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In this paper, we consider the ground state properties of a spin–orbit coupled binary Bose–Einstein
condensates with dipole–dipole interaction. Our results are obtained by numerically solving the Gross–
Pitaevskii equation in the mean field. It is shown that the density structures are greatly affected by
spin–orbit coupled strength and dipole strength. With the increase of spin–orbit coupled strength, we
find that a stripe phase and phase separation of two components appear, and the number of stripes
increases. In addition, concentric circularity stripes with spatial symmetry appear. We also verify that
the phase separation can be broken as the dipole strength increases. However, the stripe phase is still
kept in this process. As a result, there are no regions of zero density inside the cloud and the non-
fragmented density BEC is exhibited. Also, the critical dipole strength decreases with increasing the
SOC strength for the non-fragmented state. This result reflects a competition in which the spin-orbit
coupling dominates the dipole–dipole interaction.

topics: spin–orbit coupled, dipolar interaction, Bose–Einstein condensates

1. Introduction

Spin–orbit coupling (SOC) has long been known
and studied in various physical systems. It plays
a significant role in semiconductor nanostructures,
where spintronics gave rise to many new appli-
cations [12]. Recently, the experimental synthesis
of SOC for pseudo-spin-half ultracold atoms has
made a great breakthrough [3, 4]. Such systems
have been realized in Bose [5] as well as in Fermi
gases [6]. Their unique properties and fundamental
and application-related prospects have inspired in-
tense theoretical studies [7–11]. Furthermore, these
systems emulate the Rashba and Dresselhaus SOC
for electrons in solids which has a deep influence
on many condensed-matter phenomena [12]. For re-
view properties of SOC in Bose–Einstein conden-
sates (BECs) see [13] and references therein.

On the other hand, dipolar BECs have been cre-
ated with 52Cr [14], 164Dy [15] and 168Er [16] atoms.
These atoms have large magnetic moments induced
by dipole–dipole interactions (DDI) which are long-
ranged and anisotropic. The interplay of the DDI
and a short-range contact interaction makes par-
ticles intriguing from both the experimental and
the theoretical point of view [17, 18], for exam-
ple, Rosensweig instability [19] and roton quasipar-
ticles [20]. In particular, the emergence of quantum-
stabilised droplets further inspires much research
including dipolar quantum gases in a rotating

trap [21–23], the formation of the droplets [24, 25],
elementary excitations [26, 27], the effect of three-
body interactions [28] and the self-bounded nature
of the droplets [29].

Recently, there has been an intense focus on the
topic of binary SOC BECs with DDI. Chiquillo [30]
studied the formation of stable bright solitons
in quasi-one-dimensional spin–orbit- and Rabi-
coupled dipolar BECs, and a plane-wave soliton and
a stripe soliton were found [30]. The creation of
a long-lived SOC gas of quantum degenerate atoms
using dysprosium atoms was reported in [31]. In ad-
dition, the authors showed that the degenerate dis-
persion minimum due to the SOC and DDI can sta-
bilize many quantum crystallines and a quasicrys-
talline ground state [32]. Coupling of the bosons to
fermionic species can further stabilize these phases.
The Fermi liquid states of the ultracold magnetic
dipolar Fermi gases in the two-components includ-
ing both thermodynamic instabilities and collective
excitations have also been studied [33].

In this paper, we study the ground state of
SOC binary BECs with DDI. Numerical results are
obtained by evolving the imaginary time Gross–
Pitaevskii (GP) equation. We find that the density
structures are greatly affected by the SOC strength
and the dipole strength. With the increase of the
SOC strength, it is shown that the stripe phase and
phase separation occur and the stripe number in-
creases. In addition, the concentric circularity stripe
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occurs and the spatial symmetry is embodied. More-
over, we show that the phase separation can be bro-
ken while the stripe phase is still kept with increas-
ing dipole strength. As a result, there is nearly no
point of zero density in space, i.e., non-fragmented
density BEC is exhibited. Also, the critical dipole
strength decreases with increasing SOC strength.
Our results reflect the fact that the SOC dominates
the DDI for the formation of the non-fragmented
density BEC.

The paper is structured as follows. In Sect. 2,
we give the theoretical model and briefly intro-
duce the numerical method. The effects of the SOC

strength and the dipole strength on the ground
state density structure are discussed in Sect. 3. Fi-
nally, Sect. 4 summarizes our concluding remarks
and gives an outlook for future research.

