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In the standard way of analytical mechanics, the Euler—-Lagrange equation as an equation of motion is
derived from the principle of least action based on the variational principle. In this paper, we present
an alternative way to describe the motion by explicitly solving an extreme value problem of the action
without the variational principle. We assume that the position x(¢) is expressed by power series of time
t with an infinite number of unknown coefficients, and show that these coefficients can be correctly
determined by the boundary conditions and the extremum conditions of the action by explicit calcu-
lations, which describe the actual motion. We will present the motion of a free particle, the motion
under constant gravity, a harmonic oscillation, the time-dependent Lagrangian, and a non-linear force

(2021)

as examples.
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1. Introduction

The principle of least action [1, 2] in analytical
mechanics tells us that a particle moves along the
path for which the action S satisfies the station-
ary condition 45 = 0. The equation of motion,
the Euler-Lagrange equation, is derived by solving
the stationary conditions for the action, by applying
the variational principle. In the context of physics
education, simple and intuitive approaches to help
students to understand the principle of least action
have been studied by many [3-6]. Conditions of the
minimality of the action are also discussed [7, 8|.

On the other hand, one can perform an explicit
calculation of the action by assuming a specific form
of function for z(t). By solving the extremum con-
dition for the action, one can obtain a function z(t)
which describes the realistic motion [9, 10]. In [10],
it is assumed that z(¢) has a form of x(t) = At"
(denoted by y(t) in [10]) as a function of time ¢
with unknown coefficient A, to describe a motion
under constant gravity. In this paper, we assume
that x(t) is written by an infinite power series of ¢,
with an infinite number of unknown coefficients
an (n=0,1,2,3,...), such as

z(t) =Y ant™. (1)

Given the Lagrangian, one can explicitly calculate
the action under this power series ansatz, and the
action is a function of a,,. A different choice of the
coefficients a,, corresponds to a different path of the
particle. We will show that the coefficients a,, will
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be determined by solving two boundary conditions
at t = 0 and ¢ = T and the extremum conditions
of the action, such that the corresponding function
x(t) correctly describes the motion. As examples,
we discuss the one-dimensional motion such as a free
particle, the motion under constant gravity, a har-
monic oscillation, the time-dependent Lagrangian,
and a non-linear force.

This paper is organized as follows. In Sect. 2,
we show our formulation of the principle of least
action in the context of coefficients a,. In Sect. 3,
we give five examples and show how the correct co-
efficients a,, are determined. We conclude in Sect. 4.

2. Formulation

In this section, we briefly follow the principle of
least action and summarize our formulation for ex-
plicit calculation of the action, which will be applied
in discussions below.

Here, we concentrate on the motion in one dimen-
sion along the z-axis. The Lagrangian L(z(t), 2(t))
depends on «(t) and its time derivative z(¢), and is
defined as the difference of the kinetic energy and
the potential energy U(z(t)), given by

. m..
L(z(t),&(t)) = Ex(t)2 — U (z(t)),
where m is the mass of the moving object.
For the time region 0 < ¢t < T, the action S is

(2)

defined as
T
S:/dtL(x(t),;k(t)). (3)
0
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In order to find the correct path z(¢) which min-
imizes the action, we assume that x is a function
of time ¢ with independent coefficients a,, (n = 0,
1,2,...), that is,

x = xz(t,a0,a1,0a2,...). (4)
Since a different choice of a,, corresponds to a dif-
ferent path of the particle, one has to find the set
of a,, which minimizes the action.

If one assumes that = is a function of N coeffi-
cients ag,a1,as,...any—_1, the action is a function
of T and a,, S(T,ap,a1,a9,...any—1). In a stan-
dard way for deriving the Euler—Lagrange equa-
tion, two boundary conditions for = are imposed as
0x(0) = 6x(T) = 0, which represents that the vari-
ations of z vanish at the boundaries.

