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We investigate the solution of a system of two nonlinear ordinary differential equations that are aimed
to represent the diffusional growth of intermetallic layers. Firstly, we formulate an equivalent second-
order ordinary differential equation for the general system. Afterwards, to treat the model analytically,
we apply a powerful, yet simple method known as the Adomian decomposition method to calculate the
convergent sequence of analytic functions which approximate the exact solution of the original problem
as closely as we desire. For the sake of illustration, a real-world example is presented modeling the
growth dynamics of Al3Mg2 and Al12Mg17. An excellent agreement is obtained between the experi-
mental data and the model estimates.
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1. Introduction

Intermetallic compounds (ICs) have attracted the
attention of scientists worldwide for several decades
because of their desirable physical, thermal, and
mechanical properties. These materials constitute
a novel class of structural compounds with certain
characteristics superior over conventional alloys and
ceramics. Particularly, the ICs exhibit low density,
high mechanical strength, anti-corrosion properties,
etc. [1]. For instance, intermetallic hydrides, as
a specific class of the ICs, tend to adsorb hydro-
gen gas and hence they are being studied as promis-
ing candidates for hydrogen storage applications [2].
Different methods for the synthesis of ICs have been
used extensively. They include powder metallurgy,
self-combustion synthesis, mechanical alloying, and
electric current assisted sintering [3].

It is well known that intermetallic compounds
form continuous layers at phase interfaces during
a number of processes, such as in the hot-dip pro-
tective coating of solid surfaces with metals, solder-
ing, welding of dissimilar metals or alloys, etc. [4–9].
To model the diffusional growth kinetics of inter-
metallic layers, parabolic functions are used, like
x2 = 2kt, where x, k, and t denote the layer
thickness, layer growth kinetic constant, and time,
respectively. Such a simple mathematical model
closely matches the experimental data in the case
of sufficiently thick layers [10, 11].

2. Diffusional growth dynamics

The diffusional growth dynamics of alloys ApBq
and ArBs between simple species A and B appears
to be much more complicated. In fact, it is more au-
thentically modeled by a system of highly nonlinear
ordinary differential equations with negative-power
nonlinearities [12]:

dx

dt
=
kA
x
− rg

p

kB
y
, (1)

dy

dt
=
kB
y
− q

sg

kA
x
, (2)

where x, y, kA and kB denote, respectively, the layer
thicknesses and growth rate constants for ApBq and
ArBs. Also, g is the ratio of the molar volumes of
the compounds ApBq and ArBs.

The derivation of (1) and (2) can be briefly sum-
marized as follows. As depicted in Fig. 1, the ApBq
layer thickness increases by the value dxD due to
the diffusion of A atoms during the infinitesimal
time increment dt. Since the A atoms have to dif-
fuse through the layer thickness x, the value of dxD
is inversely proportional to x and directly propor-
tional to dt. Thus, we can formulate this as

dxD =
kA
x

dt. (3)

However, one should realize that a partial chemical
reaction takes place at interface 2. Namely,

(sp− qr)Bdiff + rApBq ⇒ pArBs, (4)
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Fig. 1. Schematic illustration of the growth pro-
cess of two intermetallic compound layers for the
diffusion control case.

which means that the diffused B atoms reach in-
terface 2 and react with the ApBq compound, and
then form ArBs. In other words, the layer thickness
of ApBq is decreased by dx−. The net thickness
change of x becomes then

dx = dxD − dx−. (5)
Now, let us assume that mApBq unit of mass of

ApBq participates in reaction (4) to produce mArBs

unit mass of ArBs. According to the stoichiometry,
it follows that:

mApBq

mArBs

=
rMApBq

pMArBs

, (6)

which leads to
ρApBq dx

−

ρArBs
dyD

=
r

p

MApBq

MArBs

, (7)

and finally one has

dx− =
rg

p
dyD. (8)

Now, we can substitute (8) and (3) into (5), and
obtain

dx =
kA
x

dt− rg

p
dyD. (9)

Similarly to (3), for atoms B, we can have

dyD =
kB
y

dt. (10)

From (9) and (10), we can obtain the nonlinear or-
dinary differential equation (ODE) (1). In a similar
manner, (2) can also be derived.

