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Energy levels, radiative rates, lifetimes, hyperfine structures and Landé gJ -factors for electric–dipole
(E1), electric–quadrupole (E2), magnetic–dipole (M1), and magnetic–quadrupole (M2) transitions
among the lowest 41 levels belonging to the n = 3 states (1s22s22p6)3s23p3, 3s3p4, and 3s23p23d in
Rb(XXIII) are calculated through the multiconfiguration Dirac–Hartree–Fock method. High-accuracy
calculations have been performed as benchmarks in the request for accurate treatments of relativity,
electron correlation, and quantum electrodynamic effects in multi-valence-electron systems. The calcu-
lated energy levels are in excellent agreement with the experimental results and the theoretical ones,
wherever available. The calculated values including core–valence correction are found to be in good
agreement with other theoretical and experimental values. The present results are reported as bench-
marks for future calculations and measurements.
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1. Introduction

The most frequent use of Rb is in the field of
astrophysics and atomic physics. The formation
of the rubidium resonance lines has been used to
investigate the temperature and abundance of el-
ements in cool stars [1]. Rubidium is a key el-
ement for the slow neutron-capture mechanisms-
process diagnostic [2]. The absorption spectroscopy
of rubidium was performed to improve the ac-
curacy of the atomic clock [3]. Rubidium va-
por was pumped to study proton polarization pro-
duced in the process of polarized electron cap-
ture [4]. Experimental spectra are mainly from
low ionized Rb ions, and there were no experimen-
tal results for Rb(XXI)–Rb(XXXVII) (except four
ions) [5]. The energy levels and transition prob-
abilities of Rb(XXI)–Rb(XXXVII) quoted by the
Atomic Spectra Database of the National Institute
of Standards and Technology (NIST ASD) were
obtained from the predictions of isoelectronic se-
quences [6]. For Rb(XXIII), no measurements of
the spectrum have been made, and the study was
mainly from phosphorus isoelectronic sequence. By
investigating magnetic dipole transition within the
3s23p3 ground state, the ground state levels, wave-
lengths, and transition probabilities were predicted

by Sugar and Kaufman [7]. Later, four levels in the
3s23p23d configuration and wavelengths for tran-
sitions to those levels from the ground term were
made by Sugar et al. [8]. The multiconfiguration
Dirac–Fock technique was used to calculate the
transition rates for Rb(XXIII) by Huang [9].

Träbert conducted a critical assessment of theo-
retical calculations of structure and transition prob-
abilities from an experimenter’s perspective [10].
He pointed out that new computations can match
the measurement, fill gaps and suggest revisions
closely with almost spectroscopic accuracy. These
citations of theoretical work as well as the ones for
experimental data are certainly incomplete. The
citations concerned several P-like ions calculations,
and the trend attracted attention. Consequently,
limited energy levels or transitions were considered,
or selected configurations were discussed [7, 8] and
some results were given in a graphic form [9]. There
still exist some problems, such as the identification
of terms and strong mixing of configurations, which
will be discussed in detail in the next part of this
paper.

In this paper, the MCDHF method is performed
to calculate E1, E2, M1, and M2 wavelengths, os-
cillator strengths, transition probabilities, and fine-
structure levels for Rb(XXIII) using the new release
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of the GRASP2K code [11, 12] and the fully rel-
ativistic flexible atomic code (FAC) program [13],
which was used to check the energy levels. Configu-
rations (1s22s22p6)3s23p3, 3s3p4, and 3s23p23d are
reported in this calculation. Based on our previ-
ous work [14, 15], in this paper, the valence–valence
(VV) and core–valence (CV) correlation effects are
considered systematically. The Breit interactions
(BI) and quantum electrodynamics (QED) effects
have been added. This computational approach en-
ables us to present a consistent and improved data
set of all-important E1, E2, M1, and M2 transitions
of the Rb(XXIII) spectra, which are useful for iden-
tifying transition lines in further investigations.