On the other hand, in our present approach,
we will impose that two boundary conditions for =
at t = 0 and ¢ = T are introduced by fixing
the start point z(0) and the endpoint x(7") which
reduce the number of independent coefficients by
two. Therefore two coefficients, say ag and aq, are
eliminated from the action, and it is written as
S(T,as,as,...an—1). The remaining N — 2 coef-
ficients will be determined by N — 2 extremum con-
ditions of the action,

oS

Dar (5)
In this way, N conditions determine N coeflicients
such that the boundary conditions and the ex-
tremum conditions are satisfied, without the vari-
ational principle and without solving the Euler—
Lagrange equation.

In the next section, we will show with five exam-
ples that the coefficients a,, obtained by this method
correctly represent the motion, with N — oc.

=0, k=2,3,...,N—1.

3. Examples

Now we give five examples for explicit calcula-
tion of the principle of least action: (i) the mo-
tion of a free particle, (ii) the motion under con-
stant gravity, (iii) a harmonic oscillation, (iv) the
time-dependent Lagrangian, and (v) a non-linear
force.

3.1. Free particle

When a particle of mass m is moving along the
z-axis without any potential, the Lagrangian is
given by

m
L= Ei(t)Q. (6)
For simplicity, we first assume that x(t) is
a quadratic function of time ¢ as

x(t) = ag + art + ast?,

SL‘(t) = a1 + 2ast,

Z(t) = 2aq, (7)
where the independent coefficients ag ; o will be de-

termined by two boundary conditions of z(t) and
one extremum condition of the action.
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If the particle is located at the origin z = 0 at
time ¢ = 0, and moves to x = D at time T, then
two boundary conditions eliminate two coefficients
ap and ap as follows:

2(0)=0= a9 =0

(T)=D = a1T = D — ayT?
which will be imposed in the action.
After a short calculation with the (8) substitu-

tion, one obtains the action S as a function of as,
ie.,

S:/dtL

0
Since the action S is a quadratic function of as,
it has the minimum if 7' > 0. The extremum con-
dition of the action
ds m
= T3a2

(8)

+ M p2,

m
T342
“ 2T

LT3 ©)

da2

3

gives ag = 0, and further also a; = D/T from (8).
Applying the results to (7), finally we obtain

=0, (10)

x(t) = %t,
o) = o,

Z(t) =0, (11)
which describe the motion of a constant velocity
v = D/T, as expected.

Next, for a general discussion, let us assume that
z(t) is a function of infinite power series of ¢ with
an infinite number of coefficients a,,, given by

oo
z(t) = Z ant”
n=0

oo
z(t) = Z napt™ !
n=0

oo

2(t) = Z n(n —1)ant™ 2.

n=0

(12)

In this case, although all a,, have to be determined
by an infinite number of conditions, the method to
be taken is the same as before. From two boundary
conditions, two degrees of freedom vanish and the
coefficients ag and a; can be expressed as

2(0)=0=a9=0

z2(T)=D=aT=D - Z apT™.

(13)
n=2
By imposing (13), the action is obtained as
o
m nl
S _ 0 - a, Tn-i-f—l —
2 nz; ntl—1m
m = _ D?
5 Z ananaéTnJrZ ' ? ) (14)

n,4=2



Yujyi Kajiyama

TABLE I

List of coefficients for the kinetic term K, and the potential terms A,,, Ane, Bn, Bne, Bnej and Bpijm.

Kne | S
Av | =5+ 03
A |3 (2 ) o
B | =5+
Bu |4 (ki + ) + v
Buej _% + (ﬁ + 2%4 + gﬁ) - (n+}z+3 + e+J1‘+3 + j+rlz+3) + n+eij+2
Butjm | 5 = (ﬁ taatat m%ul) + <n+}3+3 tmtes s T st j+71z+3)
- (n+eJ1rj+2 + ogmmre T o T 4+j+1m+2) + e
where Now, one might think that this result corresponds
(n—1)(-1) to the motion of an object that is vertically thrown
Kpp=—"—, (15)

which can also be indicated in Table I. The ex-
tremum conditions for the action are given by

S

8ak
for £ > 2, where the coefficients are independent
from each other, and the derivative of the coeffi-
cient is expressed by the Kronecker delta dg, as
Oag/Oar, = 6p,. In order to satisfy the condi-
tion (16) for arbitrary T and k > 2, all coefficients
@y, in the summation must vanish, i.e., a, = 0 (for
n > 2). As a reminder, the only non-vanishing
coefficient obtained from (13) that reproduces (11)
isa; =D/T.