This paper aims to investigate the diffusional
growth of intermetallic layers through this com-
plicated model by means of a powerful analytic
method known as the Adomian decomposition
method. Since no simplifying assumption is made
to (1) and (2) in the course of our solution, the
obtained results are extremely accurate. For illus-
tration, we analyze a real-world case with the study
of the growth dynamics of Al3Mg2 and Al12Mg17 in
the sequel.

3. Fundamentals of Adomian
decomposition method

A quick review of the basics of the ADM is pre-
sented in this section.

The Adomian decomposition method (ADM) is
able to treat a wide class of nonlinear functional

equations including differential, integral, integro-
differential, algebraic, etc. [13–15]. There is a con-
siderable literature on applications of the ADM
to various problems in science and engineering,
e.g., see [16–28].

Without loss of generality, let us consider the fol-
lowing nonlinear differential equation:

Lu+Nu+Ru = g, (11)

where L denotes the easily invertible linear oper-
ator, N is the nonlinear operator, Ru designates
the remaining parts of the equation under consid-
eration, and g is the specified bounded function.
In our case, L is the highest-order linear differential
operator. Now, one could apply the inverse opera-
tor L−1, i.e., the chosen integral operator, to both
sides of (11). Then, one obtains

u = a− L−1g − L−1Nu− L−1Ru, (12)

where a is the parameter resulting from the integra-
tions such that La = 0. For the case of a first-order
ODE, a is the constant of integration.

The ADM assumes that the solution to (11) is in
the form of an infinite series as u =

∑+∞
n=0 un. Here,

the solution components un are to be determined by
recursion. The ADM also assumes a decomposition
of the nonlinear terms as Nu =

∑+∞
n=0An, where

the An are the Adomian polynomials. By defini-
tion, the An can be calculated as

An (u0, u1, . . . , un) =

1

n!

[
dn

dλn
N

(
+∞∑
i=0

λiui

)]
λ=0

. (13)

With the use of (12) and the appropriate decom-
positions assumed by the ADM, as well as with
the choice of the initial solution component to be
u0 = a − L−1g, one can construct the recursion
scheme to obtain all the solution components. This
is given as follows:{

u0 = a− L−1g,

ui+1 = −L−1Ai − L−1Rui, i ≥ 0.
(14)

The convergence of the ADM has been proved
in [29–32]. Other efficient techniques for calculat-
ing the Adomian polynomials are available in the
literature [33–37].

4. Solution of the model by ADM

Although the ADM can be readily applied to
solve systems of ODEs [38], however, it might
be more convenient to combine (1) and (2) into
an equivalent second-order ODE and thus convert
our problem to a single ODE. To do so, we first
search for the solution for the function x from (2).
It is in fact

x =
qkA
sg

(
kB
y
− dy

dt

)−1

. (15)
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Based on (15), we next calculate the derivative of
x with respect to t, i.e.

dx

dt
=
qkA
sg

(
kB
y
− dy

dt

)−2(
kB
y2

dy

dt
+

d2y

dt2

)
.

(16)
Substituting (15) and (16) into (1) and perform-

ing suitable algebraic rearrangements, one yields
d2y

dt2
= −kB

y2

dy

dt
+
s2g2

q2kA

(
kB
y
− dy

dt

)3

−sg
2rkB
qpkA

1

y

(
kB
y
− dy

dt

)2

. (17)

It turns out that (17) can be solved by the ADM
when selecting the operator form as L(·) = d2

dt2 (·).
This also implies the following property of the in-
verse L−1(·) =

∫ t
0
dt
∫ t

0
dt′(·).