2. Theoretical methods

2.1. MCDHF method

The multiconfiguration Dirac–Hartree–Fock
(MCDHF) method has recently been described in
great detail by Grant [16]. Hence, we only repeat
its essential features here. We start from the
Dirac–Coulomb Hamiltonian

HDC =

N∑
i=1

(
cαi · pi +

(
βi − 1

)
c2 + V Ni

)
+

N∑
i>j

1

rij
.

(1)
Here, V N is the monopole part of the electron–
nucleus Coulomb interaction, α and β are the
4 × 4 Dirac matrices, and c is the speed of light in
atomic units. The atomic state functions (ASFs)
describing different fine-structure states are ob-
tained as linear combinations of symmetry-adapted
configuration state functions (CSFs):

|γJMJ〉 =
NCSFs∑
j=1

cj |γjJMJ〉 , (2)

where J and M are the angular quantum numbers
and P is the parity. Parameter γi denotes another
appropriate labeling of the configuration state
function i, for example, orbital occupancy, and
coupling scheme. Normally, the label γ is the
same as the label of the dominating CSF. The
CSFs are built from products of one-electron Dirac
orbitals. In the relativistic self-consistent field
(RSCF) procedure, both the radial parts of the
Dirac orbitals and the expansion coefficients are
optimized to self-consistency. The Breit interaction

HBreit = −
N∑
i<j

[
αi ·αj

cos (ωijrij/c)

rij

+(αi · ∇i)(αj · ∇j)
cos (ωijrij/c)− 1

ω2
ijrij/c

2

]
(3)

was included in the Hamiltonian. The photofre-
quencies ωij , used for calculating the matrix
elements of the transverse photo-interaction, were
taken as the difference of the diagonal Lagrange
multipliers associated with the Dirac orbitals.

In the relativistic configuration interaction (RCI)
calculation, leading QED corrections [17], self-
interaction, and vacuum polarization were also
included.

2.2. MBPT method

In the MBPT method implemented in the FAC
package [13], the Dirac–Coulomb–Breit Hamilto-
nian can be written as

HDCB =

N∑
i

(
hd(i)−

Z

ri

)
+

N∑
i<j

(
1

rij
+Bij

)
,

(4)
where hd is the free-electron Dirac Hamiltonian, ri
is the radial coordinate of the electron i, rij is the
distance between the electrons i and j, and Z is the
nuclear charge number. The frequency-independent
Breit interaction is denoted as Bij .

The HDCB is split up into a model Hamiltonian
H0 and a perturbation V , namely

H0 =
∑
i

hd(i) + U(ri), (5)

V = −
∑
i

(
Z

ri
+ U(ri)

)
+

N∑
i<j

(
1

rij
+Bij

)
.

(6)
Here, U(r) is approximated by a local central po-
tential and derived from an RSCF calculation. The
eigenfunctions of H0 are divided into a model space
M and an orthogonal space N . A non-Hermitian ef-
fective Hamiltonian whose eigenvalues are the true
eigenenergies of the full Hamiltonian can be con-
structed in the M space. By solving the gener-
alized eigenvalue problem for the first-order effec-
tive Hamiltonian, we can obtain the eigenvalues in
the second order. With this method, the CI effects
within theM space are included for all orders, while
the interaction between M and N is taken into ac-
count for the second order. Finally, several small
corrections to the Hamiltonian, such as QED, are
also included.

2.3. Calculation procedure

The 3s23p3, 3s3p4, and 3s23p23d configurations
define the multireference (MR) for the even and odd
parities, respectively. As a starting point, MCDHF
calculations in the EOL scheme were performed for
even and odd states using configuration expansions
including all lower states of the same J symmetry
and parity, and a Dirac–Coulomb version was used,
for the optimization of the orbitals, including BI in
a final configuration interaction calculation [16].

