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The current development of science and technology puts forward higher requirements for the versatility
of materials. Based on the finite element method and Bloch theory, the band gap characteristics of
the stretching-dominated lattice metamaterials are studied, the dispersion properties of elastic waves
propagating in periodic lattice metamaterials are analyzed, and the effects of different configurations
and material parameters on the band gap are discussed. Afterwards, an optimal design of the lattice
metamaterial is proposed to maximize the relative band gap width. Results show that the thermal
expansion configuration can also have a certain band gap characteristic while meeting the adjustable
thermal expansion coefficient and certain rigidity requirements. Through reasonable material selection
and shape design, it is expected to achieve dual goals of specific expansion properties and band gap
design, so that composite material has better tunability and versatility.
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1. Introduction

Phononic crystal (PnC) [1–3] is a kind of com-
posite material with a spatial periodic structure.
When acoustic/elastic waves pass through the
PnCs, a band structure is formed, thus a pass-
band or forbidden band will appear in a certain fre-
quency range, in which the acoustic/elastic waves in
the forbidden band frequency range cannot propa-
gate. Due to the high potential of the PnCs band
gap characteristics, they have broad application
prospects in the fields of filtering, damping and
noise reduction [4–9]. In general, generation of the
band gap in PnCs is usually caused by Bragg scat-
tering [10] or a local resonance mechanism [11]. Ac-
cording to these two mechanisms, the band struc-
ture can be controlled by changing material param-
eters such as density, modulus, acoustic impedance,
and structure parameters such as lattice form and
scatterer shape. Due to their great design ability,
PnCs have become the subject of the research in
various fields [12, 13].

The development of science and technology places
even higher demands on the versatility of mate-
rials. For band gap materials, the tunability and

multifunction of the band gap become the main is-
sues considered. However, the main parameters af-
fecting the band gap of PnCs are material parame-
ters and structural parameters, which are difficult to
change after the structure is determined. The cur-
rent research direction is to change the properties
and micro-structure of materials by applying exter-
nal electric, magnetic, thermal and other physical
fields, so as to realize the regulation of band gap
performance [14]. On the other hand, the working
environment of materials often has the coupling of
light, electricity, magnetism, heat, force and other
fields [15], which to meet the needs of further minia-
turization and multifunction of phononic devices, so
it puts forward new requirements for the properties
of materials. For example, Phoxonic crystal (PXC)
can achieve both the sound band gap and the opti-
cal band gap [16].

In aerospace and other fields, structures and ma-
terials often have to deal with the coupling ef-
fect of various physical fields in the service pro-
cess, such as micromotor system, hypersonic pro-
tection system etc. As a result, they should not
only cope with temperature changes, but also
deal with the challenges related to vibration and
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Fig. 1. Schematic of the primitive configuration.
CTE is represented in the vertical direction.

TABLE IPhysical parameters of Al and invar [19].

Material
Young

modulus
[GPa]

Density
[kg/m3]

Poisson
ratio

CTE
[ppm/◦]

material 1 (Al) 71 2810 0.33 23.0
material 2 (invar) 144 8100 0.25 1.1

noise. Thus, it is an important issue to consider
the band gap characteristics when designing the
structure with specific thermal expansion perfor-
mance. Recently, the realization of specific coef-
ficient of thermal expansion (CTE) materials has
been widely covered [17–19]. For controlling the
effective CTEs, the two most important config-
urations are curved- [17, 18, 20, 21] and stretch-
dominated [19, 22] lattice metamaterials, which de-
pend on the axial tension-compression and bend-
ing deformation of the bar, respectively. Inter-
estingly, both curved-dominated [23] and stretch-
dominated [24] thermal expansion materials are
composed of lattice structures with different con-
figurations that correspond to triangular, quadri-
lateral or hexagonal shapes. These topologies have
special thermal expansion properties and may also
have band gap characteristics. Therefore, it is a key
problem to study the band gaps of thermal expan-
sion unit cell with the desired CTEs.

In this paper, the energy band characteristics of
a planar stretch-dominated lattice metamaterials
are analyzed, as well as the band gap characteristics
of single unit cell form with positive, negative and
zero CTEs. Finally, an optimal design of the lattice
metamaterial is proposed to maximize the relative
band gap width (RBGW). The results show that the
configuration of the unit cell has a great influence on
structure. As the CTEs of the lattices is determined
by the arrangement of different materials and base
cells, a reasonable design of multifunctional lattice
metamaterials can be realized.