2. Theoretical model

We consider a spin–orbit coupled dipolar BEC
consisting of N atoms with spin-1/2 and trapped in
the harmonic potential. The Hamiltonian of the sys-
tem can be well described by the following coupled
GP equations [34]

i~
∂ψ1

∂t
=

(
− ~2

2m
∇2 + V (r) + g11|ψ1|2 + g12|ψ2|2 + gd

∫
dr′ vdip(r′ − r)|ψ1(r′, t)|2

)
ψ1 − λ (i∂x + ∂y)ψ2,

(1)

i~
∂ψ2

∂t
=

(
− ~2

2m
∇2 + V (r) + g21|ψ1|2 + g22|ψ2|2

)
ψ2 − λ(i∂x − ∂y)ψ1, (2)

where ψj = ψj(r, t) is the j-th wave function of
a two-component system (j = 1, 2, r = (x, y) ∈ R2).
Now, m is the atomic mass and λ is the SOC
strength which carries the unit of velocity. The
coefficients g11, g22 and g12, g21, respectively, are
the strengths of intra- and intercomponent coupling
interactions, i.e., gii = 4π~2aii

m and gij =
2π~2aij
m .

Here, aii and aij denote the s-wave scattering
lengths between intra- and intercomponent atoms.
In turn, gdd = µ0µ

2/(4π) is the DDI coupling con-
stant, where µ0 is the magnetic vacuum permeabil-
ity and µ is the dipole moment. For simplicity, we
set g11 = g22 and g12 = g21. The external trapping

potential is V (r) = 1
2mω

2(x2 + y2), λ = ωz

ω is the
aspect ratio, ω and ωz are trap frequencies in the
xy-plane and the z-axis. The DDI is described by
the potential vdip(r−r′) = 1−3 cos2(α)

|r−r′|3 , where r−r′

is the distance between the dipoles, and α is the an-
gle between the polarization axis n and the relative
position of two atoms, i.e, cos(α) = n · r/|r|.

By introducing the dimensionless variables
t̃ = ωt, r̃ = r/a0, ψ̃ = ψa

3/2
0 /
√
N with a0 =√

~/(mω), and κ̃ = κ
√

m
~ω , we can get the dimen-

sionless GP equation in the following form after
omitting the tildes,

i
∂ψ1

∂t
=

(
−1

2
∇2 +

x2 + y2

2
+ β11|ψ1|2 + β12|ψ2|2 + βdΦD

)
ψ1 − κ (i∂x + ∂y)ψ2, (3)

i
∂ψ2

∂t
=

(
−1

2
∇2 +

x2 + y2

2
+ β21|ψ1|2 + β22|ψ2|2

)
ψ2 − κ (i∂x − ∂y)ψ1, (4)

ΦD =

[
n23

(
∂2

∂x2
+

∂2

∂y2

)
− ∂n⊥n⊥

] ∫
dr′ UD(r − r′) |ψ1(r′, t)|2 , (5)

where

βii =
4πaiiN

√
λ√

2πa0
, βd =

µ0µ
2mN

√
λ

3
√

2π~2a0
(6)

and i = 1, 2. The term ΦD is the dipole integral with
∂n⊥ = n1∂x + n2∂y and ∂n⊥n⊥ = ∂n⊥(∂n⊥). The
kernel part in (5), UD, is radially symmetric and is
given as UD(r) = ( λ2π )

3
2 er

2/4K0

(
λr2/4

)
, where Kν

denotes a modified Bessel function of the second
kind (ν real) and r2 = (x− x′)2 + (y − y′)2.

Numerically, we compute (3)–(5) by the convolu-
tion theorem with the fast Fourier transform [36].
Similarly, kinetic energy can be calculated with
high accuracy using the Fourier transform of the
wave function to momentum space [37]. Finally, the
ground states can be obtained by using the imagi-
nary time evolution method [38], where one makes
a simple replacement it → τ . We solve (3)–(5) on
a 256×256 square grid. The computational domain
is chosen as a square [−5, 5] × [−5, 5] and the time
step is ∆t = 0.001.
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3. Results and discussion

In this section, we report numerical results for the
ground state of SOC binary BECs with DDI. The
parameters of intercomponent interaction and in-
tracomponent interaction are β11 = β22 = 1000 and
β12 = β21 = 1100, respectively. With this choice, it
is easy to observe the phase of the stripe. In ad-
dition, we study the case of the isotropic repulsive
interaction α = 0 when the aspect ratio is λ = 20.
Throughout this article, the tunable parameters are
the SOC strength κ and the dipole strength βd. In
what follows we first perform numerical calculations
to investigate the effect of SOC on the density struc-
ture, and then move on to the effect of the dipole
strength on the system. As a possibility of exper-
imental observation, we propose an experimental
scheme using these control parameters.