The calculations for the even states were based on
CSF expansions obtained by allowing single (S) and
double (D) substitutions of orbitals in the even MR
configurations to an increasingly active set of or-
bitals. Similarly, the calculations for the odd states
were based on CSF expansions obtained by allowing
S and D substitutions of orbitals in the odd MR con-
figurations to an increasingly active set of orbitals.
A similar calculation procedure has been introduced
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in a previous paper [14], thus in the current pa-
per we only give an outline. For P-like ions, the
ground and first excited configurations are 3s23p3,
and 3s23p23d, respectively. In the first step, the ac-
tive set (AS) is

AS1 = {3s, 3p, 3d}. (7)
Then, we increase the active set in the following
way:

AS2 = AS1 + {4s, 4p, 4d, 4f}, (8)

AS3 = AS2 + {5s, 5p, 5d, 5f, 5g}, (9)

AS4 = AS3 + {6s, 6p, 6d, 6f, 6g}, (10)

AS5 = AS4 + {7s, 7p, 7d, 7f, 7g}. (11)
In our VV method, we set 1s22s22p6 as our core

electrons in the calculation. Then, we considered
increasing the principal quantum number n and op-
timized the orbitals AS1, AS2, AS3, AS4, and AS5.

In the CV model, we set 1s22s22p5 as our core
electrons, then we optimized the layer by n. We
generated the CSFs of the form of 1s22s22p5 ASn,
n = 1–4. Also, the CSFs of CV have the form of
1s22s12p6 ASn, n = 1–4.

In our MBPT calculation, the 3l5, 43l44l, and
3l45l configurations are contained in the model
space M , and all possible configurations that are
generated by SD excitations from the M space are
contained in space N .

All calculations were done in jj-coupling. To
give a good consistency with the labeling system,
we used the NIST ASD and other sources. The
GRASP2K procedure JJ2LSJ [18] was used for the
transformation of ASFs from a jj-coupled CSF ba-
sis into an LSJ-coupled CSF basis for the results.

3. Results and discussion

Results for (1s22s22p6)3s23p3, 3s3p4, and
3s23p23d configurations of Rb(XXIII) give rise to
the low-lying 41 levels listed in Table I, where we
compared our results with the experimental data
compiled by NIST [6]. The NIST database listed
the energies for the 12 out of the present 41 excited-
levels in Rb(XXIII). The average values of the dif-
ference for MCDHFCV energies of the 41 levels are

•
(
|MR−(n=4)|
max(MR,n=4)

)
,

• 0.164%
(
|(n=5)−(n=4)|
max(n=5,n=4)

)
,

• 0.019%
(
|(n=6)−(n=5)|
max(n=6,n=5)

)
,

• 0.005%
(
|(n=7)−(n=6)|
max(n=7,n=6) )

)
.

The principal number was limited to n = 7. For the
VV calculation, it is not very difficult to get con-
vergence for a higher principal number (n ≥ 8), but
for the CV calculation, the convergence is difficult.
The number of CSFs would increase very rapidly
when we include the n ≥ 8 orbitals, and it is hard
to get convergence. Also, because of the computer
calculation limit and the problem of the program

Fig. 1. Energy difference between the valence–
valence correlation results and the energies for the
12 out of the lowest 41 levels from NIST.

Fig. 2. Description as in Fig. 1, but for the core–
valence correlation results.

GRASP2K code itself, we only compare the VV and
CVmodels on an equal footing, as mentioned above.

Figure 1 shows the mean values (with the stan-
dard deviation) of the relative differences between
VVn and NIST are 881 and 4728 cm−1. The
smallest difference is 750 cm−1 lower than NIST
(3s23p3 2D3/2), and the biggest difference can be
up to 8660 cm−1 (3s23p23d (3P ) 2F5/2). Figure 2
shows the mean values (with the standard devia-
tion) of the relative differences between CVn and
NIST are 997 and 1297 cm−1. This can be treated
as a good example of calculations with the neces-
sary correlations included. As can be seen from
Figs. 1 and 2, some results considering more config-
urations are not better than those with fewer config-
urations. This can be due to configuration mixing.
The present results in Fig. 3 are the VV and CV
calculations with n = 7. For 3s23p3, the VV re-
sults agree well with NIST in the range of 0.36% to
0.81%, while the CV results — in the range of 0.47%
to 0.87%. For 3s23p23d, the VV results agree well
with NIST in the range of 0.36% to 0.53%, while the
CV results — in the range of 0.06% to 0.16%. The-
oretical results from FAC differ from NIST in the
range of −0.62% to 7.46% for 3s23p3 and −0.01%
to 1.07% for 3s23p23d.
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TABLE IEnergies (in [cm−1]) relative to the ground state for the lowest 41 levels in Rb(XXIII).