Hence, according to the ADM, the solution
of (17) is

y =

+∞∑
i=0

yi, (18)

where the solution components are calculated as
y0 = α+ βt,

yi+1 = −kB
∫ t

0
dt

t∫
0

dt′Ai +
s2g2

q2kA

t∫
0

dt
t∫

0

dt′Bi

− sg
2r
qp

kB
kA

t∫
0

dt
t∫

0

dt′Ci, (19)
for i ≥ 0. Two parameters, α and β, have to
be determined by the initial conditions of the
problem, i.e.

α = y(0), (20)

β =
d

dt
y(0). (21)

In turn, Ai, Bi and Ci are the Adomian polynomi-
als such that

+∞∑
i=0

Ai =
1

y2

dy

dt
, (22)

+∞∑
i=0

Bi =

(
kB
y
− dy

dt

)3

, (23)

+∞∑
i=0

Ci =

(
kB
y
− dy

dt

)2

. (24)

We have listed the first components of the fore-
going Adomian polynomials in Appendix.

Once the function y has been evaluated, it is
straightforward to calculate the function x by virtue
of (15).

5. Application

In this section, the above-mentioned solution
strategy is applied to the description of the growth
dynamics of Al3Mg2 and Al12Mg17 layers, denoted
by x and y, respectively. Our results are next com-
pared with the experimental data from [39]. For this

TABLE I

Numerical values of the parameters which appear
in (17), where kA and kB are the growth rate con-
stant for Al3Mg2 and Al12Mg17 respectively; g is the
ratio of molar volumes of Al3Mg2 and Al12Mg17; α is
the initial layer thickness y; β is the initial slope of y;
p, q, r, s are the stoichiometric coefficients.

Parameter Value
kA [m2/s] 3.40× 10−13 m2/s
kB [m2/s] 9.37× 10−14 m2/s
g 0.94
α [m] 0.144× 10−14 m
β [m/s] 6× 10−10 m/s
p 3
q 2
r 12
s 17

Fig. 2. Comparison of the experimental data and
model estimates for layer thickness against anneal-
ing time for Al–Mg diffusion couples at 400 ◦C.
The experimental data is due to Tanguep
Nijokep et al. [39].

certain study, the numeric values for the invariants
in (17) are listed in Table I [8, 39, 40]. Figure 2 de-
picts the results obtained from (18) and (19), trun-
cated after ten components, and the experimental
data. The satisfactory fit to experimental data re-
sults from the accuracy of the ADM, as well as the
completeness of the mathematical model. Note that
no simplifying assumptions were imposed for the
sake of mathematical tractability.

6. Conclusion

A complicated mathematical model comprising
a system of two highly nonlinear differential equa-
tions, which simulates the diffusional growth of in-
termetallic layers, was investigated in this paper.
Initially, the system was converted into an equiv-
alent second-order nonlinear ODE. Subsequently,
we applied the Adomian decomposition method in
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order to treat the model in its authentic form.
As a result, an accurate simulation of the phe-
nomenon was achieved at the extremely satisfac-
tory level. This was numerically ascertained by
a comparison between the experimental data ex-

tracted from [39] for the formed layers of (Al3Mg2,
Al12Mg17) and the model estimates. Due to many
valuable advantages of the ADM, it is recommended
to scientists who conduct dynamics studies on phe-
nomena encountered in intermetallics science.

Appendix: First five components of Adomian polynomials used in (17)

A0 =
dy0

dt

1

y2
0

(A1)

A1 = −2 dy0

dt

y1

y3
0

+
dy1

dt

1

y2
0

(A2)
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y2
1

y4
0

− 2
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y3
0

+
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+

(
kBy1

y2
0

+
dy1

dt

)2
1

y0
+ 2

(
kB
y0
− dy0

dt

)(
kBy

2
1

y3
0

− kBy2

y2
0

− dy2

dt

)
1

y0
(A13)

94



Decomposition Solution for Nonlinear Model Describing Diffusional Growth. . .
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