2. Models and methods

2.1. The dual-material unit cell

In this paper, the dual-material lattice structure
with respects to [19] is selected as the primitive con-
figuration, as shown in Fig. 1. When planar lattices
are heated, constituents 1 (hypotenuse members)
and 2 (base member) deform in harmony with each
other and then realize the special CTE in the ver-
tical direction. According to the different arrange-
ments, it can be divided into two configurations by
shared vertex. In Category I, the vertices of the
equilateral triangle share the point M, and in Cate-
gory II, the planar lattices share the base members
and the vertex M points to the outside, as shown
in Fig. 2.

According to [19], the constituent materials can
be chosen as aluminum and invar, and their material
parameters are listed in Table I. In general, when
the temperature changes, the material parameters
(such as modulus and density) also change which
may have a given impact on their band gap charac-
teristics.

However, the discussion in [23–26] shows that
the influence of changing the properties of mate-
rials with temperature on the band gap is much
smaller than that of deformation, especially when
the temperature difference is not particularly large.

Fig. 2. Planar lattices in Category I and Category II for Trigonal, Tetragonal and Hexagonal cells.

439



Haibo Yue et al.

Fig. 3. Normalized effective CTE of the planar lat-
tices with β.

Fig. 4. First and irreducible Brillouin zone of (a)
quadrilateral and (b) hexagonal protocells.

Thus, in this paper, we pay more attention to dis-
cuss the structural parameters and hope to achieve
an optimal design. Now, I–T, I–S, I–H, and II–T,
II–S, II–H are abbreviations for Triangular, Square,
Hexagonal cells of Category I and II, respectively.
Once the materials and structural dimensions are
determined, the equivalent CTE of Category I and
Category II can be expressed, respectively, as

αIν
α2

=
1− α1

α2
sin2(β)

cos2(β)
(1)

and
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where α1 and α2 are the CTEs of constituents 1
and 2, respectively, and β is the half of the apex
angle representing the geometrical adjustable range
of the configuration. The normalized effective CTE,
i.e., αv/α2, can be drawn according to the change of
β as shown in Fig. 3. It can be seen that for different
arrangement configuration one can achieve different
CTEs and there may be different band gap charac-
teristics. In particular, Category I lattices can be
obtained by rotation of primitives. Therefore, ac-
cording to (1), when β is small, the lattice com-
posed of the same primitives should have a unified
CTE. However, when β increases, the number of

primitives will be constrained by their angles, such
as no more than 360◦. This means that I-Square and
I-Hexagonal lattices will be limited by a geometric
constraints of β. Namely, when β is too large, these
two configurations cannot be achieved. Regardless
of this, when designing metamaterials with a spe-
cific CTE, there will be several different configu-
rations to choose from, which take into account the
band gap characteristic. Alternatively, once the con-
figuration is determined, we can still change other
parameters such as width of constituent material,
to achieve better band gap design. Therefore, a dis-
cussion on the band gap characteristics of lattice
configurations with different CTEs is required.

2.2. Band gap analysis and calculation

The equation governing the elastic wave in linear
elasticity and isotropic passive medium is [27]

1

ρ(r)

{
∇×

[
µ(r)∇× u(r)

]
−∇

[(
λ (r) + 2µ(r)

)(
∇ · u(r)

)]}
= ω2u (r) ,

(4)
where ω is the angular frequency, r(x, y, z) denotes
the position vector, u(r) is the displacement vec-
tor, ∇ = (∂/∂x, ∂/∂y, ∂/∂z) is the gradient opera-
tor, λ(r), µ(r) and ρ(r) are the Lamé constants and
material density, respectively, which have the same
periodicity as the structure. According to the Bloch
theorem, the displacement vector can be deduced as

u (r, t) = e− iωt
∑
G

uk+G e i (k+G)·r =

e i (k·r−ωt)uk (r) , (5)
where k = (kx, ky) is the wave vector of the first
Brillouin zone and G represents the dimension-
less space coordinate inverse lattice vector. Due to
the translational periodicity, the spatial field dis-
tribution of one cell is the same as that of the
entire lattice structure. According to crystallogra-
phy, both the I-Square and II-Square protocells are
quadrilateral lattices, and their irreducible Brillouin
zones are the shadow shown in Fig. 4a. Other-
wise, the protocells of I-Triangular, II-Triangular,
I-Hexagonal, and II-Hexagonal lattices are hexag-
onal lattices, and their irreducible Brillouin zones
are shown in Fig. 4b. For a band gap analysis, the
dispersion curve of the lattice metamaterials can be
obtained simply by traversing the boundary of the
irreducible Brillouin zone. By using the commer-
cial software COMSOLMultiphysics, the eigenvalue
problem can be conveniently solved.