Key Configuration VVn=4 VVn=5 VVn=6 VVn=7 CVn=4 CVn=5 CVn=6 CVn=7 Exp.
1 3s23p3 4S3/2 0 0 0 0 0 0 0 0 0
2 3s23p3 2D3/2 87452 87213 87188 87182 87509 87258 87240 87228 86478

3 3s23p3 2D5/2 119584 119191 119150 119140 119642 119228 119193 119174 118418
4 3s23p3 2P1/2 168148 167661 167572 167551 168370 167788 167711 167674 166341
5 3s23p3 2P3/2 242608 242222 242161 242147 242928 242469 242435 242411 241259
6 3s3p4 4P5/2 543604 543775 543719 543708 544381 544055 544137 544126
7 3s3p4 4P3/2 601129 601308 601253 601240 601901 601587 601675 601668
8 3s3p4 4P1/2 614438 614550 614471 614453 615261 614831 614896 614877
9 3s3p4 2D3/2 677795 677714 677590 677558 678077 677510 677524 677507
10 3s3p4 2D5/2 707891 707783 707654 707620 708383 707733 707749 707724
11 3s23p23d(3P )4F3/2 749880 749327 749186 749153 749316 748321 748237 748242
12 3s23p23d(3P )2P3/2 768766 768609 768496 768469 768151 767628 767615 767628
13 3s3p4 2S1/2 772759 772463 772275 772230 772218 771394 771301 771265
14 3s23p23d(3P )4F5/2 778528 777999 777883 777857 777809 776901 776855 776885
15 3s23p23d(1D)2F5/2 813237 812654 812534 812506 812619 811707 811649 811675
16 3s23p23d(3P )4F7/2 825405 825000 824909 824889 824867 824115 824107 824149
17 3s23p23d(3P )4D1/2 830540 830140 830001 829970 829994 829085 829050 829063
18 3s23p23d(3P )4D7/2 838508 837946 837828 837801 837960 837039 837004 837036
19 3s23p23d(3P )4D3/2 847122 846731 846623 846600 846226 845405 845393 845425
20 3s23p23d(3P )4F9/2 858957 858343 858231 858205 858497 857532 857496 857532
21 3s23p23d(3P )4D5/2 871619 871102 870996 870973 870786 869912 869885 869921
22 3s23p23d(3P )2P1/2 878877 878562 878389 878348 878572 877769 877693 877674
23 3s23p23d(1D)2G7/2 922925 921859 921699 921659 922367 920880 920773 920787
24 3s3p4 2P3/2 936958 935733 935495 935443 932973 931396 931159 931105
25 3s23p23d(3P )4P5/2 946079 944891 944748 944721 942372 940958 940760 940754 940230
26 3s23p23d(1D)2F7/2 953887 952937 952786 952748 953444 952117 952031 952049
27 3s23p23d(3P )4P3/2 960392 959010 958828 958786 956915 955243 954961 954926 954380
28 3s23p23d(3P )4P1/2 966938 965522 965340 965299 963313 961610 961335 961305
29 3s23p23d(1D)2G9/2 977808 976467 976281 976232 977488 975721 975582 975587
30 3s23p23d(1S)2D3/2 986026 984227 983922 983850 984567 982400 982013 981958
31 3s23p23d(3P )2D5/2 1019986 1017896 1017630 1017569 1016460 1014099 1013682 1013618
32 3s3p4 2P1/2 1020606 1019476 1019274 1019229 1016727 1015244 1015042 1015003
33 3s23p23d(1D)2P1/2 1050214 1047897 1047584 1047503 1047188 1044513 1044008 1043917
34 3s23p23d(1D)2D3/2 1051482 1049750 1049523 1049471 1047748 1045665 1045352 1045303 1043700
35 3s23p23d(1D)2D5/2 1055744 1053870 1053628 1053574 1052339 1050160 1049826 1049780 1048200
36 3s23p23d(1S)2D5/2 1076234 1074206 1073878 1073794 1075349 1072876 1072506 1072453
37 3s23p23d(3P )2F7/2 1092645 1090117 1089876 1089821 1088907 1086172 1085782 1085737 1084080
38 3s23p23d(1D)2P3/2 1110640 1108421 1108121 1108048 1107458 1104918 1104436 1104351
39 3s23p23d(1D)2S1/2 1124309 1122297 1122001 1121930 1120720 1118361 1117994 1117924
40 3s23p23d(3P )2D3/2 1155429 1153084 1152764 1152686 1152336 1149651 1149177 1149102
41 3s23p23d(3P )2F5/2 1163080 1160648 1160353 1160286 1159484 1156814 1156362 1156297 1154420