In Fig. 1, we show the density profiles of the
system at fixed dipole strength βd = 30. Differ-
ent SOC strengths κ = 1.0, 2.0, 3.0, 4.0, and 5.0
are considered. The rows in Fig. 1, top and bot-
tom, correspond to the density of the component
ψ1 and ψ2, respectively. The phase distributions
θj(x, y) = arctan

(
Im[ψj(x,y)]
Re[ψj(x,y)]

)
are shown in Fig. 2.

To the best of our knowledge, the stripe phase can
occur in simply connected condensates [39, 40] when
SOC is included, and the necklace-like petal state
is formed in the toroidal trap [41, 42]. As shown
in Fig. 1, the density distribution of each compo-
nent is sensitive to the SOC strength.

When the SOC strength is κ = 1.0, phase sepa-
ration of two components appears where the min-
ima of the ψ1 component correspond to the max-
ima of the ψ2 component. The direction of stripes
is along the x-axis. By simply counting, the number
of stripes is 4 and 3 in the ψ1 and ψ2 component,
respectively. Since the SOC strength in this case
is relatively weak, therefore the SOC effect on the
density structure is relatively small.

As the SOC strength reaches 2.0, the state of the
system changes. The number of stripes increases
and the stripe orientation is aligned almost along
the y-axis. For a larger value κ = 3.0, the number
of stripes becomes 11 and the direction of stripes
varies again. When we continue to increase the SOC
strength value to 4.0, it becomes clear that there is
no essential change in the structure of the stripes.
However, the direction of their alignment becomes
consistent with the result for κ = 1.0. As the
SOC is further increased to κ = 5.0, the stripes
have concentric circularity and thus present spa-
tial symmetry which is obviously different from the
previous cases. Concurrently, the property of the
phase separation is kept and the number of annular
stripes is still 11 in each component. This was also
noted in [43] where the ground-state properties of
Rashba SOC pseudo-spin-1/2 BECs in a rotating
two-dimensional toroidal trap are discussed. The
stripe phase is obtained with only the x direction
SOC and thus the fringes are naturally arranged

Fig. 1. The ground state density profiles for two
components. From top to bottom, the row repre-
sents |ψ1|2 and |ψ2|2. From left to right, the SOC
strength κ is 1.0, 2.0, 3.0, 4.0 and 5.0, respectively.
The dipole strength is fixed with βd = 30.

Fig. 2. The phase profiles for two components.
From top to bottom, the row represents |ψ1|2 and
|ψ2|2. From left to right, the SOC strength κ is
1.0, 2.0, 3.0, 4.0 and 5.0, respectively. The dipole
strength is fixed with βd = 30.

along the x direction, as shown in Fig. 2 in [43].
The stripe phase in our manuscript is based on the
isotropy of SOC in x and y direction, and the BECs
are confined in the harmonic trap with DDI. The
heliciform stripe structures and annular stripes are
created with increasing β12 in [43] and in our study
— with the increase of SOC strength κ.

It is important to emphasize that the increasing
SOC strength is more advantageous to break the
symmetry of spatial translation in rotating BECs
such as Fig. 7 in [43]. Nevertheless, we exhibit the
appearance of symmetry in this manuscript. The
reason for this difference is likely the confinement
of a toroidal trap, which gives rise to the heliciform
structure. Also, the physics of the annular stripe is
the competition between the SOC and DDI.

It is also interesting to investigate the effect of
dipole strength on the density profile of the system.
Figure 3 exhibits the density patterns for the follow-
ing values βd = 10.0, 50.0, 97.0, 98.0, and 99.0. It is
evident that the stripe phase and phase separation
is kept until βd = 97.0. For the weak increases, SOC
strength βd = 98.0 even to 99.0, the stripe is still
seen but the nature of the phase separation is lost.
This point is verified from the phase distribution, as
shown in Fig. 4. These facts confirm that increasing
the dipole strength is helpful in breaking the phase
separation. As a result, there is nearly no point of
zero density in space, namely non-fragmented den-
sity BEC forms. The reason for this state is that
the number of stripes becomes denser and denser.
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Fig. 3. The ground state density profiles for two
components. From top to bottom, the row repre-
sents |ψ1|2 and |ψ2|2. From left to right, the dipole
strength βd is 10.0, 50.0, 97.0, 98.0 and 99.0, respec-
tively. The SOC strength is fixed with κ = 2.0.