3. Numerical simulation and discussion

3.1. Planar configurations selection
with geometric constraints

All planar configurations are obtained from the
different triangular primitive arrangements shown
in Fig. 1 and lead to different CTEs. Therefore,
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Fig. 5. Band gap diagrams of positive CTE mod-
els composed of (a) II-Triangular, (b) II-Square, and
(c) II-Hexagonal.

the band gap characteristics of the lattice meta-
materials should be discussed according to different
CTEs. Some geometric constraints should also be
considered, for example, when the angle β is large,
a hexagonal lattice is not possible.

3.2. Band gap analysis of the metamaterials
with positive CTE

Firstly, the band gap of the configuration with
positive CTE is studied. As can be seen in Fig. 3,
the lattice configurations of Category I can only
achieve a very small positive expansion at a small
angle. Therefore, we selected three Category II
configurations for the band gap analysis in the

section. For example, while we select β = 30◦,
L1 = 39.3 mm, L2 = 36.3mm, three lattice configu-
ration of II-Triangular, II-Square and II-Hexagonal
with the CTEs of 1.0, 4.08 and 7.64 are estab-
lished. It can be seen that the effective CTEs varies
with the different arrangement of the three Cat-
egory II cells although using the same primitive
configuration.

Figure 5 shows the bang gap diagrams of three
lattice metamaterials. As observed in Fig. 5a,
II-Triangular configuration has three complete band
gaps at 6.05–6.9 kHz, 11.0–11.5 kHz and 15.0–
15.3 kHz, while II-Square and II-Hexagonal config-
uration have only one band gap at 6.98-7.35 kHz
and 11.07–12.05 kHz, respectively. All band gaps
are not ideal, probably because the configuration of
Category II is similar to truss structure with con-
stituent 2 (invar) as the matrix and constituent 1
(Al) as the inclusion, and the lower stiffness of the
inclusion is not conducive to the formation of the
band gap [27].

3.3. Band gap analysis of the metamaterials
with negative CTE

According to (1) and (2) and Fig. 3, for lattice
configurations of Category I, it is easier to obtain
better negative expansion performance. In this sec-
tion, we selected three Category I configurations
for the band gap analysis. For example, selecting
β = 26.5◦, L1 = 36.2 mm, L2 = 35.8 mm, the
three lattice configuration of I-Triangular, I-Square
and I-Hexagonal are established. Unlike the previ-
ous section, both CTEs of these three configurations
are −3.95.

As can be seen in Fig. 6, I-Square configura-
tion has almost no band gap, while I-Triangular
configuration has one band gap at 7.0–7.8 kHz. In
turn, I-Hexagonal configuration produces two band
gaps at 6.4–6.9 kHz and 8.0–10.9 kHz. Note that
the I-Square configuration is similar to the tra-
ditional triangular lattice structure, which is not
conducive to the generation of the band gap [28].
The I-Hexagonal lattice increases the number of
connecting rods resulting in a wide band gap, but
the I-Triangular appears to generate a band gap at
a lower frequency.

3.4. Band gap analysis of the metamaterials
with zero CTE

The configuration selection of the zero CTE
is also determined by (1) and (2) and Fig. 3.
In Fig. 3, it can still be seen that the Category I
configurations are easier to obtain the zero expan-
sion. Figure 7 shows the band gap diagrams of
three zero-CTE models composed of I-Triangular,
I-Square, and I-Hexagonal with β = 12.6◦. Sim-
ilar to Sect. 3.2, I-Square configuration has
a very narrow ban gap, while multiple band gaps
appear in both I-Triangular and I-Hexagonal
structures. For example, I-Triangular has three
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Fig. 6. Band gap diagrams of negative CTE mod-
els composed of (a) I-Triangular, (b) I-Square, and
(c) I-Hexagonal.

band gaps at 5.71–6.17 kHz, 6.98–7.68 kHz
and 9.23-9.46 kHz; I-Hexagonal has also three
band gaps at 6.43–6.58 kHz, 6.82–7.42 kHz
and 9.19–9.48 kHz, respectively. It is worth noting
that the band gap of hexagonal cells becomes
relatively narrow with the decrease of primitive
angle, and the I-Triangular one still generates the
band gap at a lower frequency.