To see the BI and QED effects more clearly,
the contributions to the MCDHF excited ener-
gies of the 40 fine-structure levels of Rb(XXIII)
in cm−1 and percentage are shown in Fig. 4a and
b, respectively. The inspection of Fig. 4 reveals
that the BI and QED corrections are significant,
generally lowering the excited levels by the mean

value of 0.61%. As can be seen, the contribu-
tion of the Breit interaction is about −1.47%–0.29%
(−1956 cm−1–290 cm−1), and the contribution of
QED is −0.49%–0.127% (−2692 cm−1–281 cm−1).

The Dirac–Fock wave functions with a mini-
mum number of radial functions are not suffi-
cient to represent the occupied orbitals. Extra
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Fig. 3. Differences (in [cm−1]) of various theo-
retical energies from the NIST-compiled values in
Rb(XXIII).

Fig. 4. The effects of the BI and QED corrections
on the excitation energies of the Rb(XXIII) config-
urations obtained from the present MCDHF calcu-
lations in [cm−1] (a) and percentage (b).

configurations have to be added to adequately
represent electron correlations (i.e., mixing coeffi-
cients). These extra configurations are represented
by CSFs and must have the same angular mo-
mentum and parity as the occupied orbitals [18].
For instance, the 3s23p3 4S3/2 level is represented
by 0.98 3s23p3 4S3/2 and 0.09 3s23p3 2P3/2. The
former two mixing coefficients for the wave func-
tions of the calculated levels are shown in Table II.

Fig. 5. A scatterplot of log(Al/Av) as a function
of transition probability Al (a) and line strength Sl

(b) for the E1 transitions.

The most important contributions to the total
wave function of a given level are those from the
same configuration. For example, the configuration-
mixed wave function for the 3s23p3(43S)

4S3/2 level
is represented as 3s23p3 4S3/2 = 0.643s23p3 4S3/2+

0.243s23p3 2P3/2, where 0.64 and 0.24 are con-
tributions. The present and previous results are
very close to one another in the description of the
configuration-interaction wave functions. Because
of the strong mixing, levels 12 and 15, 18 and 23,
28 and 38, 32 and 41 have the same quantum labels
in the original output. With the help of JJ2LSJ [18],
the levels mentioned above had been adjusted. In
the present calculations, the nuclear parameters I,
µI , and Q are all set to 1. The AJ and BJ values for
a specific isotope can be scaled with the tabulated
values given in Table II.

Among the calculated wavelengths of transition
between the lowest 41 levels in Rb(XXIII), the ex-
perimental results data compiled by NIST listed
the observed wavelengths for seven E1 transitions.
The observed results are from Sugar et al. [8],
and the transition rates are from Huang [9]. The
accuracy of the calculated CV and VV wave-
lengths relative to NIST can be assessed using
Table III, where the agreement is within 0.10Å
for CV. The difference between VV and NIST is
in the range of 0.48–0.59 Å, while CV is in the
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TABLE II

The LS-composition, Aj , Bjhyperfine interaction constants, and Landé gJ -factors for the lowest 41 levels in
Rb(XXIII), a(b) = a× 10b.