In this way, one can find the correct form of
x(t) which describes the realistic motion by as-
suming the form (12) of function of z(t) with
the imposed boundary conditions and extremum
conditions.

=m»  Kppa, "1 =0, (16)
n=2

3.2. Motion under constant gravity

As the second example, we consider a vertical
motion of an object with mass m under constant
gravity with the gravitational acceleration g. The
Lagrangian is given by

L:%@@Q—mmﬁy (17)

As in the previous discussion regarding (12), we as-
sume that x(t) and its derivatives are written as
an infinite power series of .

By imposing the boundary conditions, two coef-
ficients ag and a; are expressed by the other coeffi-
cients as

2z(0)=0=ay=0

2(T)=0=aT=D-> a,T",
n=2

which is the same as (13) with D = 0.

(18)
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upwards from x = 0 at ¢t = 0, and it returns to the
starting point at t = T. However, here we are not
assuming that this is such a motion. In the follow-
ing discussions, we will find what motion actually
occurs under the boundary conditions (18) and the
extremum conditions of the action.

Substituting (12) into (17), and integrating the
Lagrangian in terms of ¢, we obtain

m — nt
S=— —————ana I
7 2 nt 10
n,£=0
—mgz - 1anT""’l. (19)
n=0

Since the kinetic term in (19) is the same as that
of a free particle, the same expression appears
for D =0 and by imposing the boundary condi-
tions (18). In turn, the second term of (19) can

be written as
anTnJrl) -

1 o0
—mg <2a1T2 + Z
n=2
; (20)

1 “n-—1
§mg;n+1

by imposing (18). Therefore, the action is given as

0o
m —
S = 5 E Knganaﬂm"'[ !
n =2

n+1

anT71,+1

n —

1
anTn—i- 1 )

n+1 (21)

mg =

+5 2

n=2

Differentiating the action with respect to ag, we ob-
tain the extremum conditions

> - 0’

05 _ jur+ (Z Kopa, T2
n=2 (22)

dar

for arbitrary k& > 2 and 7. Dividing (22) by

m(k—1)TF 1
(k+1)

gk-1
T okt

, one gets
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o~ (=Dk+1) e g
; k-1 W=y (23)

Since the right hand side (r.h.s.) of (23) is con-
stant, the k dependence on the left hand side (Lh.s.)
of (23) must vanish. This implies that the only rel-
evant term on the Lh.s. is as # 0, because the
factor £+ 1 is canceled out when n = 2, and a,, =0
for n > 3.

From (23) and (19), we obtain

1 1
ag = —597 ay = §9T, (24)
while from (12),
1 1

t) = ——gt? + —gTt
z(t) 59t + 59Tt
. 1
i(t) = —g, (25)

respectively. For T" > 0, these equations describe
the motion of an object that is thrown upwards with
the initial velocity vo = ¢gT'/2, as expected.

3.3. Harmonic oscillation

As the third example, we consider the motion of

a harmonic oscillator with the Lagrangian
L= %a’:(t)Q - %w%(t)?. (26)

Here, we assume that z(t) is written by an infinite
power series of wt. Namely,

2(t) =Y an(wt)",
n=0

z(t) = Z nway, (wt)* 1,
n=0

oo
(t) = Z n(n — Dw?an, (wt)" 2.
n=0
The boundary conditions reduce two degrees of free-
dom as usual,

2(0)=0=ay=0

(27)

2(T)=0= aqwl = — Z an (W)™, (28)
n=2
which later will be imposed in the action.

Substituting (27) into (26), we obtain the action

S = % anag(WT)" 1
n, =0
nl (wT)?