3.5. Optimal design of relative
bandgap width (RBGW)

All previous studies have shown that the ge-
ometrical parameters of the primitive configura-
tion will lead to different band gap characteristics.

Fig. 7. Band gap diagrams of zero CTE models
composed of (a) I-Triangular, (b) I-Square, and (c)
I-Hexagonal.

Therefore, the optimal design of the band gap for
this lattice metamaterials has become an interesting
topic. In this section, we will present a case study
of the band gap optimization design base on the
following discussion.

Firstly, the relative band gap width (RBGW) is
chosen [29, 30] as the target that means that the
band gap of the metamaterial should have both
a wider range and a lower frequency. The objec-
tive can be written as

maximize F1 = 2
min

(
ωn+1 (k)

)
−max

(
ωn (k)

)
min

(
ωn+1 (k)

)
+max

(
ωn (k)

) ,
(6)
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Fig. 8. (a) Band gap diagrams and (b) transmis-
sion spectra of the optimal result. Band gap is
shaded in grey and the corresponding value is given.

where ω is the circular frequency, n is the n-th
band, and k denote the wave vector. As discussed
above, for the sake of simplicity, we only select the
I-Triangular configuration as the design prototype.

Secondly, it is well known that geometrical scaling
without modifying the single-cell topological con-
figuration will only change the frequency range but
will not change the characteristics of the band gap.
Therefore, we can only select a fixed cell size for
optimal design. This means that when the angle β
is determined, the lengths of the two constituents,
L1and L2, are also determined.

Finally, in addition to the configuration of mi-
crostructure, the the distribution and amount of
material also affect the band gap. The change of
widths of the two constituent materials will affect
the stiffness of the whole metamaterial and further
affect the band gap characteristics [31]. In this case,
taking t1 and t2, and the optimization problem can
be formulated mathematically as
find X = (β, t1, t2)

T
,

maximize F1 = 2
min

(
ωn+1 (k)

)
−max

(
ωn (k)

)
min

(
ωn+1 (k)

)
+max

(
ωn (k)

) ,
s.t. xmin ≤ xi ≤ xmax, i = 1, 2, 3.

(7)
Combining genetic algorithm (GA) and COMSOL,
the optimization problem can be solved rapidly.

Figure 8 shows the band gap diagram and the
transmission of the optimization result. The op-
timal configuration parameters are β = 11.26◦,
t1 = 5 mm and t2 = 0.5 mm, with the effective
CTE of 0.2108. The maximum RBGW is 0.2837,
it is in the range of 0.65–0.87 kHz. Next, the sec-
ond band gap is between 0.88–1.05 kHz, with the
RBGW of 0.1765. Compared with the above cases,
it can be seen that the band gap is greatly reduced
while ensuring a considerable bandwidth. Moreover,
the results show that the transmission spectra are
in good agreement with the band diagram.

4. Conclusion

The band gap characteristics of the planar
stretch-dominated thermal expansion lattice com-
posites are studied. Based on crystallography, dif-
ferent configurations of positive/negative/zero ther-
mal expansion model are presented and their band
gap characteristics are discussed. The results show
that most of the configurations, including Cate-
gory I and Category II, can produce a given band
gap when exhibiting special CTEs. Geometrical pa-
rameters, such as the apex angle, widths of the
constituent materials, exert a very significant im-
pact on the band gap of the lattice metamaterials.
For the stretch-dominated lattices in this paper, the
positive expansion is easier to obtain by the Cate-
gory II configurations, leading to weak band gap
ability. Category I configuration can achieve a vari-
ety of negative expansion and zero expansion, and
has a wider adjustment range. Based on this, an op-
timal design for geometric parameters is proposed
at the end of the paper. The optimized configura-
tion shows excellent band gap characteristics, which
provides a theoretical basis for the design of meta-
materials with dual objectives of thermal expan-
sion/band gap.

Furthermore, this study can provide a benchmark
for materials and equipment applied in many harsh
environments, such as hypersonic thermal protec-
tion systems, communication satellites, and other
spacecraft in the aerospace field. The temperature
difference in these environments will exceed 200◦C,
and its thermal expansion and band gap perfor-
mance should be further in-depth research. On the
other hand, a further full study on high-dimensional
model should be carried out in future research, be-
cause the two-dimensional lattice metamaterials are
difficult to be applied to the real structure. The in-
fluence of out-of-plane waves and their mixing with
the in-plane waves for directions other than the
high-symmetry ones should be discussed.
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