Key Configuration Mix LS-composition A [MHz] B [MHz] gJ

1 3s23p3 4S3/2 0.98(1) + 0.09(5) 0.64(1) + 0.24(5) 1.128(4) 1.331(4) 1.709
2 3s23p3 2D3/2 0.78(2) + 0.51(1) 0.61(2) + 0.26(1) 8.848(3) 2.302(4) 1.174
3 3s23p3 2D5/2 0.99(3) 0.98(3) 3.380(4) −9.019(1) 1.197
4 3s23p3 2P1/2 0.98(4) 0.97(4) 9.583(4) 0.000(0) 0.663
5 3s23p3 2P3/2 0.79(5) + 0.51(2) 0.63(5) + 0.26(2) 1.921(4) −3.645(4) 1.243
6 3s3p4 4P5/2 0.90(6) + 0.29(25) 0.81(6) + 0.08(25) 7.079(4) 2.150(4) 1.560
7 3s3p4 4P3/2 −0.85(7)− 0.31(27) 0.74(7) + 0.10(27) 3.699(4) −2.362(4) 1.614
8 3s3p4 4P1/2 0.86(8) + 0.37(13) 0.74(8) + 0.13(13) 1.781(5) 0.000(0) 2.560
9 3s3p4 2D3/2 0.68(9)− 0.36(7) 0.47(9) + 0.13(7) 6.231(3) −2.925(4) 0.992
10 3s3p4

