η2)|5〉+
∣∣6〉] (11)

535



R.A. Méndez-Sánchez et al.

Fig. 6. Spectra of the artificial borazine orbitals
measured in the red dots of Fig. 3. The curves from
bottom to top correspond to measurements in res-
onators R1, R2, R3, R4, and R5 of Fig. 3.

Here η = 1
2δ/c and Ai, i = 1, . . . , 6 are nor-

malization constants. Notice that the eigenfunc-
tions corresponding to degenerate orbitals |Ψ2〉 and
|Ψ3〉, and those corresponding to |Ψ4〉 and |Ψ5〉, are
not unique. The eigenfunctions, in the configuration
space, are plotted in Fig. 5. These amplitudes agree
with the quantum molecular orbitals φQ of [24],
plotted in the middle columns of Fig. 5a and b for
completeness, also supposing the nearest-neighbor
coupling. Notice that the artificial elastic molecular
orbitals differ from the quantum molecular orbitals
only in the site orbitals used. In addition, the degen-
erate waves can always be chosen as real, in contrast
to symmetry-adapted bases.

5. Experimental realization of borazine

To confirm the predictions of the numerical de-
sign of the artificial elastic borazine, the struc-
ture shown in Fig. 3 was experimentally charac-
terized. For this purpose, a variation of the reso-
nant ultrasound spectroscopy technique was used.
This technique is described in detail in [28–30] so
it will not be discussed here. In Fig. 3 the res-
onators of the nitrogen and boron meta-atoms are
labeled as R1 and R2, respectively. Below the res-
onator R1, an electromagnetic-acoustic transducer
(EMAT) was placed to produce out-of-plane vibra-
tions without physical contact. This exciter is indi-
cated by an “E” in the same figure. The response
of the elastic system was recorded in the other res-
onators with an EMAT detector. The detector was
placed in the equivalent positions of each resonator,
indicated by the red dots in Fig. 3. The measured
response at these points is plotted in Fig. 6. Each
resonance shows an asymmetric line due to the Fano
effect [31]. As it can be seen, four resonances appear
although, in the measurement, in the first and third
resonators (R1 and R3) a slight distortion of the
third resonance appears, which evidences the exis-
tence of the corresponding doublet. The separation

between the singlet and the consecutive doublet is
almost a quarter the separation between the two
consecutive doublets, which confirms the theoreti-
cal predictions. Four orbitals can be obtained taking
the measurements within each resonator of [9] with
the amplitudes and phases shown in Fig. 6. In the
right column of Fig. 5, four measured orbitals are
given. As it can be seen, the experiments have a very
good agreement with the numerical simulations and
with the theoretical predictions of the tight-binding
model. More experiments using clamps, like those
performed in [9], are needed to obtain the missing
orbitals.

6. Conclusions

We have designed and constructed an artificial
elastic borazine molecule. The artificial molecule
is composed of six meta-atoms composed of elas-
tic resonators and finite phononic crystals. The
meta-atoms normal modes have localized wave
amplitudes or atomic meta-orbitals, that connect
weakly to each other through evanescent Bloch
waves. When two kinds of meta-atoms are con-
nected forming a hexagonal ring, the artificial elas-
tic borazine emerges and its artificial molecular or-
bitals agree with those of the real molecular or-
bitals. The artificial elastic borazine molecules were
engineered using the finite element method and
experiments performed with resonant ultrasound
spectroscopy corroborate the findings. A very good
agreement with the simplest tight-binding formal-
ism was obtained.
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