Fig. 4. The phase profiles for two components.
From top to bottom, the row represents |ψ1|2 and
|ψ2|2. From left to right, the dipole strength βd is
10.0, 50.0, 97.0, 98.0 and 99.0, respectively. The
SOC strength is fixed with κ = 2.0.

One of the most crucial issues in the SOC BECs
is the generation of the stripe phase. This point has
been discussed in more detail by Zhai in [8], where
the ground states of spin-1/2 and spin-1 BECs
with Rashba SOC are obtained. To further explore
the effect of DDI on the formation of the non-
fragmented density BEC, we compute the critical
dipole strength βdc as a function of SOC strength
κ, as shown in Fig. 5. It is obvious that βdc decreases
monotonically with κ. These observations can be ex-
plained as follows. Increasing of the SOC strength
makes the stripe grow closer. This result is helpful
in forming the non-fragmented density BEC. Mean-
while, under the present circumstances, we consider
the purely repulsive and isotropic DDI. Increasing
of dipole strength makes the condensates expand
and the dipolar atoms have high enough kinetic
energies to occupy the cloud. As a consequence,
the non-fragmented density BEC is easily created.
Therefore, increasing the SOC strength and increas-
ing the dipole strength plays the same role in the
formation of non-fragmented density BEC. In addi-
tion, we can see that the bigger the SOC strength,
the smaller dipole strength is needed to reach the
non-fragmented state. This reflects the fact that the
SOC dominates the DDIs for the current considered
system, which is a specific reflection of the compe-
tition relationship between the SOC and DDI.

Finally, the possibility to observe these phenom-
ena in real experiments is briefly discussed. In the
area of ultracold atom physics, the two-component

Fig. 5. Critical dipole strength βdc as a function of
SOC strength κ when the system reaches the non-
fragmented density BEC.

BECs can be created by adjusting two ground state
hyperfine manifolds of atomics with spin projections
mJ = −J and mJ = 0. The SOC with BECs is re-
alized in a cold atom system by engineering atom–
light interactions and its strength is set by the wave-
length of a pair of Raman lasers and intersection
angle [5]. Also, the polarization angle α can be flex-
ibly adjusted by an external polarized field. In ad-
dition, the dipole strength and the inter- and intra-
component interactions can be tuned by means of
rotating the orienting field [44] and Feshbach reso-
nance [45], respectively. Therefore, the current stud-
ied phenomena in this paper can be verified and
further explored in cold atom physics experiment.

4. Summary

We systematically investigated the ground state
properties of the SOC two-component BECs with
DDI which was trapped in a harmonic trap. Our
results demonstrate that the density structures are
strongly influenced by the SOC strength and the
dipole strength. With increasing the SOC strength,
the stripe phase follows and the phase separation of
two components occurs, and the number of stripes
increases. Furthermore, the concentric circularity
stripe appears which shows spatial symmetry at the
maximum considered SOC strength. This point dif-
fers from the previous study. In addition, we find
that increasing of dipole strength can destroy the
phase separation. Nevertheless, the stripe phase is
still kept. As a result, non-fragmented density BEC
is exhibited. In addition, the critical dipole strength
decreases with increasing of the SOC strength.
This result reflects the fact that the SOC domi-
nates the DDI for the formation of non-fragmented
density BEC.

We indicate that there are many open questions
for future study in this subject. From a theoretical
perspective, it would also be quite intriguing to ex-
plore the effect of the anisotropic of DDI on the den-
sity structure in the current system. For instance,
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α changes from zero to π/2. In this case, the inter-
action is repulsive along the y axis and attractive
along the x axis. We note that the anisotropic dis-
plays a rich physical picture [46]. This is a feature
worth further elucidating in future theoretical anal-
yses. Simultaneously, we also notice that the present
model could be easily extended to other situations,
for example, to include a rotation, the anisotropic
of SOC in different axes, the Bogoliubov excitation
spectrum and mass imbalance. These ideas could be
explored and provide valuable information for un-
derstanding the new physics.
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