2

D5/2 −0.82(10) + 0.42(35) 0.67(10) + 0.18(35) 7.695(4) −5.209(4) 1.230
11 3s23p23d(3P )4F3/2 0.66(11)− 0.41(9) 0.43(11) + 0.17(9) 6.008(3) 2.341(3) 0.751
12 3s23p23d(3P )2P3/2 0.55(12)− 0.54(11) 0.31(12) + 0.30(11) 1.015(4) −1.342(3) 1.011
13 3s3p42S1/2 0.50(13) + 0.52(32) 0.25(13) + 0.26(32) 6.577(4) 0.000(0) 1.150
14 3s23p23d(3P )4F5/2 0.75(14) + 0.49(21) 0.57(14) + 0.24(21) 5.463(3) 1.410(4) 1.129
15 3s23p23d(1D)2F5/2 −0.63(15)− 0.52(41) 0.39(15) + 0.27(41) 2.627(4) −1.101(4) 0.941
16 3s23p23d(3P )4F7/2 0.91(16) + 0.29(18) 0.83(16) + 0.08(18) 9.589(3) 8.659(3) 1.232
17 3s23p23d(3P )4D1/2 −0.83(17)− 0.40(13) 0.69(17) + 0.17(13) 8.182(4) 0.000(0) 0.548
18 3s23p23d(3P )4D7/2 −0.64(18) + 0.57(37) 0.41(18) + 0.33(37) 1.239(4) 2.220(4) 1.243
19 3s23p23d(3P )4D3/2 0.85(19)− 0.33(11) 0.72(19) + 0.11(11) 1.169(4) −1.430(4) 1.120
20 3s23p23d(3P )4F9/2 0.87(20)− 0.47(22) 0.76(20) + 0.22(29) 1.608(4) −4.559(3) 1.281
21 3s23p23d(3P )4D5/2 0.70(21)− 0.37(14) 0.50(21) + 0.14(14) 1.662(4) −1.333(4) 1.205
22 3s23p23d(3P )2P1/2 −0.52(22)− 0.52(13) 0.28(22) + 0.26(13) 1.244(5) 0.000(0) 1.067
23 3s23p23d(1D)2G7/2 −0.68(23) + 0.52(18) 0.46(23) + 0.27(18) 1.739(4) 2.743(4) 1.114
24 3s3p4 2P3/2 0.65(24) + 0.45(12) 0.42(24) + 0.19(12) −6.854(3) 1.176(4) 1.193
25 3s23p23d(3P )4P5/2 0.81(25)− 0.31(21) 0.66(25) + 0.09(21) 9.799(3) 2.060(3) 1.504
26 3s23p23d(1D)2F7/2 0.58(26) + 0.59(23) 0.33(26) + 0.35(23) 1.325(4) 2.421(4) 1.112
27 3s23p23d(3P )4P3/2 0.72(27) + 0.49(38) 0.52(27) + 0.25(38) 1.811(4) −7.991(3) 1.513
28 3s23p23d(3P )4P1/2 −0.74(28)− 0.39(33) 0.55(28) + 0.15(33) 6.955(4) 0.000(0) 2.188
29 3s23p23d(1D)2G9/2 0.87(29) + 0.47(20) 0.76(29) + 0.22(20) 1.298(4) 5.107(4) 1.160
30 3s23p23d(1S)2D3/2 0.49(30) + 0.59(40) 0.23(30) + 0.33(40) 1.707(4) 1.130(4) 0.989
31 3s23p23d(3P )2D5/2 0.68(31)− 0.44(35) 0.47(31) + 0.20(35) 1.069(4) 1.521(4) 1.121
32 3s3p4 2P1/2 −0.59(32)− 0.44(22) 0.35(32) + 0.19(22) 4.212(3) 0.000(0) 1.073
33 3s23p23d(1D)2P1/2 −0.77(33)− 0.38(39) 0.58(33) + 0.15(39) −1.669(4) 0.000(0) 0.925
34 3s23p23d(1D)2D3/2 0.75(34) + 0.38(9) 0.57(34) + 0.15(9) 1.355(4) −9.406(3) 0.978
35 3s23p23d(1D)2D5/2 −0.33(35) + 0.50(36) 0.11(35) + 0.24(36) 1.724(4) −5.017(3) 1.106
36 3s23p23d(1S)2D5/2 0.63(36) + 0.57(35) 0.40(36) + 0.32(35) 1.095(4) 3.925(4) 1.192
37 3s23p23d(3P )2F7/2 0.78(37)− 0.54(26) 0.61(37) + 0.30(26) 1.632(4) −4.412(3) 1.131
38 3s23p23d(1D)2P3/2 0.65(38) + 0.48(12) 0.42(38) + 0.23(12) 9.234(3) −8.137(3) 1.225
39 3s23p23d(1D)2S1/2 0.70(39) + 0.38(13) 0.48(39) + 0.15(13) 9.066(4) 0.000(0) 1.804
40 3s23p23d(3P )2D3/2 −0.71(40) + 0.35(30) 0.51(40) + 0.35(30) 1.016(4) 1.160(4) 0.856
41 3s23p23d(3P )2F5/2 −0.44(41) + 0.60(31) 0.19(41) + 0.36(31) 1.102(4) −2.070(4) 1.102

range of 0.01–0.10 Å. The transition rates from VV
and CV are generally in good agreement except
for the transition 3s23p23d(1D)2D5/2–3s23p3 2D3/2

with a transition rate of 3.0×109 s−1 which deviates
from the VV and CV results by about two orders
of magnitude.

To check the accuracy of the present data for
the E1 transitions between the length and veloc-
ity forms of transition probabilities, log(Al/Av)
as a function of the length form of transition
probability Al and as a function of line strength
Sl were shown in Fig. 5a and b, respectively.
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TABLE IIISpectral lines of Rb(XXIII), a(b) = a× 10b.

Upper level Lower level
Wavelengths [Å] Transition probabilities [s−1]

Exp. [8] CV VV Exp. [9] CV VV
3s23p23d(3P )2F7/2 3s23p3 2D5/2 103.556 103.459 103.021 2.1(11) 1.9(11) 2.0(11)
3s23p23d(1D)2D5/2 3s23p3 2D3/2 103.980 103.891 103.478 3.0(9) 1.0(11) 1.0(11)
3s23p23d(1D)2D3/2 3s23p3 2D3/2 104.469 104.376 103.919 1.3(11) 1.2(11) 1.3(11)
3s23p23d(3P )4P3/2 3s23p3 4S3/2 104.780 104.720 104.299 5.1(11) 1.5(11) 1.4(11)
3s23p23d(3P )4P5/2 3s23p3 4S3/2 106.357 106.298 105.851 1.5(11) 1.3(11) 1.5(11)
3s23p23d(1D)2D5/2 3s23p3 2D5/2 107.552 107.547 107.017 2.0(10) 6.6(10) 6.3(10)
3s23p23d (3P )2D5/2 3s23p3 2P3/2 109.510 109.423 108.916 1.8(11) 1.6(11) 1.7(11)

Fig. 6. A scatterplot of dT and A [s−1] for all E1
transitions.