X ( (29)
% anag(wT)
n,4=2

>:

n+e—1 (an - Ang(wT)2)

n+l—1 n+l+1

where (28) has been imposed in the last equality to
eliminate ag and a; from the action. The extremum
conditions 0S/0ay, = 0 (k > 2) are of the form
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3 an (W) (Knk - Ank(wT)2> =0. (30)
n=2
In Table I, one finds the calculated A,, together
with the other coefficients.

In order to find the conditions of a, which
satisfy (30), we make the following replacement
n=n'+2 (n’ > 0) in the first term including K.
Then, one gets

o0
Z an’+2(WT)n/+k+1Kn’+2,k~
n’=0
In the case of the second term in (30) including
A, i, the summation can be taken from n = 0, since
A1 = 0 and a9 = 0. Thus, the condition (30) can
be expressed (rewriting n’ as n) by

(31)

o0

Z<WT)H<Kn+2,kan+2 - Ankan> = 0,

n=0
except for the factor (wT)**!. If one requires the
second parentheses (...) to be zero for each n, the
trivial solution a,, = 0 is obtained. In order to find
the nontrivial solution for a,,, we assume the recur-
rence formula for a,,. Namely,

(32)

k+1

ant2 = f(n)an. (33)
and then (32) leads to
Z an(WT)"g(n, k) =0, (34)
n=0
where
g(n, k) = Knyonf(n) — Ank, (35)

for arbitrary T and k > 2. Since what we can
only impose here is the boundary conditions (28)
which are equivalent to > 7 a,(wT)™ = 0, we
find that the condition (34) is satisfied if g(n, k)
is independent of n.

In order to find the conditions under which
g(n, k) is independent of n, we require dg/on = 0.
As a result

F0) + (4 1) () — —

(n+2)? ~

mn+1)(n+2)f(n)+1
(n+k+1)(n+2)
where the r.h.s. contains k, while the l.h.s. does
not. This implies that the k£ dependence on the
r.h.s. must vanish. Hence,

1
I == Doy
The recurrence formula (33), (37), and ag = 0 fol-
lowed by (28), give the relations
_ _ (=1
az; =0, agjt1 = 2+ 1) (38)
valid for j 0,1,2,.... With the support of

the first equation in (28), we obtain the final
result

.’L'(t) = aj P m((ﬂt) = a1 S1n (wt) 5
(39)

; (36)

(37)

a,
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which describes motion of a simple harmonic os-
cillator with the angular velocity w, as expected.
Since the remaining coeflicient a; is the overall fac-
tor of the action, it cannot be determined by the
extremum condition of the action.

3.4. Time-dependent Lagrangian

For a different class of the Lagrangian, let us con-
sider the case of the time-dependent Lagrangian.
If a resistance force is proportional to the velocity
f = —a («a is a constant), such as air resistance,
the Lagrangian depends explicitly on time as

L= %;&(t) (40)

and the equation of motion m# = —ag is derived
from the Euler-Lagrange equation. Solving it un-
der the initial conditions

2€at7

x(0) =0,

(0) = vo, (41)
one obtains

2(t) = %0 (1—eot). (42)

In several steps, we will now derive (42) based
on the current approach. Firstly, we assume the
replacement of w — « in the position z(t) and its
derivatives given by (27). Secondly, the factor et
in (40) can be expanded as
oo
S
= n!

Under the boundary conditions
$(0):0:>a():0

eat

- (at)” . (43)

2(T) =D = a;oT =D =Y a,(al)", (44)
n=2
one can perform the time integration of the La-
grangian, and obtain

m o = (aT)"
=% ar 2l (5)
D? > ‘ 1
2D Ty — - ——
X|:TL+1+ ;ae(a ) <n+£ n+1>

1« n 05
n+l n4+l n+l+j

o0
+ Z apa; ()
£j=2

( )

From the extremum condition (5), and by impos-
ing (44), we obtain

(aT)

oo n oo

kL

¢ _
> n! Zn+£+k—1a"(aT) -
n=0 /=1
- (aT)n - ¢
Y. 4
nzzjo | ;n+£ae(a) (46)