Fig. 7. A comparison of lifetime in length and ve-
locity for Rb(XXIII).

The difference between Al and Av correlates with
A-value much better than S-values, where the
behavior of log(Al/Av) is regular with A-value
(Fig. 5a), while the behavior with S-values is ir-
regular (Fig. 5b).

Another check of the present data for the
E1 transitions is the relative difference (dT )
(dT = abs (Al −Av) /max(Al, Av) between the
transition rates in length and velocity gauges.
A value close to dT = 0 for an allowed transition
is a known accuracy indicator [20]. In many cases,
the values are reasonably close to 0 (see Fig. 6).

TABLE IV

The uncertainty percentage for A of the E1 transition
in Rb(XXIII).

Number of
transitions

Uncertainty % Uncertainty

6 4.55 AAA (≤ 0.3%)
8 6.06 AA (≤ 1%)
20 15.15 A+ (≤ 2%)
17 12.88 A (≤ 3%)
49 37.12 B+ (≤ 7%)
17 12.88 B (≤ 10%)
7 5.30 C+ (≤ 18%)
4 3.03 C (≤ 25%)
3 2.27 D+ (≤ 40%)
1 0.76 D (≤ 50%)

But in other cases, for example, the difference of
the 3s23p23d(3P )4P3/2–3s23p3 2P3/2 transition can
be larger than 0.6. According to the uncertain
estimation suggested by Kramida [21], the following
averaged uncertainty for A values of E1 has been
given in Table IV.

In particular, the presented calculations provide
comprehensive new data for the E2, M1, and M2
transitions for Rb(XXIII), which no existent data
for the public. This will help with the identifica-
tion of spectral lines of Rb(XXIII). Owing to space
limitations, full tables of the E1, E2, M1, and M2
transitions data will be provided by the authors on
request.

The lifetime of the j level is represented as
τ = 1/

(∑
j Aji

)
. Lifetime is a measurable datum,

and it can be a good check on the accuracy of this
calculation. The uncertainty of the lifetime value
is calculated using |τl−τv|

max(τl,τv)
and plotted in Fig. 7.

The difference for all the excited levels considered
here is up to (≈ 3.13%). The present lifetime of
the excited states from the CV n = 7 calcula-
tion, compared with the results from the n = 7

and n = 6 results |τn=7−τ6|
max(τn=7,τn=6)

for the excited
levels in Rb(XXIII), is presented in Fig. 8. The
comparison shows good agreement between the two
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Fig. 8. A comparison of τn=7 with τn=6 for the
excited levels in Rb(XXIII).

results, and the mean difference is within 0.30% ex-
cept for the four excited levels, namely, 3s3p4 4P5/2

(0.35%), 3s3p4 4P3/2 (0.34%), 3s3p4 4P1/2 (0.37%),
and 3s3p4 2D5/2 (0.32%).

4. Conclusion

Energy levels, oscillator strengths, and transition
probabilities for E1, E2, M1, and M2 transitions
are presented for the lowest 41 levels of Rb(XXIII)
belonging to the 3s23p3, 3s3p4, and 3s23p23d con-
figurations. The valence–valence and core–valence
correlation effects are accounted for systematically.
The calculated energy levels and weighted oscillator
strengths with the core–valence correlation effect
show a good agreement with both theoretical and
experimental data from the literature. The wave-
lengths are computed with almost spectroscopic ac-
curacy, aiding line identification in spectra. Our
results are useful for many applications such as as-
trophysics and atomic physics.
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