Note, importantly, that the l.h.s. contains k, while
the r.h.s. does not. Although (46) can be identi-
cally satisfied if one requires n + ¢ = 1, it cannot
determine ay. We will now find a, from the condi-
tion that the Lh.s. of (46) is independent of k.
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Since the summation in the Lh.s. of (46) is valid
for ¢/ > 0, then introducing ¢ = ¢ — 1 (and again
denoting ¢’ as £) one can obtain

oo

()" (—aT)" k&
- 4
OCT”%O nl! n+£+kc”1’ (47)

where

Ces1 = (1) (0 + 1)lag1. (48)
If ag41 can be written as

(_1)@—}-1
ag41 C(€+1)! (¢>0) (49)

with a constant C, then Cy41 = C becomes inde-
pendent of ¢. In this case, the summation in (47)
is 1 because the term of n = ¢ = 0 remains, and
the other terms are canceled out with each other.
Therefore, we obtain

Lhs. = —aTC. (50)
The constant C' can be determined using (44), then

D
C=——-—. 51
1— e T (51)
At the final stage, the result is
D —«
x(t) = T (1—e%), (52)

which corresponds to vy = aD/(1 — e=°T),

In this way, the problem can be solved similarly
if the Lagrangian depends explicitly on time, as in
the case of resistance force proportional to velocity.

3.5. Non-linear force

Now, we present an example of an equation of
motion with a non-linear term. To confirm that
our present approach works correctly, we will con-
sider the Lagrangian

1
24,

L= %a’g(t)z +a(t) + 5a(t)", (53)

of which an analytical solution exists, without wor-
rying about the physical backgrounds. The equa-
tion of motion is & = 2(x + 2®). Under the initial
conditions

z(0)=0, z(0)=1, (54)
one obtains the analytical solution
1 2 17
t) =tan(t) 2t + —t3 + —t° + —t" + ...
o(t) = tan(t) = L+ 0+ 07+ gt o+
(55)

In several steps, we will now derive (55) based on
our current approach.

We assume (12) as the position z(t) and its
derivatives, and (13) as the boundary conditions.
Under these assumptions, the kinetic term of the
action is given by (14), and the potential terms Sy
from the 22 term and Sy from the z* term are given
by

1 oo
Sy = §D2T +2D Z Anan Tt

n=2
+ Z AnganagT"HH, (56)
n4=2
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and
S, = 5 3D4T +4D3 Z Ba, T " + 6D? Z Boana T + 4D Z Bujanaga; TVHHITL
n=2 n,4=2 n,l,j=2
o0
+ Z BngjmanagajamT""'["’j"’m'*'1 , (57)
n,l,j,m=2
[
respectively, where the potencial coefficients A,,, aiming to confirm that the analytical solution (55)
Ay and By, By, Bye; are presented in Table I. can be derived. We put a; = 1 which corresponds

Here we impose the extremum conditions (5) and  to the initial condition (54). Then, except for the
the boundary conditions (13) as usual. We are  overall factor 7%*!, we obtain the condition

J

= 1 1 = 1 1 1 1
Kopan 7" 2 42T —— — = ) +2 T — 2 |73 _
2 Kusa * (k+2 3) ;::2“ (n+k+1 n+2)+ [ (k+4 5)

n=2
= 1 1 > 1 1
3 nT’rL+2 _ 3 " Tn+€+1 _
* ;a <n+k+3 n+4>+ n;f “ ntl1k+t2 nil+3
+ °°§ anaga; T <— ! + ! ) =0. (58)
/ n+l+j+2 n+l+j+k+1

n,l,j=2

(

If we require that the coefficients of each order approach works properly. It would be possible to
of T vanish, then all a,, are constants independent extend our discussion to other cases even if analyt-
of k, and we obtain ical solutions do not exist, in the same way.

0 1 1 The method discussed here will be an alternative
T":ax=0, T :a3= 3 way of understanding the principle of least action,
based not on the variational principle. Generalizing

T2 . a, =0, T3:a5—= 2 this approach is left to future work.
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